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UNIT ONE

evision on Relations

Definition: A relation is a set whose elep

3 Re]ation the way thl]’lg
Usually we use relating phrase like:
“is smaller than”

“is greater than”
“is multiple of
“is factor of
“is father of .. ... etc
Definition: If A and B are sets then a relation R from A to B is any
subset of A x B if and onlyifRc A xB
Definition: If R is relation from A 1o A, then R is relation on A.
.e.Rc Ax A
Let R be relation from A to B. Then
* DomainofR = {x € R: (x, y) € R, for some y € B}
* RangeofR= {ye B:(x,y) € R, for some x < A}
Inverse of a relation
Let R be a relation from A to B. The inverse of R, denoted by R™' is
relation from B to A, given by: R = {(y, x)(x, y) € R}.
e Note:(x,y) eR=(y,x) e R
Iustrative Example

ents are ordered pairs.
$ are related.

1. LetA=1{1,2,3,4,5,6,7,8} B={2,4,6,8)
IfR is relation from A to B such that: R = {(x,_y): y=2x-—-4}
Then:

i)a) List all elements of relation R
b) Find the domain and range of relation R.
c) List all elements of R° i
d) Domain and range of R
Selution: We know that R < AxB = x € A and y € B satisfies
the relation R= {(x, y):y =2x--4)
letx=1eA=>y=2(1)-4=2¢B L(L,2)e¢ R
letx=2e¢A=y=2(2)-4=0¢B S (1,2)g R
letx=3eA=y=23)-4=2¢eB S (3,2)eR
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: -
Letx:SeA:byﬁE(S)~4=668 L (5.6) e
eix=6eA=>y=2(6)-4=8¢B 6,8 ep |

|
|

Letx=7cA=y=27)-4=102B .~ (7,10)¢p
Letx=8cA=y=2(8)-4=12¢B (B, 12)¢p

{

i |

1) Thus, all elements of R from A to. Bis i )

a) ThR = {(3,2). (4, 4), (5.6), (6, 8)} &tpffamu‘mu |

b) Domain of R = {3, 4,5, 6} ;FO ﬁ“dt the inverse of |

Range of R={2,4,6,8} nter(_:hange xandy |

¢) All element of R from BtoA1e. X > } N
R = {(2,3), 4 6), (6, 5), (8, 6)} y “'1) X tl?en solve fory
d) Domain of R™ = {2, 4,6, 8} = R = (X =2ug
Range of R = {2, 4, 6. 8} = {(x.y):x = 2y-4)
Range of R = {3,4, 5,6} = = {xy)y=tid

Domain of R= {3, 4, 5, 6} | Solve for'y ‘.!

2. Let A = the set of natural number. —
IfR is relation from A to A such that R = {(x, ¥): 2x ~ v = 10} then

a) find all elements of R
b) find the domain and range of R
¢) find R’
d) find the domain and range of R
Sebutian: We know R ¢ AxA = x € A and v € A, satisfies the relation
R = {(x.y): 2x + y = 10}
a)letx=lesA=>y=8e¢ A=(1,8 R
letx=2eA=y=6cA=(2,6)eR
letx=3eceA=>y=4cA=(3,4)R
Letx=4c A= y=2eceA=>(4,2)eR
Letx=5eA=>y=0gA
Because 0 is not natural number (50 eR
Hence R = {(1, 8), (2, 6), (3, 4), (4, 2)}
b) domain = {1, 2, 3, 4}  range of R=1{2,4,6, 8}
c) all elements of R™ = {(2, 4),(4,3),(6,2),(8.1)}
d) domain of R™ = {2, 4, 6, 8} = Range of R
range of R” = {(1, 2, 3, 4! = Domain of R I
{ Note: R = {{y, x): 2x +y= 10} = {(x, y): x -;2__\’ = 10!

———

S—

-

Pt s i e i e

; Solving fory = {(x.y): y=15- lx}
2




Unit One: Revisicn on Rebations
lfA—{O 1,2,3,4,5)

={0.1,2,3, 4} and R is 2 relation from A to B suuh that )
R={(x,): ¥y =~/x—1 then what is the range of R’ & = ¢ |

e R
A {1,2,5) C. {012,432  *
B. {0,1,2} D. {0,1,2,3}
Sebution: R — AXB = x e Aandye B satisfies the relation

R={(,»):iy=vx- % = 4
o Letx=0cA=y= A0 ‘\/_IEB

e Letx=leA=y= \u’l-— l =0eB
" (1,0) e R=(0, 1) e R

e letx=2eA=y=+2-1=1eB - (2,1) eR
=(1,2) e R

° Letx=3€A:>y=m:\EeB
© (3,N2)e R= (+V2,3) ¢ R

o Letx=4eA:>y:\/4——1=\/§eB

(4,43)& R = (\/3,4) 2 R

e letx=5cA=vy=+5-1=2¢cRB
~(5,2)eR= (2,5 R
ElementofR (1, 0),(2, 1),(5,2))
. Element of R = {00, 1), (1, 2? (2, 5)}
® Domain of R™ = {0, 1, 2} = Range of R
e RangeofR'= 11,2, S} = Domain of R
Answer: A
Note: R™ = {(y, x): y = \/ -1} = {xy:x=4y-1}

={(x,y):y=x"+ 1} solving for y.
LetA={1,2,3,4 5,6, 7}

If R is relation from A to A such that R = {XyY):y=2x+1}
Then a) List element of R
b) List domain and range of R
) List element of R™
d) List domain and range of R’
Selution: RC AxB=x e Aandy e A satisfies y = 2x + |
letx=leA=y=3eA
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. (1,3)eR=(3, 1) e R I
Letx=2eA=>y=5€eA i
L (2,5eR=>(52) R
letx=3eA=>y=7cA
(3, YeR=(7,3)e R
Letx=4cA=y=90¢ A
(492 R=09,4) 2R blc9g A
a)  ~R={(1,3), 2 5), —
b)  domain= {I, 2, 3} Exlplanation
Range = {3, 5, 7} R™ = {(y,x):y = 2x+1}
z)) g =13, D, 6, 2), { = {(x.y):x=2y+1}
omamofR = {3, = {(x.v)y= 1 __-1_
Range of R = {1, 2 HASTY 5% .
letR={(x,y): 2x -3y >3 then which of the following poings 3
satisfied the relation R™. J=> 3 +3 k3
A. (-2, 3) B.(1,3) C.(2,-1) D.(3,-2)

Sobution: A) (-2,3)eR"=(3,2)eR | g .

. 3 2 l t

= 2(3) - 3(-2) >13 = 12>3 =True Ifx(g ?;ael?{uthen
R L (b.a) € R’

B) (1,3)eR'=>@3,1)eR ’

= 2(3) - 3(1)>3 = 3 >3 = False
n(1,3) ¢ R
C) (2, 1 eR'=(1,2)eR
= (2)(- 1) 3(2)>3 ::s -8 > 3, False
~(2,-1) ¢ R
D) (-3,-2)ER '=(2,-3) eR
= -2(- l) 3(-3)>3 :> 5> 3, True
" (-3,-2) e R
. (-2, 3) dnd (-3, -2) satisfies the relation R and (3, -2) and
( 2, -3) satisfies the relation R.
LetR = {(x,y): y2Xx.~4and y <5}
a) Sketch the graph of R~ ~
b) Find the domain and range of R

c) Find R
d) Find the domain and range of R’
Selution:

a) To sketch the graph, first we find the x-intercept set 'y =0 §
k2 4=0=>x=2,andx =-2 '
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b) Domain of R = {x- xz_-_:_4 <5}

= x°<9) = fx: x| < 33
= fx.<3 £x<3)

Range = {y: 4 < y<5}

Vi

A2 5,
?‘;_‘4‘
N e =9
c) R {(v. x):y>x —4andy <5}

= Y):ix>y 4andx < 5)

- {(X,Y)Iy2$x+4andx£5}
d) Domain of R™ = §x: 4 <y < 5}

Range of R" = {y: 3 <y <3
LetR={(x,y):x’ +y* <2 and y > x*}
Find a) Domain of R ¢) Domain of R}
b) Range of R d) Range of R™!
Solution: The boundary of x* + v* <2 and .
( yzxzau'f:)s:z+y2_=2andy=x2 sz

KLz 5
A>3 ,_
= (¢~ 1) +2) =0 34 373
il =x -1=00rx’+2=0 R 4
" =x=1,71 -3, I

)Domain of R={x:-1<x<1)})

b) Range of R = {y: 0 < y < J2 ¥

¢) Domain of R' = {x: 0 < x < \/2 }

d) Range of R' = ly:-1<y <1}

Find the domain and range of the inverse of each of t
a)  R={(x,y):y<0}

b) RL—'{(x,y):y£2,y>x—3andy>—x—3}
) R={xyry=l-|x]

d  R={(y)ry=1-3% | |
Sebution: 2) R™ = {(x, y): x <0} = {(y, x): y < 0}
Domain of R™ = {x: x < 0}

he following
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—-_-_-'_‘:_—_,;.___.,___.——'——_—"—'_—_'_"_—___‘__
e —_THen on g,
i = ‘:\-‘;—u._\__‘“-.‘

~ 'J S N . = ey € E‘O.rl- 4
Range of R™ = ty: v € R} TS
T
. : : Y=2
b) To find the intersection point solving together |
Cr 3 y — ¥ »-‘2
b’ =~Xx-3

—whenv=2,x=5and x =_5

— whenx=0,y=-3 k
-. Domain of R = {x: -5 <x < 5t
Range of R={y: -3<y<2i
. Domain of R = {x: -3 <x <2
Range of R = {y: -5 < ;L 5!

¢) R={x.¥)¥y= V1= x]
R = (@ x= I 7] orR'=pl= -4,

-, Domain of R = [x:02 x< 1}
Range of R'={y:-1<ys 1}
g R={xyry=1-37
R = {(x.y)x=1-3} ={xy)y= log; |
Domain of R = fx:x <1} and Range of R = (vi y

h

R}

Revision on Funetion

; ]
Definition: A function is a relation in which each element of |
the domain is paired with exactly onc element in the range. |

Note: Let A and B two non — empty Sets.

v Then a function f from A to B denoted by fi A~ By ule |

. s P gy ¢ 13
for assigning to each element of A exactly one olement of By

v Domain of /= A and _
v fis single valued (well — defined) ie.if (a. b e fund (a. T &,
imply that b = ¢, we write f (a) = b
S Mustrative Example .. -
9. Determine and justify which of the fol owing sct3
from A to B: (f/ A—— B) given by:
a) = 1(1,2),(1,3),(2,3), (3, 4)}; where
A={1,2,3},B=11,2,3,4}

¥

are fune tion

N A~

e
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| Unit One: Revision an Refations
b) f= 1), (v, ), (¢, ), (d, ay)
Where, A= {a, b, ¢, d}, B = {a, b, ¢, d}
¢) f={(a, b), (b,c), (c, d)}; '
Where, A= {a, b, ¢,d}; B = {a, b, ¢, d}
d) [FUXY)EZXZy=x+4). A=B=17
e) f[={YERXR}y=Jx 1 A=B=R
Selution:
a) Herefis not function because £(1) = 2 and f(1)=3 thus /(1)
1s not unique (not single valued). - |

b) fis functioq from A to B, because each element of A has
exactly one image.

c) In thig case, J 18 not a function from A to B, because, the
domain of this relation fis {a, b, c} C A.But A= {a, b, c, d}
d) f1s function from A to B,

e) f 1s not function, since it is not defined for negative real
number.

What the domain and range of filx) = g x| 2
Selution: Domain = {x: x — x| = 0} = {x: x| < x} = {x: x > 0}
Range = {y: y=0}

1 Even and odd function

Definition: consider a function A —— B. Then f'is called
i. Even, if and only if, for any X € A; {-x) = £ (x).
1. Odd, if and only if for all x € A, f(—x) = —f(x).

Hlustrative Example

11.

Determine whether the following functions are even or odd or
neither.

) /:R—> Rdefinedbyf()=x"—x =F # X
b) f:R —>[-3, ) defined by f(x) = x> — 3 — L v
¢) f:R——[-3,x)defined by f(x) = x" +2x — 2

d)  f:R—— R defined by f(x) = |x[x

e) f: R—— R defined by f (x) = x| +x

Solution:

a) f(x)= (&) —x=- X" 4 %) = -f (x), therefore f'is odd.

b) f(x)=(x)" 3=x"—3=/(x), therefore fis even.

~)



&

: 3
— . = . :
¢) S(R)=(X)F 2(-x) = 2= X"~ 2X = 2, which g ye;

(o f (x) nor equal to —f (x). Hence f is neither :iihere
odd function. I oy
d) F(x) = |x|(=x) = -x[x| = o/ (x), therefore /s odd
e) f(=x)=|x|+(x)=[x|-x, neither.
2. Which of the following function is an odd function?
A S=N C. f()=[xl-x
. 1—
B. [f(x)=]x-2 D. j(x):f_n_( X)
1+x

Salution: We need to show f(-x) = -f(x)

A. f(-x) = [x| = [x| =), therefore fis even
B. f(-x)=|x—2|=|x-+2| neither

C. f(=x)=[x]+x, neither

D. f'(—x)=.€n(:+x)=€n(l+x)—€n(] —X)

=[¢n (1 —x)— fn(1 +x)]

=—In [11 » x] =— f(x) therefore, f1s odd. Answer: 1) _
+ X L

Some Types of Function

These are « Power function
e Absolute value (modulus) function _
e Signum function :ﬁ
o Greatest integer function
Power function E
A function of the form f(x) = ax" where n is constant and a € R ;1

| D) f(x) =ax" nisoddandn>0
Ifa>0 Ifa<0 ¢ Domain = R
s e domain R 5 eRange=R &
. ¢ Range R ﬁ e 0odd ;
e odd function s, edecreasing i,
¢ Increasing -
Ex.fix)=x'x, ... I’\ i 1
Example, f(x) = X% ;st;x_’ E
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9 Unit One: Revision on Rebations

IfaPO Ay

BNV

e Domain =R
e Range = [0, %)
e Even function

nisanevenand n> 0

Ifa<g

¥

® Domain - R

* Range = (-0, 0]

e Even function
Example: f(x) = -x%, -x

4

P

nis odd and n <

Ifa>0 .
Example: f(x)=x", x™, x”",

Y

— A

e Domain = R\{0}

¢ Range = R\{0}

e odd function

¢ decreasing function

Ifa<Q

3
1

_/

Example: f(x)=-x", -x~, X ,....

® Domain = R\{0}

* Range = R\{0}

® 0dd function

e Increasing function

-

n

iv) f(x) = ax™ nis even and n <0

m is odd

Ifa>0
Example: f(x)=x

= =5

e oI L

p Y

N

=
3

— )

* Domain = R\{0}
e Range = {y:y>0}
¢ Even function

Ifa<0

! "

o —"n_ £

7

Example: f(x)= - X’ sx-_: ,—x?: —

e Domain = R\{0} \ /

* Range= {y: y <0}
e even function

-
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m is odd, n is even the graph of f T;
v) I fix) = . Jor i

e noOt symmetrlc

oreven norodd @ has range [0, o) |

e neith
o has domain [0, ©) increasing ]
m 1 3 |
Examplef .;-1—:—2—,- Z ..... = ;
—x= " form<n i
e m odd ® n even :
m 3 5 l
Example: " 2, % > —

m

=x fix)=x",form>n
l e m odd e 11 even

n
vi) fix)=x" for m is even, n is odd then the graph of {
e symmetric w.r.t y axis
e even function
e has domain real number

e has range: 0 Sy < o
2 4

Example: f(x)=x3,x5 yeeeran I

\}\—————}——<O

filxy= xn
ELE‘_:H ——txample, f(x) = x

—» 3

Ilul
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-
vil) f(x) =Xx", nisodd, then the graph of f |
e symmetric
e 0dd function
e increasing
e Domain R\{0}

-] -1

S =
Example, {(x)=x", x °,x° x7

Explanation
Ay *Xx——>0
Y—

\ XK=y )
- Y y——> 'CQ
\ e X —3

y—>0
h *X—> -0
- y —>0 l.
i 7
viii) f(x)=x", nis even, then the graph of f
e not symimnetric |
e neither even nor odd 1|
e has domain {x: x > 0}
e Range = {y: y> 0}
= 1
Example, f(x)=x? =—=
Vx
ty
K »xExplanation
x— 0", y—> »
X—> 00, y— 0"
e
n DIGITAL LIBRARY FOR ETHIOPLAN STUDENTS P . ——— B33 Youlube 1Dicical[0,1] Ethiopia
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| Hlustrative Example \
~ Which of the —he following are power functions and Whm g

13.

(Justify)
-4
a) f(0)= \[ d  flx)=2x5
b) f().)—l == e) Sflx)=2"
x2 _ 3
c) f(x)=-—2" N fx)=3x4

Sefution: Power function is written in the form f(x) = ax’

Thus,a) f(x)=4/— [ ) =x? « power function 3
V x g
) f(x)= ——]—~ ~—L _fst xile— ower function |
) o \2x) 2] 7P 1
o~

1
with @ = —=
J’—'
2

_ 1 -
¢) f (-’f) == Ex "¢~ power function with @ = -2—
d) f (JC) 2‘ « Not power function. it is exponenn '
function 3

) f(x)=3x"+4 <« Not power fum,non
Note: All power function of the form /(x) = ax’ witha =1 satisfies
multiplicative property of /(xy) = £(x). /()

Illustrative Example
14.  Which of the following power function does not satisties --__;_ _-

condition f(xy) = f(x)- f(y)?

: 1
a) f(x)= \/; 2 Flay=x




Unit One: Revision on Relations
o b) SOO= d  fx=2x

Selution: 3) f(xy)= ( \f ‘/ = f(x).f(y)

b)  f(xy)=(xy)’ =Xy AONASY
0 Sl)=(x) =x' i =f(x)- [ (»)
d S =2(x)" =2x*.y°
but f(x): f(¥)=2x"-2y* =4x*y*
hence f(xy) = {(x)-{(y) Answer: [V
Absolute value (Modulus) Function i
>
Definition: The absolute value (Modulus) of x is defined by / 5’
(= xif x20 =S
S -Jx —-xif x<0
i e Domain of f=R e Range of /= [0, «)
Ilustrative Example
15. Evaluate each of the following
I 0 W2-2 o We-3
b [r-4 d  x-yl f) \3 —/7
Sclution:
a) -3] = ~(-3) = 3, since -3 < 0, thus |-3] =
b) |m-4/=-(n-4)=4-msincen-4<0
% ]ﬁ B 2’ =& \/E Explanation )
; - x-yif x2y V9 =3 |
) Y y—xif x<y s i\;‘%“\@]:\@
o [V6-3=3-V6 3
D p-Vv7|=3-7 ‘f
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Nofte: x|=aiffx=*a, if a < 0 then x| = a has no Sa&mgn ‘ '- ]

6. Find the Safutamz set of each of the following equations. 1 |
a) x—-1/= c) x|=-1 ) x+ 3|;_'_, 1
SERE: [*«/_-l S e 3( 00 posy §
g K-2=1 N K -2= ]
Salution: Here '
a) [xfllﬁnaxél-norx—l_-n:;,x [+7t or x = I

S.S={l+n,1-xr}

b) IXJ*\/EEIQX=I-Iorx=I—J5

c) x| =-1 is @ because [x[2 0
l4x + 3| = 0e=4x+3=0=>4x=-3

—

d) 1
—-13] E
LS8 S=<9— . H
| 4 |
e) |4x+3]'='5<‘::>4x+3=50r4x+3:-5 1

— 4x=2o0r4x=-8 :
I 1
- x=—orx=-—2 e |

n  P-sx=6e3-5x= 6or3— 55 =6 - ]

= S5x=3or-5x=-9= x=— or x=—
5 5

{ 3 9} E 7
.8.8=
575

g) x° —2["!<:>Xk—2—lorx — 3 =zl 3
—x’=3orx°=-1+2=1 _ 4
:>x=—_h/§ or x==I ;

= {‘\/5,*\/1.1,—1} i‘_ ff%

h) [X3—2l“6<:>x ~2= 601'}(3— 2=-6
=x=8orx =

= x=20r x= «/ '

. $8={2, 3_4} = |

17.  For what real number X true and solve cach of the following .
a) Rx+3|=4x+8




2 ES

Lo

LS
—

by Bx—4l=4-x
Salution: Universe 2x + 3|20 =4x + 8> 0
=4x=z28=>x>-2
-+ Universe, {X: X 2 -2} «— domain
And!2x+3l=4>i+8<:>2x+3=4;<+80r2x+3:—4x—8
= -2Xx=50rb6x=-11 |
— -1I1

= X7 T~ 0orXx= ——¢ [-2, )

T

Reject

2 _ Unit One: Revision onr Relations

The only solution set is {I X = —6_} because —_ié ¢[—2,00)

b)Px—4=4-X" = 3x-4=4_xor3x—d=x"—4
=x +3x—8=0orx*—3x=0
= x(x-3)=0
S 0,x=3
Since the universe 4 — x> > 0 <> 4 > x*
o x'<4
<> -2<x<2
.. The only S.S is {0}, but -4 and 3 are not Sefuticn because
4 - x* is negative at x = 3.

Graph of Absolute value

Definition: The graph of absolute value is the pictorial representation of

set of points (x, f(x)) in a plane of absolute value function.

Iustrative Example

18.  Sketch the graph find the domain and range of each of the

following. .
a)  f(x)=|x] e) () =[x"—4
b) Sf(x)=Ix]+2 D J=K-x+1
c)  f(x)=|x+2 g) S =x-3

1
d () = h)  f(x)=[x-3[+1
') Sx) x+2 W




xif x=20
—x1if x<0 V=

—y=xif x>0andy=-xifx<0

’ e Domain =R
_\\LJL_/_\,; * Range = [0, w)

f(x) = x|
b) Adding 2 from each value of f{x) = |x|
x) = Jx+2 e domain = R

Safutien: a) We have [x| = {

e range = [2, o)

x+2 if x+220
¢) We have 1(x) = [x + 2| = .
—x—2_1f x+2<0

JEY

A
—*X

-2 e Domain =R
¢ Range = [0, o)

f0=K+21 o Symmetry line x = -2
1 .
_ | 5 if x=2-2
d) f(x)zf—-—!=4“
L x+2 -1 if x<=2
|
j;\ kJC+2
L, e Domain = R\{-2}
1 e Range = {y: y> 0}
x=-2 e Symmetry, the line x = -2
I
J(x)= =
x+2 o< A
2 _gap 2 ;
2 x"—4if x* =420 je ';)L(L??- 4
- o) f(x) =[x"—4{= xS=2orx22 4,4

11;) 4—x*if —2<x<?2
f x

\

’/? > ¢ Domain = R

fe; Jut Ay




=
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- e Range = [0, <)
f(x) = |x* — 4
xif x=20
f) we have | x = _
—xif x<0

.Hencef(ﬁi):|x|~x+1=x~x+ 1=1ifx>0and
fx)==x—x+1=2x+1ifx <

w_ ® Domain =R

| * _® Range =[1, o)

f(x) = [%] <X+ 1

x=3if x=3
x)=lx-3|=
0 /()0x=3 {_Hgifxd
N ® Domain = R
1V . «Range=[0,)
® axis of symmetry line x=3

f(x) =[x — 3]
h) we shift 1 unit up t]:le graph of [x — 3|

Y ¢ Domain =R
w ' e Range = [1, o)

T x e Symmetry, X = 3

fix)=|x=3|+1
Signum function

The signum function, read as signum (x) is written as sign X and is

1 for x>0
defined by f(x) = sgnx =<0 for x=0
| —1 for x<0
Or




x" if x>0
)00 =xsenx = 10 if x=0
' 4y

/ —In tfx-::O
\/ .

f(x)=x"sgnx, if n is odd
e Domain =R
e Range = [0, )
e even function
f(x)=x"sgnx if n is even
x=1if x>0

d)f(x)=x—sgnx=40# x=0
¥ x+1if x<0

J(x) =x—sgnx

1
/ / e Domain =R
X

/ / ” ® Range =R\{1,-1}
@1 e { in neither even nor odd

Note: i) sgnx is an odd function
\ { 11) Xsgnx, x ’sgnx,

| function of graph of the form
; iii) x“sgnx, x"sgnx, .....are odd
7 function of graph of the form

X s gnx .. , are even

22, Iff(x)=3(sgnx + 1) then find /' (-x) + f(x)

Selution: Here

= f(x) =3(sgn(-x) + 1) = 3[-sgnx + 1]
= -3sgnx + 3

Thus /(- X) "‘f(X) =-3sgnx + 3 + 3sgnx +

(—x)+f(x)—6

Explanation
Sgn(-x) = -sgnx

| Exp]anatwn
-1+ {1 ~= 6

s Afx) f(?&)*
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1
[ h(x)= E(Sgnx +2), then

Find a) h(x) + h(-x)
by h (2) + h(-2)

1 1
Al — |+ h| ——
? (3)+ ( 3]
Salutiasn: Here
: 1
) h(x) = > (sgn(-x) +2)

Explanation
sgn(-x) = -sgnx
because

signum function is
odd function

. 1 —1

sgnx+| — |((2) = —
5 gnx (2]( ) 5 sgn x + |

And h(x) = %(sgnx+ 2)

=ls x+(2 1 ~ls +1
e 2, 2 R

. .
~h(x) + h(-x) = —isgnx+l ——;—sgnx+1=2

b)  h(2)+h(-2)= (% sgn(2) + 1)J + [- %:sgn(Z) + )

=£+1~l+1=2
2 2

A2 () )

:l+l——1~+1:2
2 2

Greatest integer function

Explanation
sgn(2) =1
sgn(-2) = -]

The greatest integer function is denoted by [x] and is defined by
J(x)=[x] = the greatest integer less than or equal to x. Note [x] =x
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Mlustrative Examp]e

'+ aluate each of the following
1) [2:64] d) [-1-24] Q)
b [124 e ] h)
o [264 D[ 0) !-
py [05] q 3] r)
s) [-31-004]
Selution: Here
Q) [264]=2 9 =3 o [0-
b) [124]=1 n [20=2 p) [05];‘“
9 [264=3  ® [151-2 @ (3254
d) [-1:24]=-2 N [V3[=21 R4 "

Equation invelving greatest integer _

24. TFind the value of x, for each part ¥
a) [x]=a d) [x=2]=6" E 3
b) [x]=-3 e) [2x + 1]= 10
c) [x]=3 |
Solution: Here ‘ o

a) [x] —aifa <x <a+ 1, where a is integer . 9
b) [x]=-3if-3<x<3+1=>-3<x<2 | |
¢) [x]=3if3<x<3+1=3<x<4 . E
d) [x-2]=6if6<x-2<7 N

‘adding both sides 2 ‘ 2
e) [2x+1]=10if10<2x+ 1 <11 ..

9
subtracting (1) and dividing by 2 = o £x<5

Special properties of greatest integer function i £
If /(x) = [x], then e
i) [xI<x E
i) fx+k =f&)+k, where k is intcger and x is real numbetg’
i) S+ Sfx+y)<x+y ]
v) fsx<f(x)+1 - | |
Example: Letx =2.54, y=-346,k=2 B
1) (2.54) <254 =2<254 3
i) f(245+2)=f(254)+2=[2.54]+2=2+2=4
i) [(2.54)+f(-3.46) <f(2.54 + -3.46) < 2.54 +-3.46
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= [2.54] + [-3.46] < [-0.92] < -0.92
=2+4<-1<090
=-2<-1<-0.92

LTSS+ y)sx+y since f(x) = [x/

SxItlylsx+yl<x+y and f'(y) = [y]
iv) [2.54] £2.54 <[2.54] + 1

5 2<254<2+]

SFE)=EX<f(X)F Lif f(x) =[x]

e [x]sx<[x]+1

g 25 Lef()=x-Ix]
- Find a) the domain

b) the possible value of f(x) will be 0 < f(x) < 1
i.e. all the out put will be lie between 0 and 1
Example: /(2.9)=29-[2.9]=009 '
S(-29)=-29-[29]=-29+3=0.1
f(2.1)=-21+[2.1]=21+3=009
- f(2)=2-[2]=2+2=0
Thus, conclude that
0<x—[x] <1 for every value of x

Graph of greatest iﬂteger function f(x) = [x]
. Domain =R s Range = the set of integer (z)
Hence f: R -—— z given by f(x) = [x] )
' (—2if —2<x<-]
Y,
3 —o0 —1if —1<x<0
5 fx)=[x]=40if 0<x<1
N N lif 0<x<2
—0 2if 2<x<3

Fx) = [x]

wmi

Note: The graph of the greatest integer function y = [x] lies on
below the line y = x, s0 it provides an integer floor for x. |
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24

26.

27.

=~

+3andy=3[x—-2]+5

Let y = 2[x]
e value of [X T Y]

Then find th
Sobutien: we have
:>2[x]+3=3[xf2]+5 )
:>2[x]+3:3[x]46+> |
:>3[x]-—2[x]z3+ |=4=[x]=4if4<x<5
Therefore, ¥y = 2[x]+3= 2(4) + 3, since [x] = 4
ny=11
Andx =4+ fractional part =4 + f
Hence[x+y]:[4+r+ 11]:[15+ﬂ: 15
[ndicate whether the statement is true for all real number y .,

7. If false give a counter example

2y [x+yl =X+ g) [“2”]- - 22‘? J

b KEIskeyl o W [xEA
]

o [K-II=x-V] ) xS

a  [xyl 2D = Dl H [xz]j)  [xyl=[xll¥)

e [BI=Ix] k) [xy]l=[x][y]

f  [xIP<[X]

Solution: Here

a) False: counter example
Letx=3.6,andy=2.4
= [x]+ [yl [x +y] = [3.6] + [2.4] # [3.6 + 2.4]
=34+2%6

=526 ~[x]+[yl#x+y]

by  True, [x]+[y]<[x+ Y]

c) False, counter example, Let x =-3.8,y = -3.2
then [x] =[-3.8] =4 and [y] =[-5.2] =-6
thus, [x] - [y]=4 - 6=-10
and [x —y] = [-3.8 = (-5.2)] = [-3.8 + 5.2] = [1.4] =]
A=Y # [x - y)

d) False

e) False, counter example, Let x = 2.4
[2.4]# [(24)°] = 2% = [5.76]
45
[x]z #[xz]
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And [x]* < [x*) '
f) True

g)"  False, counter example, Let x = 7.6 then [7'6] =

1

2 2

7.6 '
d] —1|=[3.8]=
an[z}[8]3

5l

h):  False, counter examp
-13.7]=-3
"o [=x] # <[x] note [-x] < -[x]

1) False, counter example, Let x = 3.6

=3.5

le, Let x = 3.7 then [-3.7] = -4 and

1 .1
then [3.6]+—2~=3+—2—=3_5 and

[3.6 +ﬂ:[3.6+ 0.5]=[4.1]= 4

T L Y |
3 [x]+2;é[x+2}

-7) False, counter example, Let x = 24,and y =34
then, [(2.4)-(3.4)] =[8.16) =8
and [2.4][3.4] = (2)(3) =6 .. [xy] = [x}yl
k) [xyl 2 [x]ly] is true

Classification of Function

Based on some relating situation between the domain and its value
‘range’ function can classify as:

1L One- to--one (injective)
.  Onto (surjective)
.  One-—to— one correspondence (bijective)

One - to — one function
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= 1
f

A function £ A ——>Bissaildtobeone_y,
and only if, each element of the range |5 pajrg 1" b
b g 1

ia]] ]

clinruon

et
o element of the domain. That means;
if f(a;) =/ (a2), then a; = & E
if £(ar) ./ (@), thena; #a; foralla;, a; e A I

b)
e e |

———

JTIN on

)
o

Horizontal — Line Test

is knowa, there is a simple test, cajle d ,
¥ TG 1k

If the graph of 2 function f
line test. to determine whether f'is one — to - one, |

horizontal -
‘[
Theorem: A function fA —— B is one — to — one if ang |
only if every horizontal line crosses the graph of 3 |
" s v 4 %
function f in at most on point. | { ]
Consider the following. figure 4y
a) A horizontal line crosses
the graph of ftwice;
fis not — one — 0= one.
—f(x) = ax’
5 y:l
b)  Every horizontal line crosses
the graph of g exactly once. '
Thercfore, g is one — 10 — ONE. o
o(x) = ax’
Theorem: & o
A function that is increasing over its domain is one — to — 0N functiorn.

A function that is decreasing over its domain is one — to — On¢- !
Study the following Example }
ot onkl

v Quadratic function with domain on set

— to — one.
/R ——[0, %) given by f(X) = x> is not one o O0F bul:

of real number s 1

,______-A
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S [0, 0)——[0, o0) given by f(x) = x” is one — to — one

i)/ (-00, 0] 5.[0’ ) given by f(x) = x" is one — to — one.
Absolute value function with domain set of real number is fot

v
one — to — one.
o S(x)= x| ?S not one — to — one when x € (—oo0, 00), but
. f(x): [x| is one - to — one when x € (—co, 0] orx € [0, o)
v' Linear function f(x) = mx + c, for m # 0 are one — to — one.
v'  Logarithm function and exponential function are one — to — one.
e f(x)=log] is one - to — one when x € (0, o)
e Jf(x)=a"isone-to-one x € (—oo, co)
Illustrative Example _
28. Determine which of the following functions are one — to — onc
A. S R—>R defined by f(x) =2x -3
B. ffIR——R defined by f'(x) = [x| + x
C. Jf:i:R——>Z defined by f(x) = [x] “
D. f:(2,0)——R definedby f(x)=logi? § - &
E. J i R——(0,%0) defined by £(x) = 3" -
Salution:
A. Linear function are one — to — one function.
B.  Not — one to one function, because f(—2) = |=2| + (—2) =
2+(=2)=0and f(-3)=|-3|+(3)=3-3=0
= f(—=2)=f-=3)=0, but —2 = =3
< Not one —to—one, leta; =2.1 and a, = 2.7
=/(2.1)=[2.1]=2and f(2.7)={2.7] =2
=/f(2.1)=f(2.7)=2,but2.1 #2.7
D.  Logarizm function of the form f(x)=log” are one — o
one function, because a horizontal line crosses its graph
one time only. _
E, Exponential of the form f'(x) = a" are one to one function.
because a horizontal linc crosscs its graph at most once.
). Determine which of the following functions are one — to — one

A, f:R——[3,00), defined by / (x) = (x +2)* + 3
B. f[=2, ©]——>[3, ®)defined by /(x) = (x + 2)* + 3
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¢ f:R——>[0,00)defined by f(x) = |x - 4| "
D, f[4, 0)——(0. o) defined by /' (x) = x -4 } .
S(l&m: \
A. Letaj=0Oanda;=—4 , r}
f(0)y=(0+2)"+3 =7and f(—4)=(—4-2)"+3=7
= f(0) = /(—4), but 0 # =4
For different domain, with the same y — value.
Therefore fis not — one — to one. -.
B. For all, a;, ay € [-2. ), f(a)) # [ (a3) and a; +
for all a;, a,. Therefore, /1s one — to — one.
C. Leta, =5 anda; =3, thus f(5) =[5 -4/= 1. and
f@)=B-4=1
=7 (3)=f3)=1,but5#3
— Different domain with the same v — value.
= fis not — one — to one.
D. fisone—to— one for all x € [4, )
30. Find the set A, for which fis one — to — one function.
a) f:A——R, givenby f(x)= logZ
b) f:A——>[-6, o) given by f(x) =x" + 8x + 10 |
¢) A ——>[2,)given by f(x)=4x + 3|+ 2 \
Salution:
a) [fis one — to — one on the domain:

TR

A={x:2x-3>0} = {x:x>§}

b) fis one —to — one on the interval.

A:{Jc:xzjzl or xS—_—b
2a 2a

Then, A.:{J«r:xz:GE or xg:—g- :
2 2

“A = (=00, —4] or [4, %)

c) fisone - to — one on the interval
A={x:dx+32>00r4x+3 <0}

-3 |

..__’m ;‘ -

4 |
)
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O 1o (surjective function)

.i:mh‘im” is mapping say A to B denoted by A— B,

[or cach x € A paired with exactly one element Y € B, such that f'(x) - 1~
. The element y is called the image of x under f ~
. The set A is called the domain of the functiénﬁ
" The set B is called the codomain of .

) All the- image of the element in A under fis a subset of B,
{ which is called the range of the function .
In some cases, range of flﬁmction may be equal to the whole codomain,
in which case such function is called on o Junction.

o B

A 4

Codoman

Definition: A function /' : A—— 3 Bis on

{ » Rangeiff=B, Le,f(A)=B
» Forevery b € B, the exist a € A such that f(a) =b
*  Every element of B has pre-image in A.

to if and only if:

B
Ilastrative Example
31. Which of the following Venn diagram are onto
f g h

. A/—\n b A/_\ " A//\B
T~ } 4 2 g
24 0 ﬁ 14 1
3/ < 1 B 2/

a.  f:A > Bisnot onto, because ¢ € B has no pre- image in
A, 1. e., image of f# B,
and image of f= {a, b} but B = {a, b, ¢}
b. g A > Bis onto, because image of g =B = {— 2.3, 2 \
¢. h:A - Bisonto, since image of h=B = {4, | }
Determine which of the following sets are onto function
from A to B,

32.
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1.2), (0,1) (1,2), (2, 0)}, T
vhere \—{ 1,0,1,2}and B= {0. 1.2 .51
2 L) (03 24
where A—{—Z —-1,1,2}and B= {1, 3, 4}

Sefutisn: f1s onto, 1f im (f) = B.

P
d.

b.

[is not onto, because /(A) # B,

= image of /= {0, 1,2}, but B={0,1,2.5
i.e 5 € B, has no pre- image in A,

g is onto, because g (A)=B = {1, 3, 4}

COREY

Note: If f: A — B is onto iff the range of [ = B

Illustrative Example

33.

Determine which of the following functions arc onto:

® Mo TR

f:R— {-1,0,1}, given by f(x) = (~1)

£ ]R*‘—)(O, ), given by /' (x) = x°, forallx e R
TR — Q. givenby f(x)=2x, forallx eR
f:R->R, givenby f(x)=|x] +x, forall x € R
fiR—[3, o] givenby f(x)=x"—4x+ 7
fi[1,0) = R, givenby f(x)=4—vx-1

J:R—>[1,00), given by f(x) =|x— 3|+ |

Sofutam Let f: A — B, then

a.

B = {-1,0,1} and range of /= {1, 1}
= 0€B, has no pre — image in A, such that /' (x) =0
= Rangeof f#B< {-1,1} # {-1,0, 1}
.. f'1s not onto.
B = (0, o) and range of /= (0, x)
= Range of /=B, = (0, 0)=(0,20) .. fis onto
B =@ and range of /= (0, =) since - 1 €Q, but
there does not exist any X € R such that f/(v) = 2" =-1
.. f1s not onto
Method II. Range of /# B = @ # (0, «)
. fis not onto.
B = R, and range of f= (0, o) since ~2€R, but there docs
not exist any x € R, such that f(x) = [x/ + x = -2
. f1s not onto
Method II, Range of f# B
. fis not on to
B =[3, o) and range of f (x) = (x — 2)” + 3 is [3. =)
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= Range of f=B = [3, 00) = [3, m)
~. f1s onto

r B =R and range of f(x) =4 —/x—1is (—oo, 4] since €,
but there does not exist any x€ [1,00). Such that

F(X)=4-Vx-1=5= Jx_1=_1

.. f1s not onto.

\ Method II. Range of f B — R = (—=, 4]
& .. f1s not onto
N g. B =1, ) and range of f(x)=1|x-3|+ 1 is[1, ).

ut

o

= Range of /=B = [1, «)
.. f1s onto,
34.  For each of the following function, find the set B for which
f: R — Bisonto

a.  f)=x"+4 d. f()=2-5k -7 -\ -
b, f(x)=sgnx IR

¢ J&)=[] £ f@=x"+6x+10

Salution:

Remember, f: R — B is onto if range of f=B.
a.  Range of f'(x) =x" + 4 is [4, ] for all x€ER

~B=[4, x)
b. Range of f(x) = sgnx is {1, 0, 1} for all xéR
~“B={-1,0,1}

g. Range of f(x) = [x] is z for all xeR
".B =z = the set of integer
d. Range of /(x) =2 — 5 |x] is (—=0, 2) for all xeER

o B =(-=c, 2]
e Range of /'(x) = |x] = 3 is [3, ), for all xER
S B=1[3, =)
f. Range of f(x) =x +6x+5=(x+3)-4is [-4,)
S B=[-4, )

One - to — one Correspondence
. Two sets are said to be equivalent set if there exists one- to- one
correspondence (bijective) between them.

Definition: A function f: A — B is a one — to — one correspondence |
(bijective) if and only if /s both onto and one - to one B

Hlustrative Example
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Determine and justify which of the following sets éire TS
one. onto or one — to —one correspondence from A g Bone 48

0 =4 D, (3 D (2 2) (W, )

S
T

T
. N !
o B

‘ln

A={x,y,z, w}and B= 11,2,3} :
b og={x 1), (v, 2): (2 DL, A={ny. 2} andB={] )
e, h={x 1), (¥, 2) (= N, A={x,y,z} and B={] ’3}=4J
d, k={x 1), (. 2) (= 3), (w, 3), ¥
A={x,y, 2z} and B= {1, 2, 3,4),

Solution: )
a.  fis onto function but not one- to —one ¥
b.  gisone-to- one, but not onto, because range of g = B ¥

h is one — to— one correspondence, because h is both gy, t !

and one — to —one .
d. k is neither onto nor one — to — one
36.  Determine which of the following functions are
onto, one — to — one or one — to —one correspondence .
£ R —> R defined by f (x) = |x| x for all x€R

a.
. 4’
b. fR—> Rdefined by f(x)= Y;_ 3 forallx € R

C.

fil2,e)—> [0, e0) defined by f(x)=vx-2, foral]xgz_: _

£ R — Q, defined by f(x) = 3% forall x> R '
7 (1, ) (0, 0) defined by f(x)=10gT" poranx>1 §

£ [3, ) = [1, 00) defined by /' (x) = (x—3)"+ 1 forallx2§

g W=n o o o

£R— {1,013} defined by f(x) = sgnx.

Sclution: Letf: A —> B
a) i) Letay, a; €(—00, 00) =flay) # fa;) then 3, # &
=~ f1s one — to — one
ii) B = IR and range of /=R
—Range of f= B =R, then fis on to
iii) Since /is both one — to - one and on to, then
fis one to one correspondence
b) Linear functions are one ~ to — 0ne and on to.
= fis one to one correspondence
¢) i) Forallay,a; €2, o), then f'(a;) # f(a2)

::>\[a., -2 % Ja,—2thena; #
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=>f'is one to one
1113 [0, °0) and range of f= [0, o) for all x > 2
:.'}Rangeoff:B:[U, ) = f'is on to
iii)Since f'is both one to one and onto

= fis one to one correspondence

d) i) Foralla,,a, € Q = fAa1) # f(a)) = 3% = 3% then
a1 F a3, = f'is one {o one
i) B =Q and range of /= (0, o) forall x € R
=>Range of f'+ B, therefore f1s not on to
e) ) Forallx>1, f(x)=1logl™ is one to one
ii) B =(0, ) and range of f= (0, o)
=Range of /= B = (0, o) thus fis on to
i) Since f'is both one — to — one and on to
Therefore f'is one — to - one correspondence.
f) 1) For all a;, a; € [3, 00)=/(a;) # f(a,)
=(a; 3+ 1# (a-3)°=a, #a,
Therefore /'is one — to — one correspondence
ii) B=[1, ) and range of /= [1, o), for all x > 3
—=Range of =B =[1, o) thus f'is on to
ii1) Since f'is both one to one and on to therefore fis one to
one correspondence
g) 1Lletaj=3anda=4=/GB)=1landf(@d)=1,
so that /(3) = f(4) but 3 # 4, therefore f'is no one to one
i) B= {—1,0, 1} and range of /= {—1,0, 1} =fison 10
Which one of the following is a one — to — one correspondence
function from A =[0, 1] to B = [2, 3]?
A fx)=x+1 C. flx)=2x+3
B. [f(x)=x+1 D. f(x)=x+2
Solution: [ A ——> B
A.  B=[2,3]andrange of /=1, 2] forall x € [0, 1]
= Range of f# B, thus fnot on to
B.  B=]2,3]and range of f=[1, 2] for all x € [0, 1]
=Range of f# B Therefore, f1s not on to.
C. B =[2, 3] and range of f=[3, 5] for all x € [0, 1]
=Range of f' # B Thercfore, f1s not on to.
D. i) B=[2, 3] and range of = [2, 3] for all x € [0, I]
—>Range of /= B = [2, 3] Therefore, /s on to
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ii) For all aj, a; € [0, 1] /(a;) # flu.)

7 {a
. I('H. Jee{{{t{:@
. !L'};

—Sal+2#a,+2=a =,

~ f1s one — to — one

iii) since fis both one —to —one and on ¢
—/is one — 10 — one correspondence

Combination function

(Sum, difference, and quotient) of function

-

|
|

Term Functional value Domain
i)f+g (f + 2)(x) =f(x) + g(X)
n)f-g (f—2)(x) =f(x) — gx) _ _
iii) /g (f2)(x) = f(x).g(x) Domain of (/1 ¢
v L L =L® o020
g g g(x)

___Ilustrative Example

32.

Let f(x)=V9-x*and g (x)=4x+5
Find a) (f+ g)(x) b)

f-2)x) ¢ Vo

d) [1]@) e) (—5)0()
g A !

Selution: i} The domain of‘f——; x:9—x}={x:-3<xs3
i) The domain of g = {x: x € R}= (—09. %}

The domain of f'+ g, f—g and f. g are

{the domain of /} N {the domain of g} = {x:-3 < x =3,

Therefore,

Value

a) (f+8)X)=v9-x*>+4x+5
b) (f—8)Xx)=v9-x*—(4x+5)

¢) (SR =VO-x)4x+5)

Domaiti

\ 4
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o [Lew=2=x =S
g 4% 1 3 X:-3<x<3 andx#—i—}
/
g 4x+5
e) | = |(x)= . :
\‘fJ r____9-x2 {x:-3 <x<3}
Composition of Function
The composition of f'and g is denoted by (fog)(x) = £ (2(x))
provided that:
. g (x) is in the domain of £
o Domain of fog & Domain of g,
o Range of fog = Range of /. |

The domain of fog is the set of all real number
x in the domain of g such that g(x) in the domain of f. i.e.

—— .

@ :
ofg w of f

38.

39.

Letf(x) =3x—
a)  (fog)(1)
b)) (gof)(1)
Salution:
a) (fog)(1)
b) (gof)(1)=
c) (fog)x)=
d) (goh(x)=

[Nustrative Examp]e _

4 and g(x) = x’ + 3x. Find
c)  (fog)(x) ¢)  (fof)2)
d) (gohx) O (fof)(x)

=f(g(l))=1(4)=12-4=8

g(f (1)) = g(l)*1-3—-2

= () =/ (x*+ 3%) = 3(¢ + 3x) - 4
£(/(9) = 2Bx —49) = (3x—4)° +30x - 4)
=Ox>- 24x +16+9x—12= Ox* —5x +4

Find fand g such that (fog)(x) = h(x) if:

a) hx)=vx’+3x by 3%
Selution: (fog)(x) = f(g(x)) = h(x)

a) Letg(x)= x>+ 3xand f(X)=
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40.

41.

(e =/ 4 30 = VX 43 = hix)

b) Let g(x)=2x"~1 and f (x)=3"

2 2 2% -] . .

=/ (g(x)) =f2x 1) =2 = h(x)
If f(x) = 3x° - Tand g (x) =4x k{ for what vajue of
thé graph of (fog)(x) crosses the y-axis at 87
.A.. k:() B. k:i\f&; C. k ::T-'\,:S [) k :__r_,-;

Solution.: , : | _
(fog)(x) crosses, y-axis when X = 0= 7(e(0) = Sk} =3k - |

15,
ey T el Answer.

. sy,

Let f(x)=3x~ L. Thgn find g(x):

a) if f(gx)= 93;" +12x+8

b g () =x -1

Sofution: f(x) = 3x— 1 . -

a) f(g(x)=3g()—1=9x"+12x +8 = 3g(x) = 9"~ I2x~y
Lg(x)=3x"+4x+1

b) Letg(x)= ax’ + bx + ¢, then g(g(x)) = g(3x: 1)
—g(3x— 1)=a(3x— 1)’ +b@Bx - D+c=x"-1
:>9ax2~6ax+a+3bx—b+c=x2~—0x— 1

Comparing like coefficient

42.

= 9ax® =x’ :>a:—;—and—6ax+3bx:0

:>3b=6a=6[i]:>b:?_
9 9

Also,a—-b+c¢c=—1 :ﬁl——%—l-C:-—I:}c::-—-
9 9 9

2 8
LEgX)=—xP+=x——
) 9 9 9
The function f(x) is defined in [0, 1].
What are the domains of the function /'(2x°).

A.R B. *iSXSl C.-——-—Lgx_«g

]
2 2 V2 42
Eaplanation: et u = 2x*
=/ (u) is defined for 0 < u < |
=0 < 2x* < 1, since 2x> = 0 forall x

D. [0. o)

S
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] | 1 .
DX D e KX s Answer: O
2 2 2

[ 553

I 43, If/(x)=log (4 —x) and g(x) = 3x + 7 then

what is the domain of (fog)(x)?
Setution: (fog)(x) = f(g(x))
X € Dgand g (x) € D;
The function /'(x) is defined in 4 — x> > () = {x:2<x<2]
= f(g(x)) is defined for: —2 < g(x)<2
=2 C<3x+T<2

S-9<3x< S m3x <x< -2
3
; 5
~Domain of (fog)(x) = {x: -3 <x < -~ !
3
44. If filx) = and g(x) =
X=2 X+4
a) What is the domain of (fog)(x)?
b) What is the domain of (gof)(x)?
Selutien:
a) Domain of g(x) = {x: x#—4} and domain of /(x) = {x: x=2!
= f(g(x) = g(X)=2#0

g(x) -2
Domain of f(g(x)) = {x € D, and g(x) € Dg}
= {x:x #¥—4 and g(x) = 2}

= {x:x # —4 and

#2}
x+4
={rix#*—4and2x+8 = |}

—
= {x:x# —4 and xi—;—}

-

=7
~Domain of (fog)(x) is R \ {"4, ‘—}
2

i

b)  Exercise left for you. (Ans: IR{'\{Q,,—?—}.
4
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15 IFf(x)=(n (x +3)and g (x) = x" -4, then _-

what is the domain of (fog)(x)?

A (—'100) B. (]C‘o) C. [1. o] )

Salution: (fog)(x) = £ ((x)) |
Domain of f(x) = {X: X +3>0} = {x > 3,
=/ (g(x)) is defined for -3 < g(x) < @ gy~

"'-"“.

= Domain of (fog )(‘)*17{ g(x) >3 - fxix' g
= Domain of (fog)(x) = {X: X” > 1} = (1. ¢0) .-’kam-‘--.
INVERSE FUNCTIONS o

ordered pairs are obtained fiont [ by interchanging 1,
v — coordinales.

That means:

If (a. b) € 7. then (b, a) € /- orif(a, b) € /', then (b <+
Note: T
I. A function is invertible if and only if one —to — one.
2 [f fis strictly monotonic on its entire domain, then it is in\ﬁp,l

INustrative Example
46, Determine whether each function is invertible. Ifi 1t is Imm*%
then find the inverse function.
a) f={(-2,1), C1,0), (12,3, D} b) g ={(3, )0, 2.(2.3)]
Solution:

a) Since (1, 2) and (3, 2) have the same y coordinate. i |

function is not one — to — one, and f is not invertible.

b) This function is one — to — one, and so it is invenibe

g = {(1,3).(2,0), (3, 2)}.
To find the inverse of y = £(x) (when it exists):
I. Replace f(x) byy
2. Interchange x and y
3. Solve fory then replace y by £~ '(x)

Note: Domain of f ~" = Range of . T‘!
Range of /~' = Domain of f. i

HORIZONTAL ~ LINE TEST FOR INVERS FUNCTION

A function /" has an inverse if and only if no horizontal hne
crosses its graph more than once.

e Ilustrative Example _

‘B

The inverse of a one o one function f, denoted |~ iy 4 }’ému', »
W

b

!
i

l
i.
|

o

e
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Detcrmine whether each function is ertible. If it 15 mvornabic,
then find the imverse function.

a) =X,y y=3x - (h)

¢) h = {(x, ¥} y = log?

2= (X, V) A& 3x
g d) K= l(x,yhy=Te

-

=X

> =% v V= 1 is e . . y 5 .
a) J= Al Y)Y =3x -2} is linear function and linear functions

are one-to-one and so 7'is invertible.
To find the inverse:
Lety=f(x)=3x-

2, interchange x and v
=X = 3y =

2o 3r=x+2
X+ 2 . " ¥ 2
= ¥ =——_therefore, f'(x)=
. B

b) g = (X, ¥): ¥ = 3x — 2. This function is @i inveriible
because a horizontal line crosses the
(—2. 1)and (0, 1).

c) h={(x y): y= logi* }. This function is invertible be:iusc
every horizontal line that crosses the graph only once.

To find the inverse: h''. let vV =

graph *at two poini

h(x) = log}* interchangc
and y.

A

4

1

=x=log;" < 4r=3"= Vv =
3"
Shi(x)y="—
4
d) k= {(x,y): y=c¢7"}. This function is one-to-one and so i1/ I
has an inverse.
To find k', lety =k(x) =™ x¢—> y

2y Inx
=DX=e” 2y=hx=y=—"F1

Note:
It the point (a, b) lies on the graph of f, then the point (b. &)
must lie on the graph of / "' and vice versa. This means that the

graph of / ! is a reflection of the graph of fin the line Y=X
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48.  If the point (4, -5) is on the graph of y = /(x), \r\hm; o *\\
the graph of y =/ (x). s
A Ll_-sj B. (—4.5) C. (-5.4) b (4 .

' 3

Identify Inverse Functions

Functions fand g are inverses of each other if and only if
i) (fOU)(X) x for every value of x in the domain of g.
i)  (goD)(x) = x for every value of x in the domain of 1

]llustratlve Example . _ {
49 Determine whether each pair of functions f and g are inverses Uf

each other.

-7
) f()=3x- —"3 '

b)  f()=x"and glx)="x
c) f(x)= Y2x+1and g(x)= e

d)  f(0=+x+2and gx)=x"-2

e)  f(x)=+x+2and g(x)=x"—2, wherex >0
Selutien: We must verify that £(g(x)) = x and g(f (x)) = x.

a) _f(g(x))=3g(x)+7=3(x;7J+7=x
g(f(x)= f(x) 7 3x+37 7—x, for all x.

~ fand g are inverses of each other.
b) Ifx € (—oo, o), we can write:

f(e) = (g0 = (Vx) =V ||

The domain of fis (—oo, 00), and |x| # X if X is negative,
-~ fand g are not inverse of each other.

e students uYOHTI.Ibe Digitall[O,1] Ethiopia

s |
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) e =32g(x)1] - f’:(_-“;“‘i,k .
3 X
.-.:fzmd g are imverse of each other.
d) Ifx € (o0, o) they.
S8 = Je(x) 7 - N(E e ]
Si].]CG X € (—oo, 00), therefure, x| # x
~fand g are net nverses of each other.
e) Ifxejo, ©0) then:
SN =g 2= 5.5 V¥ <x}=x
Forallx > 0, f(g(x)) = g(f(x))=x
“fand g are inverse of ¢ach other.
50.  Find the inverse of the following function ang determine the
domain and range of 1!
I 4x
= b A) =
a) f()f.') 3% —2 ) f(t) x+3
_ 3x+2
9 f@=2 O FE=26 5

Selution: Replace y = Jx)

2y+1 _
a) y:_l_@3xy—2y=1:$3,ry=2y+1:>x= 4 = f7(»)

2x+1
. —1 —
S E) =
Domain of /' = R\{0} and
2
Range of /" =R \{5}
Ix+2 .
) = , interchange x to y
b ¥ 4x -1
x=2F2 s e x =3y 2
4y -1
=4xy—3y=x+2&y@x-3)=x+2
x+2 gy X+
= Y= = f(x)=

4;“,__3 ’ 4.1‘-“3
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“

~Domain Off =R \{ [ and

3|
4
Rangeoff’]: { ](

4x
x+3

c) y= «— interchange x and

T —

84 &> xy+3x=4
X =
y+3 ST IE=Ay

=Xy — 4y——?x<:>y(x 4)~_3x
"“3.7(' —~i
= X)=
4 ST ()=

X= .
Domain of f = |R\{4} and !-.

Range of f = R\{-3}
d r= 2% +5 e——#mterchangexto y
=X = 2}’ +5:> 2y =x-5

},’

,-_:3..{::.:?
2 2
Domain of /' = R and Range of f~' =R

se of each of the following function.
E/dr 1

f( x) = log,

51.  Find the inver

a) f(x)=¢mn2x+1) c)

b) f(x)=1+~l—fn(x—3) d) f(x):€n(—«~+2}
2 x—1

Salution: .
a) v={n(2x+ 1)«— interchange X 0¥

=x={n2y+1)=log,
e’ ~1
2

(2y+1)

——_->2y+1::ex:>y:

W= =)

b) y=1+ L, '
7 n(x - 3) «—— interchange x t0 ¥
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== ‘—1+lﬁ | -
o 5 n(y —3) <> x -1 :2—r-'.n(,1'*--'3)
=52X — 2*1n(y 3)g10g“ ) lzy._:-’,
" y‘—eﬂ ‘-+3._.$f (x) = o2x 2_*_3
c) y=logr ,llll(,l’chdﬂ!:e X1t0y
=log{""" = Yfay =2
:>4y=1:(2") <:>4y=23"+1
4]

y= 4 :>_f'[(x):_:(_(23-' +l)

x
d) y=¢n [1 .y + 2)(———~ interchange x to y

: 3y— —
x=€n[ ) +2)=1D[—}-—2}:e’=3_zc>ey_e —3];—2
y=1 y—1 1

y—
=y — 3y=e‘t 2<::>y(e“—3)—e-‘hg
i § -2
:?’f]( )"

et —
Find the 'mverse of the following function:

. e
._y:
e

a) f(x)= 1 b) flx)y=—

e +1
0 f)= J3 e d =
Scolution:
a) y=ex_1then x:e"—l

¥ . X+l x+1
=y —x=]1=>xe"=x+12e' = = y={n
X X

& )= ln(—ﬁl} =/n(x+1)—Inx
X

C(1—x
b) Exercise left for you. Ans: {n( : \.(UEE)

(1 .
¢) Exercise left for you. Ans: ( n( : \.(UEE]

¥
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=

5.

58.

60.

N

‘A 4w B 2™ C. [-3.%) D (%, '-

u . | v AT
o Mnit One: Revivion g gy,
....:-‘-::;-__v-s_:h._t_*%

—
fE)=p+ 232y =x+ 24 3= ¢

Lety=

y=yti=yTE"

Therefore /- {x) =X 5 | |
which of the following functions are invertible?
£ R —>be defined by /' (x) = [x]

A _ i
. fR— {-1,0, 1} be defined by f(x) = sen(x) o
C. }r: R —> [_.9, OO) be d@ﬂned byf(x) = Xz +2X-8 : 1!
D fl2,0—> [-4, 0] be defined by f(x) =x* -4 ._ i
Sclution: , ¥ g _ b §
When X €[-2- 0L, /() =X~ 4 is one to one so that invertjhj, [

. Answer
What is the set of value of B, for which /2 R—— B defing g
f(x):x2+6x+7150nt0'.{ E | %

Salution:
Hence [ (X) = XX+ T=
()= (x+3)'~2
- The range of /= [-2, ©)

For what values of A, [ A ——> [5, 00) be defined by

fx)=x"+2x+6is1-1

A. R B. [~1,00)

Salution:

fA—[5,0)is 11 correspondence if and on

one and on to.

A. f:R—>[5, o) given by f (x) = X+ 2x + 6 is g
because image of £ (x) X~ + 2x + 6 is [5, o). But notusg
to one since (=2, 6) and (0, 6). f‘“

B. f[-1,00)—>[S5, ), given by f(x) =x + 2x * O
to and one -- to — one g

C. [ (=00, =] — >[5, 00), given by f(x) =X ' 2x *igg
onto and one — to — one. | g

Let F(x) = f (28(x)) where £ (x) —x* x4+ ] for 0 < x <268

g (x) =7 (x). Find F (3) 3

Sefution: We have f(x) =x"+x*+ 1, for0 < x < 2.

f'(0)204+03+ [=1 :>th (1)=0g(l) -

s said to be on to if and only if range of f<§
xz +6x+9+7-9 *

Answer. }§-

‘C. (—o0,—1] D. BandC

ly if'one -torf



——
=
(2
=

47 | Unit One: Revision en Relations

S =1+ P 1=3=¢"3)=1=4(3)
f@Q)=2"+2’+1=25

~FQ3) = f(2e(3)) =f(2) =25
fen 61) Letf(x)= 2%’ + 5x + 8 andf—l(2x) = -1. Find the value of x.
R Sebution: If 7 (2) =b =f(b)=a

Xy
: Then, /(20 = =1=f (=)= 2x =>-2 + ~5+ 8=2x > x |
‘\q =
62. Letf~'(3x—1)=-2and £(-2)=11. Find x
ey, Solution: [ (3%~ 1)= -2 =f(-2) = 3x — |
Ay, =3x - 1=11=3x=12 .'.x=—1;;2—:4
B e, 7
63, Ify=f(x)and f(x)= . and z = f(y), then f{z) is equal 10
-.Q-J 3
( B A. -x B. X C. x—-1 D. 2
) Sclution: ]
e g
) Now since f(x) = I—L we have, !
— X
1 1 1
3 Z)= = =
e R B e - L
%y I-y
. Ba _ 1oy y-1 14 1-(-x) [l—x]
l-y-1 y RS l-x '\ 1
7 ifone- 1—x
I-1+x .
& = l =X Answer: B
Buts X ; :
64. Let f(x)= L what is the range of the function;
+x°
w A [—l L B [-2, 2] C.(<1,1] D 2
> 2 ? 2 . » 23 = .
Tu X : 5 .
Selution: 1 et J (x)=y then y= : :: 7 X SYTYXT Oyx xov
X
<3 2 We observe that the expression is a quadratic in x. So that
= x=_P% “b-’4ac,Whereb: lLa=yandc=y

2a




66.

oy=0andl dv- >0,

-

Since X 18 real numbers. s

. Range of /= :
N I\\f e

1]
<y < —
=¥= ;\I}S“ér: {

Hence, range { yi=
+2forx < 3. Find /—' (x)

Let/(x)= (X~ 3y /
Solution: Lety = f(x), theny = (x -3 T2 x<3
=% == 3P +2fory <3¢ interchange x and » |

=s(y— 3} =x—2,fory < 3 «——solve fory
L y=3ir—2fory S 3¢y =/
.'.f‘](x): 3—Ax—2
~Domatn 01‘”_}‘"l = {x:x>2} and range cn"f*I = {y: y <3!
Which one of the following is a one — o — Onc corresponder:
function from A = {-1. 0,1 toB={L,2, 3}?
C. fOO=Ik*2

A fx)=2x+1 |
B. f(x)=x*2 D. f(x)=x+2 £
Salution: ‘
A function £ A — B is one — to — one correspondence if fs E
hoth one-to-one and on to. !
x € {-1,0, 1} such th 1

A. For 2 € B, there does not exist any
fx)=2=2x+1=2=2x=1=X :-;—af{=l.0.l}

B. f(x)= x>+ 2 is on to because for every y € B. there is ¥ E4 )
such that /' (x) = y. That means image of fis B. Also f1s 0
to — one. Therefore, fis a one — t0 — ONC correspondence. .

C. f(x)=Ix| + 2 is not on to because for [ € B, there does 0@ l 4
existany x € {-1, 0, 1} such that f (x) = 1 10r which g2 1
>xl=1-2=~—1

D. f (1_‘1)_ = x’ + 2 is not on to, because fo
exist any x € {-1, 0, 1} such that /(x) =

- | € B, there docs ot

I for which x+2#!
Aqnswer i
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67. If f(x)=x+1+

x* , then what will be £ (x)?
Saluticn: Lety=f(x)::>y= X+y1l+x>
—Sy-x= 1+ x° <:::>(3.?-){2):14—:»{2
=y = 2xy + X =1 +xPes y? _
2
-1

Unit One- Revision on Relations

2xy = I=2xy =y

. . Ix*—1 1 1
Sx=2—=f"(y) STy =2 22 1 1
Zy 2 X 2 X )
. Review Exercise on Unit - 1 i
1. Determine which of the followi

d. f: {(aa b)) (a,C), (b:d)7 (C:-a); A= > > =
b. /={(1,3),(2,2), G, DiA=1{1,2,3},B=

c. f= Wa.D)ERXR/b=+la,A=R <

§
d. f=1{(1,2), 2.3), (3.:4), where , A={1 2,34}, B= {1234
2 Determine whether the given function is even, odd or neither.

a) f(x)=x+5x c. f(x)zl—;;x‘
B 0= A O =F—dp+3

3. Determine which of the following arc onto, one — to — one or
0ne — to — one correspondence function.
a ﬁIR%HR,deﬁncdbyf(x)=4x+l
b. AR —[3, ) defined by f(x) =2(x - 1)*—3
v f:IRialeefinedbyf(x)=f(x)=[x\—x
d.  f:q1, ©)—> [5, o) defined by f(x) =3(x - 1)’ +5
€.
f
g

S+ 10, ®0)[-1, o) defined by £(x) = \/x —1
J:R— R, defined by f(x) = 4" xeER
L Z— {-1,1} defined by/(x)=(-1)".xe7
h R [-4, o0) defined by f(x)=Ix|-4
@ Determine which of the following are onto, one —
one — to — gne Correspondence function from
A=[O,1]toB=[1,2] ]
a. S(x)=x b) f(x)=2x"+1 ¢, fX)=x"+1
3. Find the domain of the composite function fog.

a. F(xX)=+x—4 and g(x) =2x+3

to — one oy
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" % e s Ans: ‘nx -/
) Exercise left for yot "y
L A

£f(x) = logd"

Find the inversc 0
§obution: LeLY =f({x) =Y

= l()”ix : Ko .[nterChan 3 .
=4 lgl'”"ﬁ’ :

Tyl
= X = l().g.;' =

v .(X):E';(s-‘ 1 4)

54 Find the inverse of f(x)= 3+ \/x .

Sobution: 1ety =/ (%) |
Y:3+«/; then x =3+4/Y :"‘/3_’:*“3:’”5’:("“3.?:

.'./'"l(x) = (X — 3)2 forx =3 |
Domain of /' = {x: x = 3} and range of /' — = {y: y 20}

’_!re"‘ —e ™
@ Find the inverse of f(x) -Ke" e )

Selution: Lety =f(X)

X ~X hd -y
e —e e’ —e
y =——— then x=———
e +e7" e’ +e
:>xey+£gy=ey~e'y oxe” +e?=¢' —xe’
x4+ 1) =€ (1 - x) e x+1
=e’x+ D= (l-x)&>—=
e’ 1-x
2y X +1 1 [ x+]1
e = = y=—4¢n
—X 2 1—x

S =t ( X! ] = {en(x+ 1)~ n(l=x)]
Inverse of Even power and Quadratic function

As such quadratic function and even power has no inverse becangt

horizontal 111.‘1(: test shows this function is not one to one, and '“{" E
cannot have inverge. ) |

However, by restrictin

; ; g their domains t . “suitable” intervals g
One 1s attained and the ns to some “sutia 3

function becomes invertible.



b f)=xX+4andg(x)=Vx-2
e f®=In{x-3) andg (x)=x" 5
{6/ If # A — B and gt B — C are functions, i}, W
k following statement are True or false abour .

function.

a. Domain of (gof) & Domain of f,

b. Domain of (gof) & Domain of g.

C. Range of (gof) & Range of /.

d. Range of (gof) & Range of g.
7. Find the inverse of the following function.

i
!
i ;
i
h I(J] % 4

o

CONmpe ™
Mipogs

y

i

HE

|
|
:
|
E
I
1 | . 5
a. fx)=3+ ~2-.£n x—-1) cf(x)=2x-3V+1, forx < E "
i
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8. Iff(x)=2x"+5and g (x) = 3x + k, find k so that [ .
the graph of fog crosses the y-axis at 45.

9, Iff(x+2)=2x2—-3x—l,thenﬁndf(x+l). !

10. If the domain of /= {x € R: 0 < x < 8} and the doman ! l
g = {x€ R: -3 < x < 4} then what is the domain « 5
a)f+g,b)f-e. .

11.  Find the inverse of each function: L
a) f(x)=(x+5)2f0rx2-—5 i

b) f(x)=x"+3forx=>0

c) f(x)=3};i14 e) fx)=vx+2

d) fx)=VYx-4 ) fx)=x -2
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i 3y ewe
N Unit Two

ational function

Definition: A rational function of x is a function which can be defined
by ()=
D(x)
" and D(x) # 0
Domain of Rational function
Domain of rational function is the set of all real numbers x for which
D(x) # 0.

. where N(x) and D(x) are polynomials

Illustrative example

1. In each part, find the domain and the range

+2
L f@=2 by f(x) = —>
g x—3 x +1
fi, x* +2x 1
(X)=—7— d =
% ) x* -1 ) S (%) x* +3x+2

Selutien: a) domain = {x: x -3 # 0} = {x: x #3} or R\{3}
range = {y € R:y# 1} or R\{1}
b) domain=R, range= {y:0<y<3}
c) domain={x:x2—1¢0}={x:x¢1,-1}
range =R
d) domain = {x: XH+3x+220 = Ix:x#-1, -2
range = R\{0}

2 Let flx)=2F)

then, Find domain and range of
X

a) f{x) b)fix—1) o) f(x’-2)
Solution:
a) domain= {x:x-2=0} = {x:x=2}Range={v:v =1




rlb i — f .
- ML= - wa l‘)'l)(_zt(_({”_qf

52 e -

. x+1
p)  we have fix)y=—"73 then
X=2z2
f(x—1) Sl WL,
A== = CTherefore y
' ¥y—1-2 &-3 ¢ dotoain gf |
R
e RyvIx o 3§ range lyzy # |
X =3
. R + I L X — 2 | y
¢) flx)=—"7 then fix~  2) o XA
X== e 2 __2 't;;_vo‘
xix” 4 £0=(xix#2.7
i~ 2%

then domain of fix™ 2)
Range = {R' Y # I

Simplification of rational expression

Definition:
A rational expression
simplified). If the numerator and de

except -1 and 1.

to be reduced to lowest terms o

is said
nominator have no common fadtx

Jilustrative example

3. Simplify the following
X ) L
% 2 t 5 - c) 'E_.__l___
-1 x"+2x+1 ;!
1
| -
-ll
X ) | 3
_xz 1-_ 13 l . t
o) an o v -3 Xt
2 ¢ > i
X— N
x—1 v - dr+ 3 X k!
Solution:
4) —,x +-7___2.. . .. t 1) 2D
¢ - x4+ 2v+ ] (oI s ) H‘HU'”



-

-

11
i

— (x=3)(x-1) _ 4x-10 (x=3)(x-1) 2x-5 |
_ = , _ 7

=

i_i Unit — Twae .%iti_(yu{f fun i
_ Y+ 3y -2
=== X ¢ =1]

(X+1)(x=1)
_\1 S .F_J.F ‘.\' _ 2 - 2
k) o1 o xi ol X X1 - x- 2
2 Nx-D 2 TG 3T .
X — — = — = e ] - . -— A £y \
x—1 x—1 x—1 _‘."__1
_x=2  x-l 1
. ) = £l
(x+D(x=1) (x=2)(x+1) (x+1)
) y-1 _ y-1  ¥-l v-1 y—1
—— = 1 = ] = = _._—_' :‘l_\ __I;
lf—i—' T T S -y 1
L y =1 P y-1  y-1
iv }.
13 Wr—1+3(x~3)
d) -3 x-1 _ (x=3)(x-D
R S T W )
Yodx+3 x-3 (x-Dx-3) (x-3) (x-1)
x—1+3x-9

TT244(x-1)  (x-3)x-D) (x-2) -1 2
(x-3)(x=1)

Rational Equations

The easiest way to solve most equations involving rational expressicis
is to multiply all the terms in the equations by the least coivnon
denominator.

Ilustrative Example

[.  Solve the equation o
2 1 6x 2 3 12

a) =g C) _— =
3x+1 x 3x+l m-3 3+m

21 14 2 3 6

PO N . B Ry
x=2 x’-4 x+2 x—-4 x+1 x-!




Unit - T

= 2 l B Ox

Gafution: TOSOIVE == 3]

« “ﬁ{g{!‘: .

: ] 3x + 1) the resultie .
Multiply both sides 2by x( ) the resulting cqyy,..
:}2.,(:37{4-1;6);
", 6x> + 2K Ix=1=0.ccoieern Standard {1y,
- x+DEx- D= 0
| |

aea]=00r2x=1=0=>x==7>or g- -

i L he original equation causcs the d .
Using —‘3— in the 0Tz quat SCS e denomj-.

1 to equal zero. So it is not a Seluticn.

- The Safution st is {2}
21 14

—

+—3
b) x—3 x-—4 X+ 2

Multiply both sides by (x — 2)(x + 2)
:;>3(x+2)+21=I4(x—2)::>3x+6+21:: J4x — 28
:¢27+28=14xw-3x:>55=]lx:>x:5
2 3 12
() —————="—3
m—-3 3+m m =9
Multiply both sides by (m — 3)(m + 3)
= 2(m+3)-3(m-3)=12
::>2m.*6—3m+9=l2:>—m=12ﬁ15=-3
— m = 3 «——not in the domain
. m= 3 is not Sefution set ~. Solution set 1s &
0 2 3 _ 6
x—4 x+1 x-—1
Multiply both sides by (x + 1)(x = 1)(x —4)
= 2(x F 1)(x— 1) = 3(x— I)(x —4) = 6(x + 1)(x - 4)
=20 = 1) = 3(x" ~ 5x + 4)=6(x" —3x —4)
=2 ~2-3x + 15x— 12= 6x° — 18x — 24
= X +15x - 14=6x"— 18x — 24
= 7x"-33x-10=0= (7x + 2)(x - 5) =0
= Tx+2=00rx—-5=0
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=9 ]
.._x:T or x=35 .'.S-S:{:——%.S
7

s into partial fractions

Decomposition of rationa] expression

Dccomp osmo‘n Oﬁatlfma] CXPressions in to sums of simpler expressions
is called Partial fractions decomposition . ‘

: 2 1 _

We may verify that — x T

X =1 x—1 xaq

Rule of Finding partial fraction 4
v
P(x)

Decomposition of

O(x)

1. Linear factor Rule (Dggm < degree of Q(x). For cach |
factor of the form (ax +b). the partial fraction decomposition
contains the following sum of k. partial fraction.

1 A B C D
k = i = T areas P ——— ———
(ax+b) ax+b (ax+b)* (ax+ b)’ (ax+b) |

lustrative Example

1. Find the partial fraction decomposition of the following:
) 1 , x* +10x-36

d C
x“—9 x(x —3)?
4x* +13x -9 2x—3

I d
x" +2x° —3x (x—=1)"

Solution: Here

| | A . B _A(x+3)+_3(_\;__3)

x* =9 - (x =3(x+3) T x-3 x+3 (x—=3)x=3)
Now, 1= A(x+3) + B (x-3)
To find for A, Let x =3 = 1= A (3+3) + B (3-3)
1
= 1=6A . A= —
6

To find for B, Let x = -3=>=A(-3+3) + B(-3-3)=1=-6B
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B= ¢ |
| ,_-—-—J—-——"“—i— - = |8

- ﬁ: 6(;(#3) 6(x+3)

- !

4t +13x-9 o 1 _

) -L} : , Since the degree of numeraqor " 1
xj+2x‘-3x | o Ssﬂ]anf
degree of denominator 8o, long division is not TCquireq |

Thus, the partial fraction decomposition has the form: )

4x% +13x -9 4x* +13x-9 A.; B .
___,____-f———jzﬂ__—-—J———_——ﬁ——: i
x3+2x2-—3x JC(JC—I—?}X.J:——].) X x+3 x
— 45+ 13x-9=A (x+3)(x-1)+ Bx(x-1) +Cx(x+3)

To find for A, Let X=0 .

— 4(2)" + 13(0) - g=A (0+3)(0-1) +0+ 0=-9=-3A . A=3 §

To find for B, Let X =-3
= 43+ 13(:3)9=A (-3 +3)+ B(:3)(-3-1) + C (3+3)

— 36-39-9=0+ 12B + 0=-12=12B ..B=-1

To find for C, Let X =1
401+ 13(1) 9= A (143)(1-D + B(1)(1-1)+ C(1)(1+3)
=3'8= AC HC=2

. 4x*+13x—9 :3 —1 2
x(x+3)(x—1) r x+3 x-1

x*+10x-36 A B C

x(x—S) x x=3 (x~3)

= x%+ 10x-36 = A (x-3)° + Bx (x-3) + Cx
To find A, Let x =0

= 02+ (10)(0) 36 = A (0-3)* + 0+ 0 = -36 =94
To find C, Let x=3

= 32 +10(3)-36 = A (3-3)* + B (3)(3-3) + 3C =3
To find B, Let x = | == ()G

2_1_
= 12+ 10(1) -36 = A (1-3)% + B(1)(1-3) + C (1)
= -25=4A 2B+ C
ButA+-4and C=1
Hence, = -25 + 4(-4) +-2B + 1

—

vy

sc.c-l @
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=-25+15=-2B=-10=2B .B=S5

CHl0x-36 -4 5
Thus, .1’(x B 3)2 - x—3 (_\’ _ 3)2
= A B
d)_?ﬁ_—g—-_ +““—T:>2X—3:A(x-l_)2+8

(x— 1)3 -1 {x- 1)“
—2x-3=AX 2AX+A+B ... = 2A=2 - A=_]
And A+B=-3;-1 +B:—3’:>]3;=—3+ 1 =-2
Explanation: Squaring_q(x—l)"—‘; X~ -2x + 1
SOA(x-1) = AxT-2Ax+A

" 2x—3 _ —1 N -2
i

Rule2, when the degree of numerator is greater than or equal to the

degree of denominator, we first perform along division,
then decompose into partial fraction.

Tlustrative example

2. Find partial decomposition. o
2 3
x"—x-2 x
a) 2 b) 2
x° =9 X" —3x+2
Sclutien: Here

a) The degree of numerator is equal to the degree of
denominator, hence by long division

x*-x=2 _ T-x 7T-x A B

= I+ — and — = —

= +
x°—=9 x -9 x*=9 x-3 x+3
=7-x=A (x+3) + B (x-3)
To find A, Let x = 3 =7-3 = A (3+3) + B(3-3)

4 2
=>4=6A . A=—=—

6 3
To find B, Let x =-3
=7-(-3)=A (-3+3) +B (-3-3) = 10 = -6B
—-10 =5

g E

6 3
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5 ’_’_'_._‘_“—’_‘_‘_.—”l' == =
:iéﬁf;_”;’f:j;v/—ék 3
D A B T e
== F_ 3(x—3) 3(x+ 3)
3 .
’Hf;,._—, The degree of numerator is gregye,

b) x> =3x+ 2 ﬂlanthe

degree of denominator. We perform long divi 18ion.

3 Tx—06 Tx -
X x4 —=x+34- 6

x?=3x+2 x° = 3x 2 m
7x—6 4 B

Again:——r—*—j—‘“‘: _2‘|“ o
(r - 2)(,\ — l) x X

= B(1-2)=1=-B . B=_]
To find B, Let x = 1 =7~ 6=
To find A, Let X = 2572)-6=A2-1)+*B2-2)=8=A

% 8 =1
", =x+3+ +
xt=3x+2 x-2 x- 1 2
Rule 3 for prime quadratic factor: ax +bx + C, (wrth b“4ac)
A prime quadratic factor of the form ax “+bx+c (with b? -4ac <Winthe |
Bx +c |

denominator require partial fraction —;
ax” +bx+c

[Mustrative example

3. Find partial fraction decomposition.
8x° +13x 2x® —4x -8
Vo Tw b) 2 2
(x +2) (x -—xXx +4[)
Selution:

8x+13x  Ax+B Cx+D

a) TZ—i_ZH: 2 + 2

b +2) x“+2 (x +2)
8%+ 13x=(Ax + B)(x* + 2) + Cx + D

E
Xpanding the basic equation and collecting like terms on
opposite SIdes of the equatlon

3

=8x’ + l3x Ax’ +Bx TRA+C)x+2B+D

? 13 i _

2(8)+C-13 20 =

=13-16=-3 S D

t
(=’
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8x” +13x 8x = 4
L‘:‘.‘ Thus, = 2%
L,

(f +2)2 x2 42 (xz +2)‘2
'{ Graph of rational function
g

D) A graph of a rational function is pictorical representation of rational
‘function.
When sketching the graph
investigating
e The intercepts, x and y
e The asymptote

of rational function f, it s important to

o

4 * The behavior of function near the vertical asymptote (functional
value of f(x) when x is close to 4 zero of the denominator)
* The behavior of function as x goes to very large number

‘24' The party i.e. fis odd or even or neither.
apf{”) | Asymptote
Y There are three:

* Vertical asymptote

* Horizontal asymptote
— * Oblique asymptote

i3 definition: The line x = a is a vertical asymptote for the graph of a j
e function fif f(x) —0 or f(x) = - |
\ - as X approaches a form either the left or the right. ]

Jotation Terminology |
—a X approaches a from the right
—>a X approaches a from the left ]
X) > f(x) increase with out bound
) X) 5-0 f(x) decrease with out bound
¥

@B YouTube ovisicalio.1] Ehiopia

n DIGITAL LIBRARY FOR ETHIOPIAN STUDENTS




Unit - 1
(1(] - .T” v i) {ir
f"’/ = : . ”ﬂ{ f_{{
[Hustrative e\amp]g e
T “Tind all vertical as\m[;tolus of each rationa] e _:x:
....1 - ’ S,
. X)) == 5. d) r v 4 *
3) ._f( ) .\‘.-, +3.Y o (. | -
5 X3
() 3x” +5 ) , E
X)= c i) = 2 s
b) j( x?. _4 _, ( L) EY?‘&—\G
) x—2 =9
N o
o ST T 058

Safution: TO find vertical asymptote stmplify the comm
then set denommator Zero O fag
+3x=0=x(x+3)=0=>x=0andx=.3
L V.A,x 0 and x =-3
x3~-4:0:>x=2 and x = -2
- VA, x=-2 and x = 2
x-2 _ (x= 2)
‘) v +2x—8 (x-2)(x+4) x+4
common factor
- V.Aisonlyx = -4, butnotx =2
- the function has hole at x = 2
d) x-3:0:>x:34——V.A
(x=3)(x+2) X

2
=2 "= simplifying common factor
(x=3)(x+3) x+3
- V.A is only x =-3 but not x =3
. The graph of function has hole at x = 3.

a)

b)

S -

_ Definition of Horizontal asymptote
The line y = b is a horizontal asymptote of the graph of function fif il i+

— b as x —»o0 Or as X —> -© I |

Rule of Horizontal asymptote

N(x) ax"+.....+a, _ .

D = m be rational function
(x) bx"+...+b,

]. ”? n< m, then X"'aXiS (y = O) iS the hOl‘iZOmaI as},mprotc. ‘

Let f(x)=
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N
\ . . a
& 2. Ifn=m. then the line y = o s the horizontal asymptote
N3 3. Ifn>m, then the graph has no horizontal asymptote. It has
oblique asymptote il n=m + |
4.
Ilustrative Example -
ﬁfﬂm\gl Find the horizontal asymptote for the graph of f if it exist
" : 2x+3 Dy —
; ) =5 9 fa="1
J x"+1 5x+6
4x* +1 oo X+
b) JfO=gm7— 4  fx)=
3x° 44 x=2
Sclution:
‘ 2x+3
]p*h"'ff‘t a) f(x)= m . here, the degree of the numerator
2x + 3 is less than the degree of the denominator x° + 1
S y=0<«HA
4x* +1

b) J (x) =————, since the degree of numerator equal to
3x°+4
the degree of denominator

_ 4
. The line y = 5 < H.A

. . 2
c) since n = m " The liney = ~5- «— H.A

= d) since n > m .. It has no horizontal asymptote

f

| r]‘ - - -
’ The zeros of rational function

—Definition: Let F(x) = N(X) be rational function an element a in the
D(x)
domain of f is called a zero of f, if and only 1f N(a)=0 and
D(a)# 0
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}
. ffh(! (ﬂ) ﬂ‘l(!n{

—f""';flllu stratlve EXd mplo -

Find t

he zeros of each of the following rational fu, e tion

. x’—4 _) P Vg
X)=—; c Cih b
a) f(\’) x =9 . ) X~ q
F~3
x> +3x+6 _
)y d) () =253
b) /(%) X +6x+8 J(x) 42 -:§
Solution:
2) X #4::>x —4=0=>E%2)(x+2) =
x* -9

- The zeros are x =2 and x = -2
b) First we factorize both numerator and denominagy,

(x+2)(x+3) x+3
fx)= =

(x+ 2)(x+4) x+4
- The zeros of fare only x = -3, butnot x = -2

+4
0 f=0< “;3

4 x+3 _ 1
) (x—3)(x+3) x-3

. No zeros, that makes f(x) = 0.

= (0 = x =4 ¢« the zeros of

Sketching the graph of rational function

Sketch the graph of the following function -

A)
Find

Let f(x)= —1*—, then
x—2

a) x and y-intercept
b) domain and range !
¢) asymptote fxl=75
d) how behaves fasx —» 2" andx — 2
e) how behaves f(x) as x — oc and x — -
f) for what values of x

D)f(x)>0 ii) f(x) <0 iii) f(x)>3

Selutign: a) No, x-intercept

”*u_

._,m

, domain =R {2 4

A
i




M—ﬂ‘mﬂaﬁamfﬁwwtim

N . ( I )
¢ y —mtercept | 0, ——
' 2

b) Domain = R{2}

Range = R\{0}

‘ C)V.A x=2, HA,y=0

d)asx =27, f(x) — o - f(x) increase with out bound

as x —» 27, f(x) — - < f{(x) decrease with out bound
g)as X —> oo, f{x) = 0

asx — -o¢, f(x) - 0
f)i) fix) <Owhenx <2
i1) {(x) > 0 when x > 2

R iii) f(x) =3 when 2 <x < g—
) o fis symmetric with respect to (2, 0)
e parity, neither even nor odd.

" x+1 _
B) Let f(x)= w13’ Investigate the behavior. Sketch the graph

Scbutisn: 1) The x-intercept, (-1, 0) Explanation
{ as x —> -3°
The y-intercept [0, *) —3* 41 -2
3 b = —>» —O0
. . ~3"+3 0O
i1) Domam = R\{-3} as x — -3
Range =R\{1} 3 41
i) V.A, x = -3 __3_:3= 02——)00
HA, y=1

iv) as x = -3", f(x) - -0 «— f(x) decrease with out bound
as x — -3, f(x) = oo «—— f(x) increase with out bound
v) as X — o, f(x) = 1 «— f(x) approaches to 1 as x goes
as x — -00, f(x) =1 very large number.
From the graph, we can observe

vi) e f(x)<1:>—)iﬂ<l,W'henx>—3
x+3

® f(x)>]::>f—j-—1->l.whenx<—3
x+3




fﬁf___.—-——'—’_ T = "f"-frr; i
(1) <0=> <0 wi " M,
° X) < —— =0 whei L Tk
/ X+ 3 TR S
RIS | |
. f(\)>02> >0 whenx e ()
X4 . . 3] [_;‘ !
¢) Quick sketch of the fOllO“lIlUtlbl(, __JP_ l Ly ]
i) i) '\ T
- b, | e
f(x) = : f(x) = | _
x+2 (x+2)” fy= %

as x— -2, f(x)=20 | as x— -2, f(x)— x+2
as x—> -2, f(x)=>-% | as x—> =, f(x)—>0 |88 X 27, flx)es.,
f as X— —2_1 f(x)__w):{

as Xx— 0, f(x)—0
as = %, f(x)- |

L’/——/‘\"

st £ x’ —~3x-4

1 X)=

D) : —6x+8

i) Inv estlgate all the behavior

if)  sketch the graph  iii) for what value of x

g f020  bf<0 ofz22 dfKx)<

Sofution: First we factorize the numerator and denomumlu Tt

X ,3 4 (x—4)(x+1 +1

simplify f(x) = x—4 _( Joerl) _ xt] il

~6x+8 (x 4)(x~ 2) x- x=2

Hence,
i) e the x-intercept by setting /(x) = 0, we get (-1, 0)

e the y-intercept by setting, x = 0, we get

_1 1
0’— 0 —- —_——
( 2) = f(0)=—
sro of denominalr

o the vertical asymptote, x = 2 « the zer
the graph has hole at x = 4
the horizontal asymptote, y = |
the behavior near the V.A, x =2
asx = 2", f(x) >«
as x — -2, f(x) —» -0
o what happens /(x) as x goes to very large number
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| —
as X =, f(x) —»>1"
J’}j as X -0, f(x) —=>1"
iii) a) /(%) 2 0 when x (o0, -1] U (2, 4) U (4, )
i b) f(x) <0 when x (-1, 2)

¢)f(x) 22 when x €(2, 4) U (4, 5] because 4 is not in domain
d) f(x) <1 when x g(-c0, 2)

N\ iv) fis neither even nor odd
x—1
Let J\X)==3— =
o E) e §1) X'—x—6
o) i) Discuss all the behavior.
i i1) sketch the graph 1)  For what value of x
Ay x—1 -
by, g ————>0 St Y
- x'—x—6 x’=x=6
\x}l x—1 -1
Selution: we have —————— = s
X' =x—=6 (x=3)(x+2)
i) * The x-int, (1, 0)—— fix) =0
1
* The y-int (0,——] +«— f(0)= 1
K< 6 6
Om *V.A, x=-2 and x = 3 «——the zero of denominator
l *HA,y=0
.|.

_? The behavior near the vertical asymptote
¥

as x — -2°, f(x) < oo, the graph goes up
L as x —>» -2 f(x) — -oo, the graph goes down
i asx = 37 , f(x) =
; asx — 3, f(x) » -0
e The behavior as x goes to very large number
as x —oo, f{x) =0"
as x —-00, f{x) >0
™ From the graph we observe that

X—
1i1) ——5——-—-—6— >0, when x (-2, 1) U (3, 20) «— The graph lies above
X°—x-—

the x-axis



W ; R - '- .

.\'*‘1 a_xe-oo,-z u'1,3 & The or J
b5 -6 <0, wher ( ) (1, 3) < The graph lies oy 8
2-x—0 ol
the x-axis ]
iv) paritys heither even not odd

x> +1
4 -_._‘_'___r__-—-a—'—"
x)=

F)Letf() 24 x—2

uss all the behavior
iii) for what values of x

x~+1

i) Disc
i) sketch the graph

x?+1 x*+1
E E- :H ,__a._._—-—‘—'—"ﬂ_.—-—-—-—*‘——'___*
3 O px—2 (x+2)(x—1)

i) No, x-intercept

1
o v-intercept | 0:——
e ( 2]

e vertical asymptote, X = 2 and x = 1 <« the zero of
denominator
¢ Horizontal asymptote, y = 1

The behavior near the V.A
s agx— -2, f(x)—=> -, the graph goes down

. asx —> -2, f(x) —> o0, the graph goes up
s asx— 1, fx)—>® easx — 1, f(x) >-©
The behavior as x goes to very large number
« x—n, [(x)—1 <« the graph approaches to 1
. x.—>-oo,f(x) —1
The graph crosses the horizontal asymptote at'y
This can be determined by solving f(X) = 1
Pl X+l
AT 2. . A
— L X =2
IALT T =x-2=1
| || _ Lx=3

=1

1= x2+l=x+x-2

-

uYOHTIIbB Digital[O,1] Ethiopia

g |
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- Z
x°+1 _
i) —5—— - < 0. when Xe(-2, 1) « The interval on which
x“+x—2
the graph lies below the x-axis
x*+1

21 When xe(—o0, 23 (1,3]

o x—2
G. Quick sketch of the graph
T
(x—1)°
Oblique Asymptote

1
v

ax"+..+a

i 0 :
Y et fi(x)= f has oblique asymptote
f( ) bxi'ﬂ +....+bo q yrnp

If and only if n = m +1 and we can find by long division.
Illustrative Example
Find the oblique asymptote and sketch the graph of f.

x° +6x+8 x°+2x-3
I = e
. ) f)=T2 B @ =2
Sefution: a) First write f(x) in two different ways. Factoring the
numerator
£ = x° +6x+8 _ (x+2)(x+4)
x+1 x+1
| tr . * The x-intercepts: (-2, 0), (-4, 0) < The graph
i meets the x-axis
f{ "~ * The y-intercepts: (0, 8) «— /(0) =8
P X *V.A, x =-1—> the zeros of denominator
Z
E *f(x)-——x +6x+8:x+5+
x+1 x+1

S ¥ =X+ 5 < oblique asymptote




(

0 8 /f_’/__—‘—f—’,‘—,l/_’um’d - ~‘T_(_{_ga_ '{—Qut!
——— V.A i T Maf fug
- x : — “?\‘\:\:
The hehavier pear V. ,
e [ (‘1+2)(H]+4) 3
O B =" =
s ¥ —]" +1 0 X
L asx >l L (x) H®

x —> =15 f (X)) 7
Note: From the graph we can observe that

2 -+ 8
'“_1_'__,:';_.(_6-{-—" 2 O W]'ICH Xe ("ln F'G) u[...f].’ "2)
x+1

2
# _{_M < () when xe [-2, -1) W (-0, -4]

*

x+1
Parity, neither cvel nor odd
o P23 )
b =" o

* x-intercepts: (1, 0) and (-3, 0)
i o _ 3 3
L * y-intercepls: 0,5— — f(0)= —Zf

A% %y A, x =2 < the zeros of denominator

< | x> +2x-3
i * =x+4+

x—2 x—2
Ly=xt4e— oblique asymptote
The behavior near V.A, x =2
as x — 27, f(x) =
x — 2, f(x) =
Note: From the graph we can observe that
2
* L—I;%J;__% < 0 when xe (—o, -3] V[1,2)
s

x+2x-3
* — > () when xe [-3, 1) [2, )

Parity, neither even nor odd
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Solved Problem

Perform the indicated operation and simplify

L
X2_6x+9 21:‘—2 V X
a) a3 . " ¢) :
x =1 X3 1___1_
X y

x+2  x*-4

2x-3 2x'—3x
Saolution:

x2—6+9__2_£:g: (x=3)*-2(x-1) _ 2(x-3)
2 x* =1 x=3 (x—l)(x+1)(x——3)-_ x+1
if x #3, x#-1
x+2  x*—4

b e =
) 2x—3 2x*-3x
X+2 2x°-3x _ x+2  (x)(2x—3)
2x-3 x*—4  2x-3 (x+2)(x-2)
=t s XFE =2, —
x-2
xy -y
0) y x: Ay :(x—_y)(x+y). Xy :_(x_i_y)
I 1 y-x Xy y—x
Xy Xy
x*—4x+3
The value (S) of x where the graph of y= i : xl Crosses
X +

its horizontal asymptote, is (are) .... EHEECE

A, x=2 C. x=0

B. x=3andx=1 D. x=+/2 and x=1

Selution: The degree of numerator is less than the degree of

denominator by one
S HA y=0




70 et g

— T ;'-“—L—U:—EJZE{_“I{Q
;cz —4x+3 s @ B
- Y= - U= }( S I .
.y x3+1 X ”H"(X _g)(x
= x=3and x= |
. Which one of the following represent the Sobut;,
. | 3 6x _ '
equation 2 x+2 3 g T LHEECE
A, _-l,l B.{4,2} C.{2!
2 2]
Sofution: Restriction, X ¢ 2, x#-2
LCM of (x — 2)(x + 2)(" = 4) = (x - 2)(x +2)
Multiply both side by LCM(x — 2)(x + 2), we get
— x+2=3(x—2)-06x
sy x+2=3x-6-6x=4x=-6-2 = 4x=_§
% = -2 «—not in the domain
SS = ®: ; - . A[]swEr.D.
4. For what values of x, the following inequality true U3
-1 -1
<0 b) > ()
2) x*+1 x*+1
. 4 2 4 2
| 5 <0 d 2
| (x—3)(x+2) (x—3)(x+2)
x—3 x—3
e 0 f) - <0
) x> -9 i
2
-x" =3
g) 0
x(x+2)
-1
Salution: a) 1 <0, for all real number the graph lies below i
X+
X~-axis
= <0 on( )
n (-c0,00 )
x*+1
-1
b) o >0, is .
X

No Solution, for all x, the graph lics below the x-axis
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4x’ 0
< _ i o
. (x=3)(x+2) S E-NEH)<0= 2<x<3),
because 4x” > 0 for 4| X.
d) LA
(r=3)x+2) " " - IED >0 x< 2orx>3
because 4x% > ( for all x.
) L 0
¢ . < > -
o 370 n(3,3)uE, @
f) P2 <l ! 0
: <0 omico -
' _9 P on (-0, -3)
2 2
—-x" =3 X 43
g) — <0 o > 0 ¢ x(x + 2) > 0 because x>
x(x+2) x(x +2)
+3 >0 for all x
=% -3 <0Oon({ 2 0
S —————< 0 on (-0, -2) U
x(x+2) o)
~x” =3
Lo ———>0 on(-2,0)
X(x+2)
1
4-a-2 "
3. Simplified form of 4 ..... UEE 2004/12
a +2a” +1 a
4 —
A =4 c. -1
a a (a” +1)
a 4—aq
B. Z D. E Answer: D
a”+1 a”+1
-1
6. ¥ f(¥)=——r—— which of the following. it true dbout §
(x=2)"(x+1) coet
...UEE 2004/12.
A. It has an oblique asymptote
B.  The graph does not meet its asymptote
C.  As—-1", f(x) >
D. As—> 2, f(x) >



i e T ':227:;1;_:&"?&“!({6 ‘
T B S e ﬁ“ﬂ o
s futian: ® It has no oblique asymptote \
S . The graph meets the horizontal asympioe it g b
I .
ox -1 fX)= """ T e ——

. ASX (=271 4D (40 >
o ASX — 7. f(X) —p- 08 An.\'\&’(}y ¢

P (x) = 4x” and q(x) = 3x~ — 3x, then
7. P (x) o |

At is the solution set of tm=— 9
what is the solt Tl T )

A {L4B. U} G {4 Dig
ﬂ-auatiaﬂ: . |
“p Multiplying both side by q (x), we get

P(x) _|____—-q<x) =1 __4_xj +M:
4x ¥ 4x X
:;,r2+3x~3 =1leox+3x-4=0

day

=

=x—DEe+4)=0=>x=1and x= -4 H
But, g(1) = 0, so rejuct x = 1 i
- The solution set is {4}.1 Answeryg 2
e 2x ‘
8. What is the solution set of “lx —4x? — 1 9
= 24+ —
X

v ftle et}

it 1% FN vl L 5.1 Ak LS = -

Sclution:
Simplify both side;
A
X _ - S S
1 1 2x+1
4-L [2_1][2+1] sl 2x+1
X X X = g -
2
and 4x* — 24 =dx? ~ 2x =x2[4— - ] """"""" (i

X

: 2
From (*) and (**) we have 5 X 2 [_4 _ )




Aﬁih

10.

.....

Unit - Twa Ratienal function

1 2x l
gy 2 o dy - 2x
2x+1 2x'4% ] 2_x+1+2x+l
:>4rh-2x+1~l |
; »Zx*lh- =4xy=1 v::;— Answer: B

What are the respective values of A, B and C, so that
x—1 A 4. Bx + C,
S rr x D] e UEE 2003/11

A.-1,1,1 B.-1,1,2 C.1,-2,0 D.3,1,2
Sabutian: x—1 :£+B.r+C9

2

x+x x x*+1°
@x—lHA(x +1)*(Bx+C)x
= x—1=Ax*+ A + Bx? *Cx:tx—l—(A*B)x +Cx+ A
= 0x° +Xx—-1=(A+Bx"+Cx+A=>A+B= 0
> Cx=x=3C=1=A=.] S B=1
x—1 -1 x+1

Hence 7 = + 5 Answer: A
X +x 2 x° +]

What is the solution setof y__ > _ x-1 1  UEE2003/1]
X +4 Pox x

A.{1,—-1} B. {2} C. (=1} D. {1,2, —1}
Solution: Multlply both sides by x(x — I)(K +4)
::>x(x~1)(x +4) — SX(X-—-l) (x—-1)(x* +4) - (x— 1" +4)
:>(x —x)(x +4) - 5x” +5X—~O
:>x(x + 4y — x(x° +4)—5x"+5x=0
=X +4x7 - X’ —4x— 5%> + 5x = 0 P
=xt o —x*—4x+5x=0
:>x4ﬂx3—x2'+x=():>x(x3~x2—x+1)=0
= x(x+ Dx-17=0

x=0,x=-l,andx=1

But, x =0, and x = 1 are not in the domain

x=0andx=1 are |
_ X +2x-x"-8  2Ax-4) 2
T (x+2)(x—4)  (x+2)(x—=4) x+2

the solution set
". Solution set is {-1} only

not in

Answer: C




.;ifﬁﬁgﬁming is  not g fu, 4

" he fo s not  true

11 Which c_}f e true abgy, the 1‘\
g‘&r} * '

' =1 UEE2003/11

= - xz +1 _
The range of g 18 (-o0, 1)

A.
B, giscven
c. y=1 is a horizontal asymptote
D, AsxX—>=0 g(x) — 1
Salution: TO find the range, solve for x
2 -1
=¥ xz s plry=x’ —lyd =
x“+1 -
2 . _]_“
=x(y-D=-1-Y Lox= y
y—1
~1=y

B.g(x)=g(x) - 8 is even
C.y=1lisa horizontal asymptote
D. As x — —m, g(x) = 1
Review — Exercise on Unit 2
L. Find a. the vertical
b. the horizontal if any

c. oblique asymptotes if any
d. the intercepts if any of each rational function

L. R(x):3x+3 2. R(x): 3x+; 3. R(x)=

- Answer A

2

2x+4 x* - xtx-6 &
3+2 3 _ 2 o) ‘ ‘I
4. R(x)fij 5. R(x)-_—ixz_; 6. R(x):‘{f;;f;

II.  State the domain and solve each pf the rational equation

2
g X : 3x _ 2x g 2 N 3 :5-’5’3
x+3 x"+5x+6 x+3 x-3 x+3 1 -9
Sx 10 7 3 _13-%

F=2 x=2 "4 x+4 ¥ -16




75
m. Simplify

U, B e ]2'[ P }-:H Y ¥ 1
l_i-_f_ Y+2 y-2) {yp+2 y—ZJ
ANSWER TO REVIEW EXERCISE

I, aV.Ax=-.2 b. HA:y= 3
2
d. x — intercept: - 1; no Y — intercept,

2 a. vertical asymptote; x =2, x = _ 2

det—ﬁwaﬁ’aﬁmmﬁfuﬁcﬁau

> not intersected

b. horizontal asymptote: y = 0, intersected at [0, - 1]

5o 1 )
d. x — intercept: —E, Y - Intercept, “l

3. a. vertical asymptote: x =2, x = — 3

b. horizontal asymptote: ¥y =1 intersected at (6,1)
c. intercept: (0, 0)

4. a. vertical asymptote: x = 2,x=-2 b. No. H. Asy

b. oblique asymptote: y = x, intersected at [—%,—%}

d.x — intercept, -3f2 » Yy~ intereept: —%
5. a. vertical asymptote: x = 3, x=-3 b. No, H.A

b. ~oblique asymptote: y = 2x, intersected at (éé—]
18, a. vertical asymptote: x = - 4,

% b. horizontal asymptote: y = 1, intersected at (-3, 1)

- 7. {=1.0, 1} 8. R\ {3, =3} 9.9 10. {-3}
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3 gind the equation of the line with slope 1y, angd v, S
| Bym=2p- s S
'ﬂm_"‘a - '’ =4, ¢ A ;
Sobution: use y =mx = b '
T
oy v =-2x+ 1 b)y=—x+
Thus a) y = -2 )Y 2 4 Cjy~ -
; < : ; -
4 a) Find the equation of straight line paralle] 1o (jy, Rocorys
distance o R
i) 4 unit above it i1) 5 umt below it
Safution: ) y =4 n)y=
5. Find the equation of stranght line \mth X-intercept 3 v lmm
x Y
Sebutien: use —+=—=1=> — +——1<:>./_1+3} =6
a b 3 2
6.  Find the equation of straight line through (2, 5) and Makine g
intercept of opposite sign on X-axis -
X ¥y
Sabution: use —+—=1
—a a

2 5
The hnepassesthrough 2,5)=> —+—=12-5=—g=,

—-d dad

: X Yy
. The equation of straight line —+ 3 =lex-y=-3

Let ¢, and-¥, be two non-vertical line with respective slope my andm, |

= S !!llft * I " !
’ - z s g.t"
3 {J
S10]

then
1) IfE] 16 then my-my = -1
ii) If ¢, || €, then m; = m;
Ilustrative Example —
: : B e s
7. Determine which of the following pairs if lines are perpendict

parallel, intersecting (but not perpendicular)

a) EI;3xﬂy+5=Oand82:x+3Y*'120
b)  £:3x—dy+1=0andéy:4x-3y+1=0
¢)  &:3x+ZJy=6and by 6x+4y=10

d)  &:2x+3y=5andb: 4x + 6y =10
Scluticn: Here

iy

i

[ w




_. 79 | . Ueeit T hree: Straight line
slope of €: 3x - = G =2
a)  SIOPeOt Lii3X--y+5=0is ——=3=p,

‘ ' _ =\
slopeofﬂ;:x+3y»_1=0is_l,__mz R s
-4 -

= my-ms = (3) (-—3“] ==1 «— intersecting perpendicular

~. €, 1s perpendicular to £,

t b) slope of €1:3x—4y+1=0is m = 3
. _ g
ﬁ 4
slope of &:4x-3y+ 1 =0is m, =—
T, ; 3
J .. neither parallel nor perpendicular
.. It 1s intersecting line
¢)  slopeof €:3x+2y=6is m, 2:2_
b slope of &: = 104s m, = =2 -3
5 peof &:6x +4y=10is m, =—=——
4 2
oI 1M,
.. €, is parallel to €
~ d)  exercise left for student.

g Find an equation of the line through p(5, -7) that is parallel to the
line 6x + 3y =4 A

Selutien: slope of 6x + 3y =4 is m, =:g6—=—2

II

Since parallel lines have the same slop m; = m,
.. slope of the required line Kas slope m, = -2
Now using y —y; = my(x — X;) in (X1, y1) = p(5, -7)
=y+7=-2(x~5) = y=-2x+ 3 «—— the required parallel line
<y+2x=3
Viethod IT : '
t should be noted that any line parallel to 6x + 3y =4 is of the form
x + 3y = k where k is constant
If 6x + 3y = k passes through (5, -7)
=6(5)+3(-1)=k=k=9

|

==
il
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d equation 6x # 3v =9«
* Findan eguation of the iine through (-
(BN

< afution: ATY line parallel to 5x =y
e g _  passes through (2. -6

- (he requlre

[fax+y |
s +-o=k=>k=4
el v=4 «— the cquation of the requj | .

. ;:\4_ + ) i | :
x ¢ equation of the line that passes 1,

Find tt o B B iy,
o . nlar to the line 2x -3y -4 =10 i
pgrpendmul )
< 7'--2\*:4}'5”1':-—'_
cofution: slope of 2X — 3} =
Scofution: S10D .
)
! —J
S s 1 r line m, =
Slope of pu"pendlcula 2%

-3
'v+1~_—

e
= ) ?
a

(x-2) & 2y +3x =4 « the equation ;...

g -
line

the line that passes through the point p(1, :2) that is
a)  parallel to t b)  perpendicularto
Sobutian; Exercise left for the student
Answer: a) 4x — 3y = -2 __b) 3x -+ fj'l*’ =11
Find k so that the line 4x + ky — 12 = 0 will be
a)  parallel to the line with equation X — 3y =8§
b)  perpendicular to the line with equation x - 3v =3
Salution: we have
—4
a) slopeof4x+ky—12=01s —E—

1
slopeofx -3y =815 g

- 1 f 12
since they are parallel :>7=§¢:> =—l-

b)  since they are perpendicular

ﬁ(j)(l):—]_:}j:]_@3k:4 o k=

Let € be the line with equation 4x — 3y = 8. Find the g

——— ) T ‘
S , .

i




&1 Unit T finee: Stnaight Cine

13, Givenlines &: (6 — k)x + y = -] and ¢,: 8x + ky=17
Find the value of k so that

a) Gl & b) & L&
i Salution:
1y = (6 = k __
~a)  slopeofé, is l' ) =k —6 and slope of & is -
ok
-8

since ¢, []£2:>k-6:_k_ Sk -6k+8=0
=k-2)(k-4)=0=k=20rk=4

—&
b) £ L& = (k-6) (7(—] =-1¢> -8k + 48 = -k
':Q..

:>7k:l48:k==i§

7

Angle of inclination and slope

The angle measured from positive x-axis 10 a line in counter clock wise
direction is called angle of inclination

: A ,
@ ¢ i) tan @ = el i1) slope m = —é)—{
Ax Ax
//{TAV ) tan @ = s p=
3] iii) tan & = slope o =2
8 / Ax - X f Ax :

Qg

1v) if € is horizontal, then 6 =0

I

Illustrative Example
14, Find the slope of a line € if its inclination is
a) 45° b) 150° c) 60°
Selution: a) slope of £ =tan 45° = 1

: —1
b) slope of £ = tan 150" = -tan 30° = —=

NE)
c) slope of £= tan 60" = x[3_
Find the equation of straight line passing through (2, 3) and
making with the x-axis an angle of
a)  45° " b) 60° c) 90°
Sebution: a) m = tan 45° = 1, using y — y; = m(x — x;)

o
Y

-

Lh




) ‘u
5 ——————— —— y {
2 M 5,

sy-3=1x-2)y=x1 | e
A0 ~ —
pym=tan60" = v3 <=y -3=+3(x.
:>Yiwf§x—2\/§ +3

¢) when 6 = 900, the line is vertical

x=5
Angle Between two lines

The angle between two intersecting lines €, and & is an ale g x|
measured counter clock wise from €, to & about the pojp, of Which
in order to concide with &. inte

* slope of ¢, = m,

i ~lan g
76 Sslopeofl =my=g
You know that o + @ = B
= 0=03-a ' |
<G s, Thus, tand = tan(B - a) = tan —fang | |
e X \ 1+taﬂﬁtan¢'
Hence angle between £, and ¢, is given by

m, —m; .
———ifmym, # -1
I+m,m,

tanB =

) If 1+ mym; =0= mym; =-1, then 8 = 90°
ii) If my — m; = 0 = my= 1, then 0 = 0°

Ilustrative Example b

16. Find the tangent of the angle of intersection of the lines v
slope. R

a) m=2andm;=23 d) m; =0andm; =1

b) my= 3 andmy=-5 ) m=1landm=-1 &

c) my=—andmy=-2
3

. m-,—m 3
Selution: we use tan § = —>—— .
1+m,m,
€ the acute angle between the h' ]

3=2 1

a) tan @ = =
+(3)2) 7




17.

18.

Unit Thoe: Stuaig i !

—~] _
tan @ = ~—7— < the obtuse ang]e between the line

-5+ % _—lsi
b) tanf= 3,, =%=—1
[+(5)= =2
3 3

tan 6 = -1 «— the obtuse angle between the line
= 0=135"
tand = 1 «— the acute angle between the iine
= 0=45"

e) 0 =90°
¢ and d exercise '
Find the acute angle of intersection of the |

wes with
l—m

and ~m, where m = -|

I1+m
) l—m
Sebution: we have m, = and m, = -m
+m
Use tand = - for acute angle between thee 1w
1+m,m,

m* +1

[l~m]
—me 1+m
J.tan@ = u

el

Find the acute angle of intersection of the lines witly « -

and -3

p—

=1=0=45"

2
-

m-+1

Solution: tan @ = | 2
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Qr . =
-:__i”_‘,d"ﬁ:v.g

j ‘LI[‘L{:.'
-._—_;:,—;'ﬁ—__-—'———"——— ‘ : _\-(mz |
o [faline L passes through (1. - and 3. [yang ™ e,
19, ;imﬁ (4.5)and (6.9) then find the tangent of 4. . o

pl - iy LS | 1 I\:bth .-'n_—\ .
{, and & N
Safution: First find the slope

I G )
Slope of é1: My = -

_9-5_4_,

Slope of €;: My c—a 2

If 0 is the angle between ¢; and & then
m,—m, _ 2-1 1

e 1+ m,m, 1+ 3

20. The angle between two lines is 45° and the slope of one ol “

line 18 2 Find the slope of the other line
>

3 ,
Solution: case 1: Let m, = g andm, = ?

3
m, ——
2 ) 3 3
= tan45’ =- 3 SHE TN m, ——=1+—m,
I+—m, 3 3
5- -
:>mz~—5-m2:1+-§_:> 2”12 :—8—<:>2??12:8:>1n_1:4
C 3
asell Let m, == and m, =? ,:
5 7
5
Ty
= tan4s" = 2 3 =le ! mI:l+3m]
l-}--mI
3 3 _9 |




Unit Three: Steaighit bine

anl 85
b9,

UFQrg
22.

What is the angle between the line through (-1, 3) and (2. 3) and
the line with equation \E], -X+7=0

A, 120 B. - 60° C.  30° D. 15
Salution: slope of ¢;: n-,:%lﬁ:o
241

1
Slope of &;: m, = T
3

|
—==0
V3]

e

1+0 3
- 0=30°

Find the equation of the line that -

a) passes through (2,-1) and the angle from the line 6x+5y —
1= 0 to the line 45° - -

b) have y-intercept 4 and is inclined at an angle of 135" to the
line 2x +3y—~7=0

— tan @ =

—6
Selution: a) Let the slope of ¢, = 6x + 5y~ 1=0is my =—
D

Let the slope of required line & is m, the angle befween the two
line can be obtained by

H, —m ) +§
= tanf =—2—1 — tan45° = g S
+ m,m, -2
=>m,+—m,=1-—— ==
_ 5 5 5
" -1
1
Thus, the equation.of the linepassing through (2, -}y have slope
—1

11




-"'.’f!'(f i I‘F-

N

~1 _
Given by ¥ +1= ’]T(" 2)
— [y T 1] =+% =2
Sy =-9
hetween
S 135"

= X
Case 11 the angle
straight Hine!

the given straight line and th,
-~ iu"{UfI‘e._i

M+

38t =5
|——m
q

-t

Hence, tan [

L6 _
Sm+ <:>__J+6m:5}}1+6::‘lﬂ:ll*::D}'—e}::1

=

5—6m
- the required straight lines are X = 11ly=9=0o0r llx—y_33_;
p)  Letmbethe slope of the required lines. + TR
o -2
Slope of 2x +3y—-7=01s —3—

-11,\;.4'”

Now the angle between the given straight line and the requzy
straight line is 45° or 1357 rel

| 7
0 m+§ s
tan45 — 2 ._- tan1350: 3
- 2
3" - m
3
m+— m+g
2l=— =-1=—s
1-=m 2,
3
2 .
31*-—}??:];‘;4_2 _—_:>—1+zm_m+_2_'
:«*'3—2?;n-—q 2 . 3 3
=>1= ome =-3+2m=3m+2
= 3m i o5

... m=

i
5




8 7 Unit 5 lime Staa&gﬁ_{ Einee

: . 1
= Equation of €is y = -5—x+4 ory=-5x + 4
Thus the equation of the straight lines are. forb =4
1
y'=—5—x+4 or y=-35x+4

23.  Find the tangent of the angle between the given lines
a) b:y=-4x+2;€: y=-2x
b) biy=3%x-2:4:y=4x -6
©)  &i-3x+4y-15=0;6:4x+3y-30=0
d) ~ 31:5}-{—3}'=15;£2:X+2y--ﬁ4=0
e) b:y=2,6:x+2y =8

; Sefutien: Here we use tan § = -2 "
'-' 1+m,m,
a) the slope of ¢;: m; = -4
the slope of &: my = -2
— —-2—-(-4) '
i .. tan 0= el I : (=4) = 2 «—— the-angle between -
4 l+mym, 1+(=2)(-4) 9 -
' from ¢, to é,-
b) m; = 3., my = 4
4-3 1
G = = — «—the angle between from ¢, to £;
1+®@3) 13
) m 3 4
C =—, = ——
IR 3
-4 3 -5
3 4 __ 12 _~—25

ﬁtﬂng:} A3 12-12 ¢
s l4) 12

Since ¢, is perpendicular to £,
. The angle between the two line is 8 = 90°

5 1

e uYOUTIIbe DigitallO,1] Ethiopia




N ,
bg o e 'Ufp_:'f ';ﬁ';

1 5 =3-10 |
go 23 6 __ .
- laﬂ - l 1\ 5 6‘—5 RS 1 I
203 6
R
o)  m=0m=-—=tmd=—2. '
. 1 —_3 i ”'1'\; ""b‘ .
¢, to ¢, '
24. Find the tangent of the acute angle between (he line
) Ixoy=5=0 B VIreaZy,,
- iz J
2x +y+7=0 \/a\.‘H},HS:O
C) 6x +5y—-1=90
1lx—-y—-23=0
Selutien: To find the acute angle between the line we yg.
m, —m
tan £ = ’—2—‘
[1 +m,m,

Note, slope of Ax + By + C=01s [:ﬁ)

B
a) m; =3, m, =-2
_9_ |_ <
tan@ = 2 3’: 3‘:1
—6 | |-5|
-.0=45"

—3 6 L
b = —— (P == i
) ™ \6 > mz 3 2 NOI@, \/—2— 5 \jé

i faﬁ-ﬂ":::;,.




Unit Thuee: Straight fine

k'f.i. kY - _ F__ __ Unit
o) m = J? m, =11
6! | 61
) tan ’I‘F,‘(]J-—*:%)—I—I’Z?I—- =
5 | ‘5‘

f - 9=45
Let A(-2, 5). B(3, 8) and C(6. -4) and vertices of a trianglc

), 25.
# (AABC) then, Find the tangent angle

. a) at A b) at B c) atC
\ Salution: Consider the triangle, then find pair of slopes.
R(3-8) e slope of AB = B3 =-3f :
g ’ 3-(-2) 5
e slopeof AC= saipesg ::_2
, 6-(-2) 8
-2,5 C(6,-4) L _
A2 . slope::afBC-—-8 (_4):——4
3—-6
Therefore, tangent angle at
3_ (=2
' X i it o = 5 8 69
BT
T+ = f| —
SN\ 8
; a3
- % 5 23
; b) atB, tanB = 3 = 3
o 1+(- 4{) :
5
-9
o P a3

"8
C) at C,_taﬂC: =
1+['9}—4) 44




o LR —
16, Find the angle between & and & whose g, ‘l’l)/
Y _ £ '

) ‘, N ‘, b) \\\
3 \
T

y

Sobution: To find the angle between € and ¢, fiy et

d a
i

slope, ,.
a) slope of &;: ml = 3 and slope of €; = ._5 =m, @
-3
2.8 0 ;
. tan@ = ) =— <« angle from¢, 1o, i
1+ (-13}(3) {
2
b) . since the point (0, -4) and (2, -1) on &, and (0, 0) and o f

1) on &, so the angle between ¢, and €, will be

1
m,:z’- and m, =——

2
-1 3

. tan @ = =
(3130
2N 2 )

27.  Find the tangent angle between i 1
a)  the x-axis and the linc: y=x—4 3
b) the x-axis and the liney +x =6
¢) the line y=3 and the line 3x — 2y = 6
Selution: (2) Now, ¢, as x-axis (i.e. y = 0)
Lasy=x-4.. m =0 and m, =1

&

tan@=120 s g=4a5

1+(1)0)




Y
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L - - |
Fe by m =0 and m, =-]
-1-0
} ~otand = =—1..6=135"
' 1+0
\ (¢c)  since the slope of horizontal ling 1, = 0
3,
= m, =0 and m, :E tané’:ﬂg—:i
2 1+0 2

"t, pistance between two point

Let P(x, 1) and Q(x2, y2) are coordinate points in a plane, then the
distance d between P and Q is given by

d= '\/(xz - X )2 +(, _y2)2
Illustrative Example

b % 28. Find the distance between the point of each of the following
a) (2,5and(5,9) <)  (0,a)and (a,0)

b) (a,-b) and (-a, b) d) (x, -y) and (-y, x)
Scefution: Let distance between be d

2) d =1/(5-2)% +(9-3)% =/9+16 = Sunit

b) d =+/(a—(=a))* +(~b—b)’ =/4a® +46* = 24a® + b
&) d =+/(0-a)* +(a—0) =vJa> +a* =2 | a|

d) a’=\/(x+y)24—(x+y)2 =W=w/§lxwl

29.  Find all points on the x-axis that are 10 units from (4, 6)
Salutien: all points on the x-axis are (x, 0)

d =10 unit
(x,0) (4,6)

& =4 +(0-6)* =10 =~/x* —8x+52 =10
= x* —8x+ 52 =100 «+— squaring both side
=x°—8x—48=0=(x—12)(x+4)=0

LXx=12o0rx=-4
. The possible points are (12, 0) or (-4, 0)




" pistance be
the coordina

L;: f—“‘
) = e e . Jlﬂ-’l'_' Rb‘(
— .

S

] he dist .
by the TOlTﬂlllﬂ Uis Ohy,

l A + By, + C st <

d ===

| v A" B?

I

L —— ——— H_{;
- -~ JHustrative Exa;_p_lg T :’*“‘"“m}

-

Unit 54

tween a point P(x¢- Vo) and a line ¢: ;\ + R =y,
o - ‘,' L "~ n.’_‘

te plane. T O
ance from a point P(x¢-. yo) to the line ¢ \x . "

3.

. Solution: a) The distance from the origin to the line x - 2, o
AN

Find the distance from each line to the indicated Dﬁ*

o % 2y+5=0.P0,0) ¢ - Sy=ope . |

by 2x-3y+6=0.P@35) d)  5x- axﬁlag‘:“ /-
s I

:}d—leOTByU_]_C‘(I)d: 1-0-— O+§\ 5 .
E | Ve TR
Ax, + By, +C| _[23)=3(5)+6] 1 7

by d= - -
JA* + B’ J22+32 | 33

Axy+ By +C| 3(4)—5(=2)+0] _ 22

c)d= e e -
Ji+B | | A3F+s | B4
__leO+Bx el Is@+2m-1] 21
| V42 + B J7+22 | 429 |

Find the point on the line y = x- 2 istar 302 utis
Srom (1. -1) y = x- 2 at a distance of 3v2 s
Selution: If y=x -2, then (X, y) = (x, x — 2)

‘. (x,x~2)~————d =3\/_2_(1 -

Distance between point

=5 _1\2

\/(x 12) +(x=2+1) = 34/2 «— squaring both sid¢

=2x-1Y =18 (x - 1)?=9
=x-l=83=x-1=30rx—-1=-3




Unit Thuee: Staaight tine

l SoX=dorx=3+1=-2

b . Pointonthe liney=x—2 are (4, 2) or (-2, -4)

i mce between two parallel lines

[f¢; 1s parallel to &,

Let take point P(h, k) on €.

'Let the cquation of é: Ax ~By+C =0
Ahen the distance between ¢, and & is

| Ah+ Bl +C |

Ilustrative Example ]

32. Find the distance between the pair of parallel lines whose

equations are given below. S

a) ) E]Z3}(‘%‘4)/—10:OHDd£2:6X+8y+3=O 3L‘:’— _'-";\‘}

b) £:2x-Sy+1=0andb: 2x-5y-3=0 Bk

c) b:y=-2x+3and &: 3y =-6x + |

Solution: a) First take point on ¢,(h, k) = (2, 1onéy:3x +4y - 10
N then the distance between the point P(2, 1) and the line &, 6x -
i 8y+3=0
[6(2)+4()+3| 23 23

=d= == = 2 3unit
V6% +8* v100 10

b) Let P(h, k) = P[3,§J on ¢ i.e. when x 2,3’ y= i;— then

obtained by d =

7
distance between the point P(ES,T] and the line
D

2x—=5y—-3=0will be

y
2(3)+5(5]~3

= unit < Distance betweeﬁ £ and ¢,
v2© +5° V29 |
c) Let P(h,k)=(-1,5)ony=-2x + 3

6-1)+3(3)-1] 8 8

e = =—=<— Distance betwee
ar \/E 3£ 1stance betweet,

=>d=

=d =

£'| and 82
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',J ﬁ’fife:

“ Styg,
[Locus
The locus of 2 point is the path traced out by (he poipy, .
' dition " ! Moy
certain condition. o . . 'u’ldﬁ. -
e All points satisfying the given condition Jie gy :

r e R T EOR e on the locy
o We define a locus as a set of points satis{ying 4 W

given : :
l Condmﬂq £
Circle

Definition: A circle is the locus of a point P which moveg
fixed distance from fixed point.

e The fixed distance is called radiys
e The fixed point is called centre of cirele.

Equation of a circle . -,
Let P(x, y) be a point on circle with center C(h, k) and the distance PC~ "
r, now using distance between two 2point Is given by E |

.(x\ wix —h)?+(y -k’ =r
L

Illustrative example
33.  Find the equation of a circle with the following centers and ratii §

a)  C(0,0),r=4 ) C@-1),r=+5
b)  C(l,-1),r=3 d  C@3,2),r=2
Sotution: use (x — h)> + (y — k)> =%, for c(h, k) >
8) @O+ (y -0 =4 oty =16
b)  x+ 1) +(y+1)P=3=(x+ 1P +(y+1)y="
¢) (x-2P+(y+1Y=5
d)  (x-37P+(y-2)*=4 s |
34.  Find the equation of the circle of center C(2, -1) which passes S
i) through the point (3, 4)
i1) through the point (4, 1)
Solution: Center (h, k)=(2,-1) ) .
i)  The equation of a circle is (x — 2)° + (y + 1y* =1 since 8 O
point (3, 4) on the circle ]
B2+ @+ 1=
5 =26




7 Unit Thuee: Stxaighi line

- The equation of a circle (x — 2)* 4 (y + 1) =26
i) Since the point (4. 1) lies on the cirele
LE=Y U+ 1)Y=
» =g
. The equation of circle is (x - 2y + (y + 1)’=8
In each of the following find the equation of the circle with
a) center (-1, -3) passes through (-4, -2)
b) center (-4, 5) tangent to the x-axis
c) center (1, -7) tangent to the v-axis
d) end points of diameter are (-2, -3) and (4, 5)
Solution: use (x - h)zf (y ~ kY’ =1, for center (h, k)
a) (xtl)y+ gy_i;_?))‘:l'z, since the point (-4, -2) on the circle
(D) (243 =
L r'=10andr= m

. The equation of circle is (x + 1)* + (y + 3)% = 10

Note: for center (h, k), if the circle is tangent to x-axis, then the
radius, r = k for center (h, k) if te circle is tangent to y-axis,
then the radius. r=h

36.

i

x+4) +(y~5)7=25

c) r=1
LE-D @ =

(442 5+-3 f g
d) center = ( > 5 J: (=3.1) 4y
.. the equation of circle (x +3)* + (y— 1)’ =1° ( -
Since (-2, -3) on the circle ' o = =1)
LT =(243P+(3-1)=17 el 7

: - L! 1 4 (&) -
.. the equation of circle (x + 3) +(y— 1) =17

Find the equation of a circle containing the point P(0, -3) and
Q(4, 0) and whose center is on the line x +y=0

Seluticn: Let C(h, k) the center, —» PC =0C =r
= (h—-0) ' + (k+3)’ = (h- 4) + (k- 0)
= h’+k’+6k+9=h"-8h+ 16+ K’
_ = 6k+8h =7, since (h, k) onthe linex+y=0=h+k=0

—7 7
—h=k=6k+8(-k)=7T= kz—z—, h-:—i

J
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*y

- center (h, k)~ Lz v )

7 | ' -
' cihegircle | X—=— | & L f
Hence the equation of the ¢ [ e . j/l B
Since (0 -3) on the circle 1
| 2 7V _49 1 30 2
2 O-Jz) + ~3+@) =X 2PV 28

7Y |
. the equation of circle [1 *——] ( 2) .

17, Find the equation of the circle which passes throug,l the s
" A, 1), B0, -3)and C(4, 3)
SW; The center IS the point of intersectiog of

perpcndicular hisectors of any two chords
() * mid-point of AC=

i

D =(3,2)

0+2 -3

0 %y mid-point of AB = E[ 5 ;lJﬂL_}j
R

= 1., therefore the slope of

Since slope of AC =

QD = -1, because OD 1 AC
-, equation of OD, isy-2=-1(x-3)=> y T X = 5=5

And slope of AB = éﬁzz

S o
= slope of OE = 5 because AB L OF -

.. the equation of OE isy + | = _l (x — 1):_:>2y+>{:'1
' 2

From (*) and (**) solving together .
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- d

Hence the equation of circle is (x — ]1)* + (v +6)’ =130
Note: The equation of circle with center (h, k) and tangent to the iine ¢ _E

——

p+x=S5
2yp+x= ] = (11.-6) «— the center

radius = /(11-0)° +(—6+3)* = /{30

Ax+ By +C=0is given by |

(x~h)* +(y —k)* =’ where = | 4h+ Bk +C|

Ilustrative Example

Jn. 38.

n DIGITAL LIBRARY FOR ETHIOPIAN STUDENTS

In each of the following, find the equation of a circle with
a) center (4, 3) and tangent to 2x — 3y+6=0

b) center (-2, 1) and tangent to 3x — dy—-1=0

c) center (0, 0) and tangent to 3x + dy—-10=0
Selution:

a) (3*4)2"‘(}’—?;)2:1‘2&:1(1r:lz(4)_3(3)+6!_—_ I _

‘V22 +32 x’ﬁ

L (x=4)? +(p-3) _—,35_
13

b) (=2 +(y- 1= where p = 1 2C2D -4 =1 11

V3% +47 5

(Jlf~}-2)2 ~r—(y—1)2 :1_2_1
25

c) (x—=0)*+ (y— 0)’ = r?, where
- 10+4(0)-10] 10

—_———

V34t 5

X2+_y2:22<:>x2+ y2=4

waents| (IEN YouTube oDisicalio.11 Echi

opia
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Circle and tangent line Iy

Note: e 2 2 . '
L;t 4 line L tangent to a circle (x —h)"+(y - k) = "~ m\ |

cauation of tangent line 1. can ha . 4
e YU) ther e et P Vo) 1be Obtalnedb :

. / s Yo X

aiEEt / ] : T
— ¢ i
X — Xy Yo i |
L_,_-"/, 'I "
- ——_______‘___ ] j. ’
[ustrative Example ~ 1/

39. Find the equati.on of the tangent line to cach ‘ E
indicated pomt , | ¥
a) (- 1+ (y+ 2 =40, PG, 4) |
by (x+37+(y-1)=29,P23)

2 2 __ A |

9 x+y=2+1)
d (x-3)7+y =8P(1,2)
Sﬂ&lﬁ«ﬂ-ﬂ: a) P(X(h }’O) = (39 4): C(h: k) = (11 _2) -

g4 (3-1 I
- = — | y—4=—=(x-3
=3 (4+2] d 33

~. the equation of the tangent line L: x + 3y —15=0 |
i 2+3 5  §
b) Y 3._.,_( ]@y_S:——Z—(x—Z) 1

-2 \(3-1 .
. the equation of the tangent line L: 2y + 5x =16 ‘ |
N T
¢) E.lz_(__q_]@y_p-l—_-x—l
x—1 —-1-0

.. Theequation of the tangent line L: y—x+2=0

Line and Circle ’ g ¢
Definition: If the perpendicular distance from center of circle t0 the.. i
£.AX+By+C=01s ]

a) greater than radius of r, then line does not intersect the circle | ;

Ah+ Bk +C|

1.e.

e




Unit Thnee: Straight line

b) Smaller than radius or r, then the line intersect at two peoint which

, is called secant line.
% | ¢)equal to the radius of r, then the line intersects at one point only,

the line called tangent line

> | Ah+ Bk +C
ie r= ,
\
\ Hlustrative Example
, 40. Find the perpendicular distance from center of the circle with
h - equation (x — I)2 + (y + 4)” =25 and identify the line is intersect:
* at one point * at two point
¥ does not intersect to each of the following line with equations
a) 3x +4y—12=10 b) 3x+4y+5=0
b) 3x+4y—-13=0 d) 3x+4y+4=0
Solutien: Let the perpendicular distance from center of circle (1, -
4) tolime =D
Let be r radius, so that r> = 25 S r=35

3 +4(—4)-12] _25

a) D=
V3% +4? 5

distance
Since D=r=35 . It intersect at one point

. the line 3x + 4y — 12 =0 is tangent to (x—1)2+(y+4)2= 25
3D +4(-4)+5] 8

=5 «—— perpendicular

by D = — ¢«—— perpendicular distance
V3% + 47 5

8 . "
sinceD<r=—<5 . It intersect at two point

- 3x + 4y — 12 is secant line to circle (x-1)"+(y+4)’ = 25
3(1)+4(—4)+-13| 26
= 30+ 4C4) | = ¢ perpendicular

)P V32 +42 5

distance since D >r = ? > 5

.. The line does not intersect the circle.




00— forgs,
— “lisy,
hi
parabola
yefinition: parabola is the set of poinis @ .
€ * : Trertie) S ety a .
I quidistant from fixed line (directrix) and fixed yojy; (o 5,
L= N ) 3 - e L TE RGN |
4% o The distance hep . 9.
and the vertex s p % T,
\ e The vertex i« . \
SICIS g
2pP thee focus and the djyepy.. B
e The distance berwe e ‘
vertex , e UCIWEED e 5
—» pirectrix and directrix s 2p ™ o
o Thelength AB that pug .,
A focus (P) is 4P Ty
(i.e. AB =14P) Itix called [ .. 1
rectum. e

Focus

All points on the pargss
(are  equidistant from g,
focus and directrix .

Directrix

The equation of a parabola is simplest if the vertex is the origin and i
axis of symmetry is along the x-axis or y-axis. These are called i

standard equation.

Parabola in standard Equation

y— parabola y— parabola

P,
)
=
]
=y
fd
o
<
fav]

x— parabola

T

e o s et b
I

|

)

\

1

]

|

|
——

!

|

x=-P L P
-Equation: y* = -4Px x* = 4Py
y’=4Px |
- Focus: (P, O) (-P, 0) (0, P)
- Vertex: (0, 0) (0, 0) (0, 0)
- latus 4P| 4P|
rectum:(4P) |

- directrix x =-P _ X=p Y=-p
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u T Mlustrative example
L8 Finq the focus, vertex, latus rectum, directrix.
! a)y =-8x, b)x =12y ¢)jy=x d) y = -1x’
| SW: a) 1) latus rectum 4P = -8l < 4dP=8 =P =2
4 ii) Focus, (-2, 0) i11) direct rix, x =2
iy )
“;1' b) i) Latusrectum, 4P = 12 & p = _1_2 =3
} 3 4
{1) focus, (0, 3)  iii) directrix, y=3 iv) vertex, (0. 0)
g ¢) Dlatusrectumd4P=1P=Y%  ij) focus, (0, %)
" ) directrix, y =-Y% iv) vertex, (0, 0)
l - d) i) latus rectum 4P =2 < P = ~1-
2
= 1 1
1)  focus | 0,—— iii) directrix, y= —
S 2 =
9, Find the equation of the parabola with the given properties
s a) Focus (-2, 0) and directrix, x =2
iy b) Focus (0, -6), and directrix, isy =6
™ ¢)  Symmertry, y, axis, vertex (0, 0), and passes through (5. 2)
n c? Scbution: a) since It is X — parabola, and P = -2
h S 4P = 4(2)=8 Sy =4Px e y? = 8x
b) It 1s y-parabola and P = -6 .
X = 4Py = x> = A(-6)y = x* = 24y
c) since the parabola is symmetric about the y-axis
l;'ﬁ X" =4Py or x” = 4Py, since (5, 2) on parabola
i 2> 5 25
525=4P2) < 4P = — - X'= —y
2 2

- Parabolas with vertex at (h, k)

*I Equation of parabola that are translated from their standard position can
be obtained by replacing for x —> x — h and for y—— y — k in their
— standard equations. So that
| Vertex (0, 0) —> (b, k)
ol

~ -~
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. J{;m :?ﬁ;;_ ¢ l

—_ T

- Parabola with vertex (h, k) and axis p‘vallcl 10 x- 1\1

to right]
_ )} =4P(x - h), [opens
a) (¥ e |atus rectum 4P

|
\ e Focus, x —h=Pesx = Pang
{h, k) e Directrix, X —h =-P e x =}, P\Mk
eaxis,y—k=0o y=k

| b) (v — -4P(x — h), (opens to left)

e [atus rectum (4P|
(h, K) e Focus,x —h=-Pandy- k- Oic. ;|

e directrix, X —h=P<< x=h+p Pk

eaxis,y—k=0oy=k

| ii) Parabola wnh vertex (h, k) and axis parallel to ymt

¢) (x—h)’=4P(y—k) (opens up)
e Latus rectum |4P]
e Focus,y—k=Pandx~-h=0( (h, p+k)
o directrix, y~k=-p=y=k-p
eaxis,Xx—h=0=x=h

d) (x - h) =-4P(v - k), opens down ward

(hak) e [atus rectum, |[4P| i 1

e Focus,y—k=-Pandx—-h=0 e (hk-p) 1§
i

1)

o directrixy—k=P=y=k+P
e axXisx—-h=0<x=h

10.  Find the latus rectum, focus, directrix, axis and vertex of parabeln; |
given by each of the following

8 y=4x-1y+2 ¢) 3x-2=(y+3°

b)  3x+2y'+8y-4=0 d  2x°—8x—4y+3=0 3§

Selution: y = 4x - D +2ey—2=4(x 1) ’
= (x 1)’ =Yy - 2)

1) latus rectum 4P = . Hence P = i
16
1) FOCUS»Y52=—]—andX—1=0 12
16 16
iii) directrix, y 2 = | L - L: 3]

16 16 16
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d)
11
a)
b)
c)

Unit Three: Stwaight fiui

axis, X~ 1 =0 x =1

vertex (1, 2)
ij:+8\}’+3xﬁ4:0<::>2y2+8y:_3x+4 _
= 2y +4y+4)=-3x+4 + § .
= 2y +2)" =-3(x - 4) _ S

W

Ly 2y = :;:(x ~4)

: 3
1) latus rectum 4P = = . hence P =

2
g -3
1) focus, x ~4= = ,

8

.. Focus (22;—2)
8

1ii) directrix, x — 4 = I?-{ = x= Eé

8

3
8

ndy+2=9

iv)axis,y+2=0:>y=—_2
v) vertex (4,-2)

K=2=(+ o (y+3 = 3(x-2)

1) latus rectum 4P = 3, Hence focal length P = 3

[

/ ' .
ii) Focus, x - 2 - é,andy+3 =0.".Focus 121_3\;
| 3 4 12° 7
i e . 2 3 2 3 -1
) Direetrix, - — =-Z ea g2 2 _ —14
3 4 3 4 12
iv)axis,y+3=0<:>y:—3 }
V) vertex, (—% ,—3) ;)t -n r

Exercise left for you.

Find an equation of parabola with the given properties

Focus (-5, -2); directrix, x = 3

Focus (3, 3), vertex (3,2

Vertex (6, 3), directrix, x = 4




04
o ;d) vertex (3- -2). passes through (1. 6, . o ey,

-

_ o Hlu‘f”f‘t',.' o ‘7

N

—

sa[utiaf:fj) the distance between the focus ¢ 1, Ay
.-.2P:3+5=8:>P=4 LS
- yertex = (-5 4,-2) = (-1.-2)
- the equation (¥ 2)" =-16(x * |)

p)y  The distance between focus and verte. i p

p=3-2=1 = 4P — 4

-.the equation of parabola: (x 3 BT o2

The distance between directrix and vertes jg p

p=6-4=2 sA4P =8

+.the equation of parabola: (y - 3) = ¢« o)

The equation of parabola for the axis paralic] ¢, . N

c)

d)
given by .
(x=h)" =4P(y - k)yor(x —h)y =-4P( k)

Sx -3y =4P(y +2)

1_

: 4
e (1-3)7=4P(6+2) = 4P = -8-:

L(x -3y =ty +2)
Lety=ax +bx+c¢
Find a) Latus rectum b) focal length c) vertex d) fi,

Satutian:y=ax2+bx+c "

5 D C:I
oy=a X +—X+—
a a
3 b bz C bz
oy=a X +—X+—7F+——"7
L a a a 4a
( bY 4ac-b?
oy=da|xt + -
2a da”
_ b T 4ac —b*
Sy=4a x4+ — il
\ 20’ 4a
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L’ ] b dac—b

- ‘ 4P = — ; Vv rtex | — >

a) Latus rectum, . ¢) Ve 2 Az

I
b) Focal length, 1
13) a) A parabolic reflector is to be constructed with diameter 12

| meter and its depth 2m
Find a) focus b) the equation

¢) how wide is at the focus
i d) how wide is at 4m from the vertex.
Sefution: Assume the vertex origin (0,0)
=i X = 4Py

¢ Diameter 12m = radius 6m

= (6,2) on parabola

= 36=4p(2)=P = 18@ = % «— focal length

>X o Focus [0, ?—J
2

T b x2=4(gjy::>x2 =18y

2
¢) 4p = 18m < The opening at the focus (length of lotus
rectum )
d)  wheny=4=x’=(18) (4)=T22x=6+/2 = 1243 i
wider,

II) The dimcnsion of a parabolic head light lamp reflector are 18cm
wide and 3cm deep

a) Find a) focal length

b) Theequation  c) How wide
is at the focus

Selution: vertex origin (0,0)
2
* Use x"=4py
* Diameter = 18 = radius =
9

* (9.-3)is point on parabola




06— ST
J 27 iy
4P (-3)= — [2P=8l =P=_<" %
= ¥

( =27 1
_ Focus O,T i

e i —27)
2:4 = V
b) X Py = X 4 .

- x}=_-2T7y « the equation. ; i
¢) \413\ — 27 «— the width at the focus (le
C) Find the equation of par abola:
) vertex (3,7); focus (2.7) it) vertex (-4 2); fOCUS( P
iy vertex (1,3); focus (1,5)  iv) vertex (- 2,9, fOCuq()2 ﬁ
Sofution: 1f y component value is the same then it ig b, Orizomalk
parabola, use (y — k)’ = 4P(x — h), and P = f _ Vet b |
components. {
e If X component value is the same then it is vertica]
parabola, use (X — hyY= 4P(y-k)and P=F-V ofy,

=9

ngth of lay,
§ Iechlm

('ﬁ“ -

components.
i) hﬂSk JandP=2-5=-3,
Wy = 7) = — 12(x — 5) <« the same y component;
horizontal parabola /,
ii) =—4,k=2,p=1-(—4) =5, andthesamey 4 ;
components L (y— 2)“ =20(x + 4) 3 \
iii) h=1,k=3,P=F-v=5- 3= 2, the same x componest $#
Lx—1)F=8(y-3) - 3
1v) =-2,k=9,P=7-9=-2 ,

L (x4 2)"= —8(y—-9)
d) F 1nd the equation of parabola :
1) vertex is at (— 3,5), axis parallel to the x — axis and pas sing
_ through the point (5,9). i
ii) vertex is at (2,3); passes through (4,6), vertical axis.
i) vertex (-5, -3); axis,y=—-3, P =2
1v) focus (3,1); P =3, vertical axis
Salution: Hcle 8
1) (y-5)= = 4P(x+3), since (5,9) on the parabola _
] -

thus (9 —5)* = 4P(5+3) = 16 = 32P=P=73 & 3




107 Unit Three: Straight tline

Sy - §)2 =2 (X + 3) < equation of parabola
1) (x —2)" =4P(y - 3), since (4,6) on parabola
thus, (4-2)’= 4P(6 - 3) = 4= [2P=— P = % > = h 7‘“!9

, 4
S(x=2) = 5(}/’ — 3) <~ Equation of vertical of vertical 117-:_ ‘;xi-"h

0f) parabola. ~ LA £
Qﬁ:- i) (y+ 3)" =4P(x+5), since P=2 f 4

! Sy +3)° =8(x+5)
. iv) Since it is vertical parabola, thus V(3,1 - 5) = (3, — 4)
ki L (x—3)*=20 (y + 4)

'l The Ellipse
Psy An ellipse is another of conic sections formed when
plane intersects aright circular cone,

i If the plane intersects the cone at the vertex of the cone
W so that the resulting figure is a point, the point is

degenerate ellipse.

=

N

mp p(X, y) Definition

Irahy’ An ellipse is the set of all points p(x, y) in the

ey 2 plane the sum of whose distances from two
‘ Focus Focus : e P

£ fixed point (foci) is a positive constant.

cEllipses with center at (0, 0)

N

The graph of an ellipse has two axes of
symmetry. The longer axis is called the
axis major axis.
The foci of the ellipse are on major axis
The shorter axis is called the minor axis.
EN Focus Focus \ ,  1helength of major axis = 2q
/y N Vs The length of minor axis = 2b
i Center The distance between foci = 2¢
The mid point of major axis is the centre
The end point of major axis is the vertices
Ve not that the sum of distance from a point on the ellipse to each focus
S constant
Now by hypothesis
d, + d;g =vF, + vy >

Major axis
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108 —

—=5 i &
S,
Wt

xac +b‘+m (@a+c)+(a—

7\J£’ +b —-203?d—b g = ¢ 4
Now let P(x, y) be any pui

Y
fﬁ(, ) B}r uc.mn definition of Cthp ‘f.-;‘a e gy
R T - e
V J\ﬁda’m +d(PF2) = 24 higy S
Vi 3

-8 i(c. 0) Fa(c, 0) V2

2 2 o o
Y+ i)_'_j_\’f(} T+ s,
o [JF;:S + o ] [2(1 —/(x—¢ ).a + } -------- Sllbtmctlnu,

squaring both side. *

2 2 2 3

:>4cx—4az=-43\/(x‘0): +y’

2 2 :
=5 [«ex + a2]2 — [a \/(x —Cc) +y ]2 ......... Divide by (-4) g thr

square each 51de -
:>cx ”?cxa +a *ax —2cxa +a’c” +a’y’

4,
= -a’x® + x* —ay = a'+a’c? ... s RewrlteW1thxa.mimwI
: 2
on the left snde.:>—(az—c2)x2fa y2—-a (a” -c)
2

From hypothesis, b'=u"—c

= .b'x’—a y =’ ... Divide each side by —a'b’ H
2 2 |
x ’
= Zz— =]...... An equation of an ellipse with center at (0.0}
a” b
Standard equation of an ellipse with unter (0, 0) —

y

i) Major axis on the x-axis
No.si |

x* ¥ . s :
zJr*z_:1,forazb>0,.\rv1'1erec“:a“—b“/‘I i
a b (-2, 0) o1 CG/

- Focas (¢, 0) and (-c, 0) <
- vertices are (-a, 0) and (a, 0)

2

- The length of Jatus rectum ———
a

ii) Major Axis on the y

-axis (vertical ellipse)
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—
- /
;1’_7.+i7:l fora>b>(
b: a”
‘ - Foci are (0. ¢) and (0, -¢)
- vertices are (0, a) and (0, -a)
2b°

- length of latus rectum ——

~ a

2

Hlustrative example

2 13. Find the zerticezs and foci of the ellipse given by

X
a) E+_§_9_:l b) x* + 4y’ =38 Q)3 +y =3
Selution: a) Because the y* term has the larger denominator. the
(4, xrgajor aXi:Sz is on the y-axis _ o
‘ a =49,b" =25, c=a -b'=49-25=24

a=7 b=5 c=m=2\/€

= The vertices are (0, 7) and (0, -7)

- the foci are (0, 2\/6 )and (0, — 2\/6)
b) Divide both sides of the equation by 8, we obtain

2 2

X +4y' =8 & x—+iV—=1
g8 2

Card

b Because the x” term has the larger denominator the major axis is
on the x-axis.

= Thusa2=8:>a:\/§:2~/§
)0 bP=2=b=+2
= Therefore the foci lie on the x-axis and
ﬁ 6:1/az—b2:1}8—2:\f€
/ e Consequently the foci are the points (— x,/g ;0 and (6 .00

* The vertices are (— 2\5, 0)and (242, 0)

2 2 ; 3x2 y: 3 2 A | 1
c) 3x" +y =3 write as L i 0 i |
3 3 R

2L




e rff ,’% ]

-

)
: “erm has large! denominator the gy, b
Si“cc | LOr s L
;I.\‘irs‘. -, \/’%
) = d
'l'hcruibru, a p
b
b | = -
/\lsn,(;\/(l- #"/;:/]4—\;_
[hus foc) (0, «/( and (0, - )
Ver rtices (0 \/ ) and (0, ,Vq)
Find the Lquatlon of the ellipse having center th
(4. 2) a focus at (2, 0) and the vertex (-3, () caiy
b a focus at (4. 0) and the length of major

clKH I

b)
o) a focus at (0, 4) and the length of mingr axis iy ¢
Sebution
) i 5= 2 add~1"mdb =a" ~¢ *b_.94<
v
Thus — + -~ I
9 5
b c=42a=10=a=5andb =a’ -t =25
- . ¥ 1
Thus =— +—— = | i
25 ® ‘
C) C:4_ 7b 6::}b 33nd bh"a “C ;9.._2] ‘16-—4"3
b 1“ i.
Thus — +—— = = 1 ]
9 25 /
Standard equation of the ellipse with center at (h, k) f
i) Major axis Is parallel to e
center (h. k) :
y ) >
/’V”‘\\ (x=h)” (AT 4
by N\hea ka1 |
-4, R’\ h-c, k) (h+c, V ¢ —=a b andu b '
P > X # yertices are (. l\ldlld"[i'
* Foci are (0 - . K) and (h
oh
* latus rectum
ol

-l
i) Major axis [!:1:".1Hgf e
center (h K)




Unit Thuee: Senaight line.

(x=h)? (y=k)? ;
y h: a”
DA, k+2) al— b2 X
b (h,\k+c) * vertices are (h, k+a) and (h, k-2) 2>
* foci are (h, k+c) and (h, k-c)
;} 2
| \ (h, 7) * length of latus rectom
b - > x a
' p(n/kc) Jaz —p
i S )
Nd ,k=a) T eccentercity, e = < o =
a a

Find the equation of the ellipse having the given properties

15.
a) The foci are (2, 3) and (2, -3) and the length of the minor
axis 1s 10
b) The foci are (2, 1) and (2, -1) and the length of the muior
axis is 4.

c) Center at (1, 2), one focus at (-4, 2) and passing through
the point (4, 6)

Selution: a) center = [2+2,3+(ﬁ3)] = (2,0)
2 2
b=35,2c=6=¢=3

Thusb’=a’—c’=25=a’> 9= a%=34
2 2

=2y  G=0y _,

25 34

b) 2c=2=>c=1land2a=4=a=2
Therefore, b>=a" - > = b’=4_-1=3
Center (h, k) = (2, 0)

Therefore,

x—2)" 3y’
Thus, ( ) +— =
4

c) Let (m, n) be other side of the focus. Consequenily

follows;

—4+m 2+n

=], an =2
2 2

m=6andn=2

Thus20=6~(-4)=10:>c:5




(x-1D*  (y—2)°
= 5 + y =
a’ b*

4-D° 6=2)° | 9 4

9 16 mat s

= + =]= 9% _
a’ a*-25 2

= 252> — 225 =a" - 2547 = 50a° - 225 =
= ()
— (a° - 45)(@’ + 5) = 0= a2 =45and = 5
We take a° = 45
(=)’ (-2
20
16. Find the Vertlces foct and latus rectum of the
a) 3x +y - 6x+6y+13=0
b) 4x> +9y—8x+36y+4 0
Safutmn 3x° +y —~6x +6y+13=0
3x* —6x+y +6y+13 0
3(x —2x+1)+y +6y+9+13 9-3=0
3(x—- 1)+ (y+3)* =
Therefore the equatlon does not represent an ellipse,
b)4x + 9y” —8x+36y—|—4 0
4%* —8x+9y +36y+4 0
4(x* - 2x + 1)+ 9y° +4y+4)+4-4-36=0

(-1’ 0+
4
. center (1, -2), a> = 9. Thus a = 3, thus the vertices %
3, -2) and (1-3, -2) = (4, -2) and (-2, -2)
o fociare (1+ +/5,2)and(i-5,-3)
26> _2(4) _8
a 3 3

I7. Find the coordinates for the center, vertices, end 1
minor ax1s length of latus rectum and foci of the ellipse £V
2x" + 3y +8x —18y—1=0

Thus

=1

&l]ipse

4x -1+ 9y +2)° =36 =

L] latus rectum




f‘ T
1 (v-2
:b—(f—’:}—}'f+( 2 _l
2 bh°
2 — Y% b
(4-1) +(6 ﬂ") :]:>i“+£5 and
pE b a’ b o
= b =g 05
0 16 2 L g 3
= 1=>9a% 225+ 162> = a2 _

= —1t5 Az
a.2 e —25 ;
:>253“—225-a —25a% = 504" — 225 = a° —“—>a"_.5032

=0
— (a’ _45)(3 +5)=0=a’=45anda’ =
We take a° = 45
- -2)°
SN C il A M
45 20

16. Find the vertlces foci and latus rectum of the ellipse
a) 3x +y—6x+6y+13 0
b))  4x +9y—8x+36y+4 0
a&dwn 3x° +y —6x+6y+13=0
3% —6x+y +6y+ 13 =0
3(x° —2x+ l)+y +6y+9+13-9-3=0
3x— 12+ (y+3)° =-1
Thereforc, the equation does not represent an ellipse.
b)4x +9y* — SXT36y+4 0
4x —8x+9y # 36y+4 0 =
40 —2x+ 1)+ 9y  +4y +4)+4-4-36=0
| =D (42
4 -
. center (1, -2), a* = 9. Thus a = 3, thus the vertices are (AR
3, 2)and (1-3, -2) = (4, -2) and (-2, -2) E |
e fociare (I + /5,-2)and (1- /5, -3)
2b° _24) 8
a 3 3
I7. Find the coordinates for the center, vertices, end P

minor axis, length of ldtus rectum and foci of the ellipse 8V

4x— 1) +9(y +2)" =36

® latus rectum

oint of 8 - :



I3 Unit Ghuee: Straight line

Scluticn: First, we begin by arranging the equation in standard
form and completing the square.

(2% + 8x) + 3y - 18y)=1

2(1( +4x + )+3(y 6y+9)* 1+8+27

2(x+2) +3(y—3)> =136 ‘ ~ _
i (x+2)° +(};_3) 2_('_1 +4,9g) +"5L“§ 6'5) l

18 12 o O =
g/ Now, a° = 18 and b’ = 12 kS

= \/—1‘8 and b = JE
a=32 andb= 243 /
also,c=v18~12=\/g ‘

Thus center (-2, 3)
e vertices (-2 —3\/5, -3+ 3\/5)
e endpoint of minor axis (-2,3 + 2\/5 ) and (-2,3-2 ‘\/5 )
e foci: (-2-4/6 ,3)and (2 ++/6 , 3)
2b°  2(12) 8
a 32 2
¢ _~a'-b 18-12 [

e cccentercity, e = — = = [—

a a J18 3

e length of latus rectum

Eccentricity of an Ellipse

The graph of an ellipse can be very long and thin or it can be much like
| a circle.
The eccentricity of an ellipse is a measure of its “roundness.”
- Definition: The eccentricity of an ellipse is denoted bye and is defined

as
__distance between thefoci
length of the major axis
Thatis e = g(,_ =
2a a

Note, 0 < e < |
When e ~ 0, the graph is circle

i
-
¥




. I
14 o |
~ |.the graph 18 long and thin.

WUnit ¢ A\l

- ._\li . I

\When €

of the ellipse given by \.

Tygam le . Fein
Examp . eccentricity _ U
he equation of the ellinse i

8 oo iy .\,j_‘,.

1S FFind the .
- Salutien: First, write t :
I)ivide each side of the equation by I8 2c.
> ) 4,\‘: 1*3 ¥
8”2 ‘1¢:>r--+:—~:1:>f+,

Tg 18 9 2 9

,
= b
£,
~ -
v
-

”
3
anda= —

.9
-:> a' =
4 2
- 2 2 2

Use the defimition € —a’ -b“tofindc

i

'JJlr--—d

1
_a=Yiand C= 4|
4

Application

around the sun in elliptical orbit. The sun is lecu

i
.
= !
!
£

The planets travel
a focus of the orbit, .-

Y
=<
~Z_| Aphelion__--~
erhelioh™~=----""

The terms per in e lion and a phelion are used denote the positians

planet in ts orbit around the sun.
I\tll(:te, the length of semi major axis of a planet’s elliptical orbt
the mean distance of the planet from the sum

-
=~

t 1 Calis

— =" F
e Illustrative example i
: arth has mean distance of 93 million miles and P“’"ih?f-&

distance cres . o
¢ 0of 91.5 million miles. Find an equation of Earths 0%

Solution: Semi major axis = a = 93
APbehon_dxstance =2(93)-91.5=94.5
¢= ﬂpgellon distance — a ' |
c=a i i
phelion distance -93 = 94.5 _ 93 = |.5 million mi!
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115
The length of b of the semi minor axis of the orbit is
b=~a® —c? =932 —1.5° = \/3646.75
2 2
Therefore an equation of Earth’s orbit is X + Y =
93*  8646.75
3. Hyperbolas

Hyperbola 15 formed when plane intersects right circular cone parallel to

the axis of the cone.
Definition: A hyperbola is the set of all points P(x, y) in the plane, the

difference between whose distance from two fixed points (foci) is
pesitive N

dy
e ld,~d2|=2a

>
X
o2 | 2V2 Rlc, 6
] e Vv, . The transverse axis = 2a
4

o length of conjugate axis = 2b
e F,F, ,distance between foci = 2¢

Find IVgFl —Vze’
Salution: v, F| =a+cand v, =c-4a

Thus, [voF — v2Fa/ =Ja +¢— (c—a)|=2a
- The line through the two foci is an axis of symmetry
Note: i) If the axis of the hyperbola is parallel to the x-axis, then it is
called an x-hyperbola or horizontal hyperbola.
i) If the axis of the hyperbola is parallel to the y-axis, then it 1s
called y-hyperbola or vertical hypherbola.

To find the standard equation using distance formula

¥ For any point P(, y) on the hyperbola, let

d, = pF,, and PF, =d;
# ch=«,/(3c+c)2+y2 anddz=\£(x—0)2+yz

PF,| = |d; — dyf = 2a, we deduce that

ocrer +07 A=) + 7| =2a
eJ(x+e)+yt- m=i23

# since |PF; —



ﬂlﬁlf{l_ﬁl’—;‘l_'/pv—”v#_mv%““'*“’:fh —— ?{fFEf \f‘{" !
= e g Vi

2 2 Y 4 j_._.-_m-____ . .:H&.“;J*Q.
& (X+C) +y Tza+t -V(_x__‘(.)-- i ,J |

Squaring both side, simplifying, we get

, X : 2 2 . L “
ol —ab=a JE;::)—+ Yoo {ex —aty - 4, oy
XL

Expanding and collecting like terms, we have 3
e a2)x” - a’y = a’ )" —a) ‘
Gince ¢ >aand letting ¢ —a = b, b>0 = h'x* Wy

Dividing both side by a’b”, we get the coordinate of every

, ath biofY
hyperbola satisfies the equation 20t O,
2 )
Xy I
5 .2
a- b~

Which is called standard equation of x-hyperbola with cepter Origiy
Standard forms of the equation of hyperbola with center at tha ..

¢ Gri{im

i) Transverse axis on the x-axis :
Y/\ x2 }’2 1 .
-;2_ 3 e =1 - vertice are (a, 0) ang (2.0
) - e Foci are (¢, 0) and (-c, 0)
. . X 2_ 2 2
Y BN R G eci=ath

e vertices are (0, a) and (0. -a)

e foci are (0, c) and (0, -¢)
22, 42

ec’=a"+b

— e

A - igi
. Symptote of a hyperbola with center at origin
y===x b

{ v ,=%, * Each hyperbola has two asymptote that {*
) through the center of hyperbola

* The asymprotes of the yperbola dorid i
X 5 |
x° y2 |
—7 ~ 5= lare given by the equatid?
a b2

P‘.

W




117 Unit Thuee: Straight line
e
b
N y=—x and y=——x
E)~‘ - 2
YN o« ® The asymptotes of the hyperbola defined by
—it y=X . ;
s \] b F X : .
s ——5= 1 are given by the equation
a b*
@ a
y =gx and y=——x

Note:- To find asymptote equation let O by 1 or replace 1 by 0 and then
soh{fe fory.

A Latus rectum
N ' e The line segment that pass through a
' x : focus of a hyperbola, is perpendicular
L ‘ to the principal axis, and has its end
points on the hyperbola is called a latus
rectum.

Length of latus rectum for hyperbola
xz y2 Zb 2

Latusrectum —g =i 1is —
a- b a

Iustrative Example
__ 20. Find the vertices, foci, and asymptote, and latus rectum of each

equation
2 2 2 2

2y -2 =1 By Al
1 4 9 4

Sofution: a) Because the x° term is positive, the trans verse axis
on x —axis, we know

a’=1;thusa=1

b’=4, thus,b=2,andc’=a’ +b*=1+4=5

- vertices are (1, 0) and (-1, 0)
0 = foci: (\/g, 0) and (-\/g, 0)
More over, the asymptote are the line y = 2x and y = -2x
2(4)
- length of latus rectum = ——~ =§



U

g —
e 2! hrsgseanc: i o Ty

b) Because the y™ terms Is positive, the t

TiNSvay.

on y-axis, and a>=9, thus a -3, and _4‘«%& .
#l=a b =04 =13 /.l\“s N |
Vertice (0, 3) and (0, -3) V13
Foci are (0, \/ﬁ) and (0), ,\fﬁ)

& —
Asymplote }»’:Ex and v :..b_x
= =:-3fx and y:-_—x
Y=3 >
20" _2(4) _3

Length of latus rectum is b
a 3 3

Note: Ayperbola for whicha="b1s galled equilateral _
Ayperbola is equilateral if and only if its asymptote are perpendicyly, §

Hyperbola with center at (h, k) |
e Standard forms of the equation of hyperbola yj |

center at (h, k)

i) Transverse axis parallel to the x-ax
x=h’ -0 _,

x' a : b :

evertices are vy(h + a, k) and vy(b-a,k)

e foci are Fi(h —c. k) and Fy(h—¢,k)

y I
N v ysé(.\'—h)
a

y=—0Ix—h)
oc=a’+ b
= X
(0.0) e asymptote are y —k = £ —(X —h)
a
2b°
e length of latus rectum ——
a
» ¢ Na +b
e cccentricitye= —=——"__
o a

s - = is
ii) transverse axis parallel to ¥-2¢

Y-k x-h

a’ b

f

1
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NS _Unit Thuee: Stuaight line

o P=al tb =1649=255¢=5
e Distance ¢ = 5

One of the asymptote of the hyperbola: y* - x* + 4x ?25(“{2“ *
A. y=x+2 By=-x1+2 Cy=-x2 D‘y-'-—)x 4

-

Solution: y2 (P 4x+ 4y =15 - 4:‘1

.)j ’ (x - 2)2 2 ; 2
=)= gt =1,b% =1
1 1
o Asymptote: y=H(x - 2) > y= -x+2andy=x-2
_ ' _ Answer: B
T.he cquaﬂpgx of the lerClC with center at (-3,1) and tangent to the
circle (x—1) "1; (y +2) P 1 is... EHEECE
A (xE o y-ly=4  Cx-3) r(y+1y=16
B, (3 +r(y 1y=25 D.x+3)’+y-1’=16
Sofution: Distance between (-3,1) and (1, -2)

b= A (1+3)? +(2-1)% =5
1'2:5—-1'1:5—-!:4
= the equation of circle (x +3) + (y - 1Y =16
An iron wire bent in shape of parabola has latus rectum of length

60cm. what is its focal length.
A, 60cm B. 30cm C. 15cm D. 7.5cm

Selution: length of latus rectum, 4P = 6()7:> I: =15

Length of the major axis of the ellipse x*+9y —2x+18y + 1 =0 18
A, 3 B. 10 C. 6 D. 9
Solution:

& 2x+ 9y + 18y =—1=> (x— 1)* + oy 1Y =-1+1+9

2 2
(x~1) +Q_tll_:1:>a2=9:>a:3:>2a:6

=

9 l

Answer: C
Let Ly,; 3y — 9 = 4x and Ly: 2y — 3x + 2 = 0 represent tw.()
intersecting lines If o is the angle between Ly and Lo, then what 18

tan o? . . . (EHEECE).

4
A2 B = C.—
2 3 6

1

By,
18



iy
10

30)

'_"1]

——————————— “m; Ry
_____'sﬂ,_—sm-—-_'_i '

- g, )

Find all values of F such that the grapl) (| o
ox - 10y + F =0 represent. it
a) circle  b) point circle ) o locy
Solution: X~ + Y 0N [0y © 25 b oy,

= .\'.: 6 1Yy [ O g [0 y

O I T

al cirele. 1l RIC B 0 = X

b) pomt cirelet 34 (T S TN CR O

C) no cirele W b 0Ok -3

Find the equation of curele \\hum._ center 15 (.5 g,
through 11‘.‘. center of theairale N F v ddv 6y o

, I
Selution: X +¥ #Ax =6y 12 0 =n(xi2y g3
= center (-2-3) =0 4 D &) ool 2
(2 S (-3Sy o =rr 100 s by oy sy

What 1s the equation ot circle passimg througeh €3,0), s

4y

the x — axis and radius. r = 4 S

Sefution: Letia. 0y be conter om v anis N [y
“ 3-—ar+1 =3 =3-a-*2=a lora-3
—x Iy -y =Sorin Sy +y =5

The foci of the come section defined by e

9 24x - 18y~ 9 0

A [B-V5-t)and 3+45-1) ¢ 0.0
B Be1-vS)and 3-1-+5) D) (qu‘ o
Sa&wwn 4x° ~Qy” - 24x + 1Ry+9 - 0 DO AT
= (4x° - 6x~ 9)*9(;3 2y )= 9+ 369 30
_x=3)" oyl

9 _‘_4

=2’ =9.andb =4 z¢ - a’ b 9 4 o

-1 ocenter (3, b

Itis x - ellipse
Moe) ("o V(S —l)und (1,5, w‘; I,

\ e RS
Vhat 15 the distance from center to onge of the Br

hrvperbuoly Ly = 3’1 e+ 1
16 9 |

| B i) { ;
Solction center (o |3y

A 5

”:‘ b th




Unit T hree: Straight line

? 52)

~
P

n‘tat"’3)

s

® Slope of the line y = x is |
o Slope of the line passing through h(2,2) and (a, 0) is - |
2—-0
= ——==1=q—-2=2=4=4

2—a
. the center of cirele is (4,0)

o thcradius,r:\/(z—of+(2__4)3 —J8 =2 =3
= Equation of circle (x - 4)" + y* = 8

_ Answer: C
What is the vertex and the equation of the directrix, resp. ol the
parabolax +y +2y + 1 =10

—_—

A. 0,=1), x= —4— & (0, -1), x

[l

I

-1 :
B. (-1.0), y = —Z' D. (-1,0),y
Selution: X +y° +2y+ 1 =0= (y + 1)’ = x
1
] vertex: (0, -1),4P=1=p= E

. ) —1
) directrix, x = — Answer: A

L]

The or bit of Mercury around the sun forms an ellipse with
eccentricity, ¢ = 0.206, length of the major axis 1.16 x 10%kim and
sun at one focus. What is the best approximation of the maximum
distance from Mercury to the sun? . .. UEE 2004/2012.

A, 7.596x 10" km C.  8.695x 10" km

B.  5.695x 10" km D.  6.995x 10"k
Selutien: 2a=1.16x 10%km => a=5.8x 10" km

e= 0 =ea=(0.206)(5.8x107)

7
—=c=1.195%x 10
maximum distance;

= atc=(1.1 95+5,8)><10?-: 6.995x 10" kim Answer: 1D

Minimum distance, a — ¢ = (5.8 — 1.195) x 10" =4.61 x 107 ki,




124 ——— -‘ti""tﬂ"fi*f St
) 5v13 ) L. SVI3
et F 1,,"‘3 + i " P ln'-ﬁ3 ~ =2 a
o foci, I ( : 6 J :
5 - B _
e vertice (1,—3 + Ejand {4- 3~ ij = (1,?
5 -
. B[ ,'3}"%’ B [1 + 9—3] = [—g,_
3 3 3
N c 5413 2 13
. Feccentricity, € = E = T . E — T
asymptote, y +3 == —(x—l):>y=+;2_(
* ymp ’ 3 3 ] “1)‘“3
Solved Problem i 4
50) Line I passes through (0,5) and (-5, 0) what is the angle betwee )
the y — axis and | in radian measure . . . UEE 20042012,
V/a T T 3
A) B) — C -— D) -—rx
y > 0 5 o o 1
Selution: Slope of f____S_i :ézl
0—(-5) 5
AY e Angle of inclination, tand =1 5_
yz_ i e
/} / . Z < the angle measured from 38
(0 1
e — " positive x — axis to line ¢ 18
= o =;:r—£:§4E < the angle
between y — axis and { _.
51) measured C.C.W fromy©L 3

- B oo gl
b; nsider.a circle whose center is on the x — axis. 1f e :!’I:;? ‘
Y= X 1s tangent to the circle at point (2,2), what 1s .

of the circle . UEE
o yz . 2004/2012.

N x-2yioy
olution: | ¢t the center (a,0)

Q) (x-4+y, "8

D) (x |)."+y:i5



123 _ Unit Thnee: Stuaight line
° eceentricity, e = £ -—[—Q = \E \
a Lo ’k
o asymptote, y = + 2x :
2 \b
c) 8Y2~2x2=lé :>£—-—L:l \’

2 8
o a2=2:>a=x5,b2:8:>b=\/§
. c2:a2+b3=2+8:10:>c=m
* center (0,0), foci (0, £+/10), V(0, £+/2 )
B(0, +2 wE ) ¢ conjugate vertex.

® eccentricity, e = < > —@ = \[5
a 2

1
. asymptote, y =4+ — x

g $=D° (+5)

=1=a’=4,p*=9
9

cz=a2—l—b2:‘>cz=4+9=l3:>c=\/G

center (2, - 5), foci F(2 /13 ,-5) and F'Q@+ /13 _5)
vertice, V(4, -5), V'(0, -5) and B(2, -2).B'(2, -8)

Vi3

s c
eceentricity, e = — = ——

a 2

3 3 )
asymptote, y - 5 =+ 3 (x=2)= p= iE (x=2)-5

4 5 9 5
Ay +3Y-9(x - 1)=25= E(y+3)" —%(): -1)7 =1

ot

' , 25 5
ﬂzZé‘ia:—ﬁ—andb‘ =— . bh=—
4 2 9 3
25 25 5
c'=a" +b” = Il : N,

center, (1, - 3),



b7/ —
12 X l
36 64
) \4(41)andVl(*-2”«:?’2’"_'4 )= b=a=3 2
' ('

° C-ﬁ—_i:ﬁi:—-jf‘"4
a 3 3

o 4—-d4b’:,> 9+b:>b*|6 G- 7

o It is horizontal hvpuboh with center (1.1

(xfl) _(y—l) 1

9 7
49) Find center, foci, vertice, eccentricity and equationg i,
asymplote. ;
a)  4x - y =16 e) Ay +3) 9l
b) 8x — 2y =16
C) 8y _2x°=16

(x-2° +9 _,

(£ ] t=2

d
b T 9
S )4 ) ; . 4x2- y2 1:>.\’2 -1‘1 |
cbution; a)4x -y = => ——m = T ]
Y 4 16 L 16
e ad=1=2a=1b=16=b=4
. F=dtbi=1+16=172c=A17
. center (0,0), foci, F(-+/17 ,0) and Fl-17 .0
s vertice, V(- 1, 0) and v‘(l 0),B(0.xH
.. cC \/
. eccentricity, e = — \/ 17
a
e asymptote, y = £4x
2 2 o
b) 8X2—2y2:16:> _'\___L'Zl___:)u.‘ _2.h =v
2 8
¢ C_'a Tb ——2-|-8 0-—-\,(:,—. \flﬂ
. center (0,0), toci

(r()), (+ fz_()l (l\h(?)




|21

=

—

(S

N

b

f) Center (- 3.6), V(0,6),=>a=0-( 3)=3=4>=9
e Itis horizontal (x - hyperbola)

= X4O) +ﬂ3)2 -6y

a b’
[+3)° ~6)°
:,( )y fv) 21:1_6_2§:
9 b- 9 b
jjb2:22.‘5:>(x+3)‘_7(y—6)'"zl
7 9 225
o) V(-4,2),V'(8,2),F(-72),=2a=8 (-4)=12=a
» Ccnl,cr(gz4 3—;%) 22),=>C=2-(-7)=9
o F=a’+b*=>81=36+b'=b'=81-36=45
(x-2)" (-2

e it is horizontal (x — hyperbola)= 45

h) V(3,0)and V'(-3,0),2a3 - (-3)=6=>a=3,2"=9
e [t is horizontal hyperbola with center

(3+‘3,9,+_9)___(0,0)

2 2
2 2
— =~ —=—=1= asymptote, y = £3X
a> b’
b b XXy
= 3 -9=ph'=81= ———=1
:>a 3 =3=3b= 5 81

i) F(0,10)and F' (0, - 10) = 2c¢ = 10-(-10)= 20,c= 10
e It is vertical hyperbola with center (0,0)

2 2 a 3

z F o= ] => asymptote, y =+ — X =~ X

a’> b’ b 4

a 3 da _ i
42 s4q=3b=>b=—"=b=9=

b 4 3

lba .
e cl=a’+b’ = 10 =+ ( 9 )::>a =0

=8’ =64

Unit Thoee: Strcight Eine

=1, since (1,1) on eraph

¢

snd b
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N — o Um‘,t;

| (x=2)" (y-1)
axis, = - 9 o

/);T”_w'"‘ 4=6,h

b)  F(2-1)F'(-2.9),2a=6 = a =3
=2c=9-=1D)=10=C=5
o C=a'+b =5 =4 ope 55 4
o ltis y— hyperbola (vertical) with center
—2+-2 ~1+9 =47 ey ¥
=|—2 Sl :
) V(1,2)and V'(-1,2),2b=8 = b =4, b’ = ¢
2a=1-(-1N=2=a=1=2a%=]
* itis x — hyperbola with center (0,2)
2 2
L =07 (»-2) -1
1 16
d)  center (3,~ 1), (5, -1),V (4,-1)
¢ Distance between L.enter (3, ~1) and V(4,-1) is
a=4-3=1=2a’=]
Distance between center (3, - 1) and G(5,~1):
C=5-3=2=C*=4
¢ C=a+b=4=1+p > =4-1=3
It is horizontal (x — hyperbola)
2 2
N ) N G20 Vi
1 3
©)  Center (2,3), V(2,8);a =8 3= 5 = a’= 25

4 7
* Asymptote, Sy—dx=T=y=—x+ E

It is vertical (y — hyperbola)
a_4

5
*  From asymptote, we have — = — = 'l;' =%

= b= 25 625 _ (_))—3)2 __i(_'i:%)""l

__:>12

4 16 25 625



119 Unit Thnee: Straight line
LSS -

e vertices vy(h, k +a) and vo(h, k- 2

® Fociare Fi(h, k + ¢) and Fo(h, k ¢}

a
sasymplote y -k = =+ f (x—h)
)

ST
. ¢ ~a +b”
® cceentricity, ¢ = — = —

a a
Eccentricity of Hyperbola
The graph of a hyperbola can be very wide or very narrow. [l
eccentricity of a hyperbola measure of its “wideness.”
distance between foci 2¢c ¢

eccentricity(e) = el €
distance between vertices 2a a
Note, i) e > | for hyperbola i) if e = 0 circle i) if 0 < e < 1, Ellipse
48.  Find the cquation of each hyperbola that satisfies the <iiies
condition:
a) center (2,1), a= 6, b =4 with horizontal transverse axis
b) foci, F(~ 2. — 1) and F'(- 2, 9) and transverse axis has
length 6
c) vertice V(1,2) and V! (— 1, 2). length of conjugate axcs arc
equal to 8
d) center (3, - 1), focus F(5, - 1); vertex V(4, - 1).
e) center C(2,3), vertex V(2.8); equation of the asympoic.
Sy—4x=17.
) center (— 3,6), vertex V(0,6) passing through P(1,1)
g)  vertices at (— 4, 2) and V1(8,2) once focus at F(-7 , 2)
h) vertices V(3,0) and V1(-3,0), asymptote: y = + 3x

2

) focus, F(0,10) and F1(0,- 10), asymptote: y = £ — x

SIS SN

J) vertices, V(4,1) and vic 2,1, eccentricity, e =

Sclution:

Note: e Distance between vertices = 2a, (length of transversc)
e Distance between foci = 2C
o Center is mid - point of vertices or focl.
* Distance between center and vertice = a

a)  center (2,1) with horizontal transverse




o . Unit One: Revision on Relations
Note: Quadratic function f'(x) = ax” + bx + ¢ i_s-__(-)-ne;lo one and
invertible in x > — Or x g._;__!'f,
2a 211 ’

lllustrdlwc E xamplc

Dctclmlﬂb whether the [0”0\)&“15 functions are mvmnblc if so,
find their respective inverses,

a) S R ——>[I, )be defined by Ax)=(x—2)" + 1

b) [ 12, ) >[1, ) be defined by f(x) = (x —2)* + |

©) S (7%, 73] —— [0, o) be defined by f(x) = (x + 3)*

d)  fi[=9,00)—— [3, ) be defined by (x)=|x +2|+3

e)  fi[—2,00)—>[3, ) be defined byf(x)=|x+2|+3

Solution:

a) This function is not one to one in the given domain (—oo, 00).
For example, (=1, 10) and (5, 10) have the same
y — coordinate. - fis not invertible.

b) This function is one — 1o - one in the domain [2, o), so0 it is
invertible.
To find the inverse: Let y = f{x) =y = (x —2)* + 1, for x = 2

=x=(y-2 +1ox—1=(y 20 fory>2

=y-2=Vx-l=y=2+Jx-1
SN x) =244 -1

Domain off'] = {X*%_= |} and range of_}"'l ={y:y = 2}.
c¢) This function is one — to —one in the domain (—oo, —31, so it
is invertible.
To find the inverse for x < —3
Lety=f(x)=(x +3)" thenx = (y + 3)’, for y < =3

:>y+3=;t\/;:>y:—3——-\/;, foryS —3
f"(x):~3-—\/;

Domain of /™ = {x: x = 0} and range of f' = {y:y < =31,
d) This function is not one — to — one in the domain (—oo, o)

for example (1, 6) and (=5, 6) have the same y — coordinate.

~f (x) =[x + 2] + 3 is not invertible in the domain (-0, ).

N e) This function is one — to — one in the domain [—2, o), so it

has inverse.
To find the inverse for x = —2



(9$7R} 10 AN} JOYIID PIES O L

(yuowayeys) uonisodoid are y pue | [3 ]9 (

HO_}';WJ};)S

sonjewAiewW j¢ poog awno (W 6=6 X7 (1
erdompiq u o e sty (v

‘109u1us 9q 01 WYFLI AY) sey JuIPS Aionr| (1

‘KifeuoneN ok 1noqe [99) NoK op e Ay (1

0=+ X :SoUSIES WYL X SIXd AN |y
0<1+XX[eiol (5

0= XXowosioy ( Z[-OI oo
Anunoo nay) oao] uetdonpig (e ysiv | (p

erdoryyg 2A1] Suo-| (o
C uey} sS9[ st ¢ (q IaquInu UA2 S (v
1aytau 1o uomisodord uado ue ‘uonisodoxd ragaym Ajnuap]

ddurexa aAneIIsnjy

‘sonewayiew ur (uonisodead 1ou)

JUDUIA)E)S [BIIB0] 10U 2Iv S30UAUAS dAneIadwr pue aANRFTOLIIL
A10reUIR[oXs pUBWIWOd Aouadajul ‘Aneaq “saraur ‘ysiw adojy -
' ony
INg ST JUdUIdIRIS A JO anjeA 9S[B] pue Ny oY [, :on[2A yin.
"103[qo 10 1aquu

o1719ads Jo aweu 3y Aq 9jqerea ayy Suroejdor A oL ¢

01Ul PAHSATO0D 3 UBD YOIYM PUR J[QRLIBA B SUIRITOD {211 20Ul
S1)Nq Juawud)ess e jou st (Juaurdye)s uado) wompsodoad uad -
"q30q Jou Inq () 3sfey 10 () anag 241 st yaly -
SJUJUIS ANRIL[IIP 10 JA1ISSE UE ST : (wonisodo.a ) maumw

JuawdIe)s wodo pue JusuId)E)g .

"SIUSWIRIEIS JO 25UaNDas Y] JO ULIOF oY1 U0 PISEQ SI HH1IUOSEAL <
9150] ROnRWLAYIEW YSnony Ke v QB

€ UL-90USPIAR SUIZIUESI0 10§ [00] ST SUIUOSLAT [201IRIUSLIE
"BuIuoseal Jo e oy s J180[ [ennTUSLIR]

R
=

SUIUOSBIY [BonewoYy; v
s

no,j yup

M’DW W!mm1,-" :’l’?h)f; 7_}”]1, = SEp s




LELEL

L=Leg o
L=d&q e

Cdsde]e “orl
on) ases oo
gy 51 b pue ony st d 31 AJuo pue p1 ospey g b=y

¢ (a0 ‘98 *

| 8 1 (b= uonedduy jo Yy
d=dvd Jg=gvy
A=1Vv d ©L=1vL e

[

i 98]} SS9 Joty0
& oo b pue d woq 3t Ajuo pue j1 (1) any st (bvy) .
k4 (bv4) uondunluoy Jo 3y
L=IALL=LAd ‘L=dALMq eI =JA] o1
2 ") SasBD F210
& ospey ore b pue d qioq 31 Auo pue jrosey st (b Ag) e
E & b Ad £q pajousp
Wsipounod £q bd uowoess omy Jo Fururof oy st uonoun(si(
| (b Ad) uondun(sip jo oyny
- 8<L+6=d-(q
] oxenbs j0u a1e o[8ue)oal Jwos =
' arenbs a1e o[Fueoal [[B Jey) SS[e] ST =
arenbs a1e $a]3ueIaI [[B QJON = J— (€ ‘wonmpog
85.+6:q(qQ osenbs oxe sajduedar [y :d (e
uemAIR)s SUIMO[0] 2y} JO ToBa JO UOESAU I} Pul]
as[ey 1 d JT A[uo pue ji ong St 4=
:(d—) woresau Jo Iy
(uopisodoad & aq b pue g 1277 =Y

(a1

(1

@

J1 Ajuo pue 1
10 | | = uoneodurp e
g 904 ‘puy v | uoyounfuo)

wyie 10

It st
gonounisiq.  ®

(veyy asyey s117) 10N

UONE3IN

FUTUROIA]

foquis |

£ PR
3 ®IS deiado om

L | L =
. AR ( Oleiado) saanaauuoo [e2130] poj[¥o 218 YoIyM (VA =)
(+'x ‘~4) Aq loqunu gunerado SV

S9ANuI0d [eo1Fo] [eyuawIEPUN]
‘uomisodoid uodo a1e | puB A

(as|ey 10 onn 1010 PrEs 9 I, UEd

uonisodosd Joyyou w pue p ‘3 (1t

(1

Wn l}i; ?-"’nj

0cl



Juamsuy = VI l=lel d=d<EL d=dAd
bvd(q deb—(n) be«=d(d bad—(y

[ =b— Y =d- ‘g=b‘] = JJo aN[eA YnY Y], wonmyog
bvd (g d:::>b5 (Hh bed (d bad— (v

. : (NIl
anjeA yndy a1 sey juowaels punoduwrod SUIMOJO) Y JO YoIyMm
uaY) 19qumu ppo ue st 7 = b Jequunu [pUOHeN UB ST 7N = 197

) LIIMSUY CIE.‘_'[VL :{-EJé’:}l
@=LV (Lvd) <L
@ebva-(d (bvd) < 1— (g
L=1l<1 d=d+— 1
L& dAd)- drd <=1
b < (@nd)- 0 aad)y=b (v
J=1pue 1 =b ‘g =dJo aneA ying oy} swonmog
(@b va=  (a (bvd) = 1— (g
b=(rd- O (nrd)<=b (v

. ANAL,, oN[eA [INN Sty SIUAWRIR)S FuIMO][0] a] JO YoIym uay)
‘roquiu 2uiiid jou s ¢] =1 1oquinu ppo uesi ¢=b ‘¢ > = J197

L=ded QU d=sdgvd (@
i=14 (B A=1Lvd (@
l=4<4 ¢! d=drd4 (9
I1=1<4 (o L=1/r4 (e

suonmyog

=9+ [pAuopuesiol=y-9 (U
II=6+CcHAuopuegigoi=c+5 (8
C=0+ Ui 8 =%—9JI G
Il=6+7uwWYlQ] =¢€+SJI (o
G=9+pueg=p-9 (P
IlT=6+zpuegl=¢c+5 (O
c=9+1l08=t-9 (4

| [1=6+71001=¢+5 (2
Bu1M0[103 941 JO Yors Jo snjeA Y A PULd

d=d1 e L=L<<=L1e
AEL S g » ClEde e
‘an[eA
i aures oy aaey b pue d yioq 1 Kjuo pue Jrany s1 by .

(b&q) woneaydwir-1q jo apmd

(¥

(A

ﬁzmmmg; W:W g ’-"’IL

LE]

A=

F =



4=19 4= UAD) S (LVd) = (bady ¢ ¢
wp ‘L=byYy=yqn (0 <) 11] ase:

Q=4 d= (AN < (Ave) = (bAd) & (bvd) )

W =b'd=qJ1 (1 =) asey

& L=Le = (IA]) o

B 00 & OV 1 L =b L= a1 (L 1) owwry

bvd)

e

R

Annqissod 2311 9ABY 9M [ =b <« d uompag
"(bad) < (b va) Jo anfea
o pres 2q UED 18U "L ST b <= d jo anpea oy asoddng

F el d=4VI L=IOL |=4ey

!

i dvaeb-)(p 1—-vb-(01ed-(q deb (e
\&oysb =d—p=b-oaryom ] = (b—g)wory o
5:[ rialpma J=1- = 9Aeam =1 —Ad wol] ®
g R I=(b—ed-
?Z Fiz-1-Ad g g = (@ -nd) < (b= & do) g
g Vied)(pr—vb-(o 1< d-(q de=b(u
4 3 JO anjeA ynd
i1l WD uaty aspey st (1-A () < (b— <>d—) Jo anjea yinu 2y J]
| ousuy L=ipued=b‘l=d "
| 3 L=ipue =bp=b-"1=d
R Ve 08 °f = 1 pue | = b—vd

J1 Kjuo pue 1 asyey st 1— <= (b—vd) s

gL i ", 1“‘1".'_{ (G J_.‘.:I‘._L (D _L‘I_L‘ﬂ (8 :{":["_L (\’J
1B A[oA102dsdl

1 (e ¢
: | & b'd 30 Mea gy oy uoyy ‘ospey SI I— & (b—vd) JI
e =11 g=dad
s d<=(1v D) (@e=LInd
- b (d v d) ( (d—<b) ad=1(¥
L=1e1 =L+
Le (LAY ey
. beWdabyy(n (bed) b L\.,
150= L =b g m b = d gpr g = b= PP
b % (b\/dl) (€1 .(d"_ —=Db)A b t%l_
o S(d ,\b.ﬁ) () (b¢:d)/\b“ i\]
| rozp00z A0 T
| ."‘-5_ Ql{].l() [-{')h.{m 1) a8y §1 bi__ggz;lgg?;o olxd asoddns

' m?;l‘;;-h\_‘"‘_-“‘“—e—-—-__, ==




ap| s,uegrowaq — b= vd—=(bad)y- e

me] 2anisod enuod — d—«<b—=bc=] o
bad—=b< g o

juofeainba are 1red SUAMO[[O} O JO (o™
0 =¥ Aq pajouap uayj quareamnba aie ) PUB Y J] :Uonw)

(o1qe) Ui

od [e Joj onjeA I LB dUj) d/ 7+

[BOTJIAPT dARY AJ]1) SISBD [qISS
Aoy 11 jusjeamba aq 01 pres ale

uonisodoad yuapeamby

L=1L"Md d =i =4

bAd-( L= 1=b'g de=a-y
4 = d 20uis J =1 0ABY oM ‘L=loduoly] e
J=d‘L=b‘i=b—anregyom ‘J=dAb—wol] e
J=dAb—pue | =1 Juay],

1= (d Ab—) & (1 & d) aary am wenimng

bad —7 bg JqeEI-v

«28[B),

an[eA [ ARy SUIMO[[0] AUl JO YOIYM UaY) IS|B],, dnjea inn
sey (de b) <« (1ed) 1y yons uomisodord axe 1 pue bid |

Y 1IIMSUY

D IMsuy L=1LAAd 1=1VL
(Lva)—-) A A (4<=4d) VL

((vb)—)nd g (—<=byvd— g
=d<l=EADEL 1=(LvL <L

(I-Ad)<b— D (b—vd-)=1 'y

L=1pue‘]=b‘y=d‘aaeyom wompnrg

(avby-)ad g (—<byvd- g

(=nd)<b- (bvd-)e1 Y

«OS[B],, AN[BA 101} 2ABY SUIMO][0] O
Jo gorym uayp ‘Ajeandsadsar 1 pue g son[ea yian aAey 1 b “( 197

l=d<& L=b&sd- (g d=slL o j=b—¢&d (e
B d=b‘d=d3 (4 <) 115D
d=led=bed- (q d=J& L =bed (0

L=b L=qgu(LeL) 15

. Jej10 | <L

'L ‘anjeA mny sues oy aaey b pue d yioq g1 | = b <> d cuemprpos
beb--(q beead(e 110 anjea

24} jnoqe pres aq ued jeym | si b < d Jo anjea o :ﬁs(lgltlflg

bunwonay; yromusypny sy 7,

O pue ¥ Judwale)s punodwod o |,




osed ajqissod Je 10] 1= (bAd-) e (bade) -
AN—=b (g (& 2w
b= [(d-nAb=)Ad] (f [bAd)—) v (by dJ) Z"S’
(be=d) <= (bvd)— (1 ((bvd)y—)ad (p
(b—vd) & (b/_\d“) (4 (bvd)e=d (2
-_ ucd);\(bc:d)@[(ﬂ\d)c‘ﬂ(g (d—=b—)= (be=d) (q
§  bedv(b-=d) @ (brd—)= (b < d) e

“III_dU 10 “wornoIpenuUoD
Riome S8 suonisodoxd punodwiodo Suimo[o ayy yo yorypm (g1
= Jdwexa anensnyjy

*A30[010¥) ST O < W U9 O = W T 20N
1 "Twnjeo
: g, AJUO 3q [[IA4 2oy} “UONIPBNUOD JO 2qE] YNy © Uf)
E "TONBUIqUIOD 3[qissod [fe 10J as[ey ST )l
unopenuod aq 07 pres st jusweeys punodwiod VY UOIIPpENU0) o

3 “UWnNjo9d
10 W L, Ao 3q s a1ay ‘ASojoine e Jo 31qe1 iy ® up)
1 “uoneulquIod 2yqissod [1e 10} anay
§'7 Bojoiney oq o pres s1 juswels punodwioo y A3ojone] e
A3ojo)ne ], pue wonsipenue)
(dAb)= (b Aad)(q dvb=(bvd(e
ME[ dApeInumo)) (IA
(d<=b)v(be=d)=bed (v
ae] uonedrdut-1g (14

.ﬂé'. _. (va)/\dl_ = (1 N b) —d (q bAad— = b «=d (B
= b aey uonearpduy (A
Z ~Ad = (b v d)l._. (q hovde = (b /\d)‘-— (B
| [Md)\’(b/\d) me] s uBSrowa( (Al

=(vb) ad (q (avd) A (bvd) = (1 Ab) vd (e
Mg Annqrusia (1

C{Ed'-—\fd(q lzdl_/\d(g
meq pudwajdwo)) (1
d=d—vd(q d=dad(e

mey juajodwapy (1
uomisodoad jo vaqadpy o
We=d)a(bedy=(1ab)=d o
mey o LS DV(be=d)=(avb)ed
N ;n ~ ] ¢ ‘lum.mu_mg — b—A d- = (bvd)t—- ®
VN

iy ovl




a1qe) iy Suisn (b —vd) < (bad:
"UOnEUIqUIOD J[qIssod [[e J0J oni si 1y o'
A3oroine) st (1<=d) A (b=d)< (1nb) = ¢ -

(a=d)A (b=d) = (1nb) «=

[
e

‘uonoIpenuod Jou £0[oine) sayiau si
(b=d)v (b—<=q) 1eys 205 om (9 uwnjos) uwnjoo jse] Yy ol

1 I I L | 4 T
L XL L d L |4
d L d I | 4 [
K d L d L |1
(b=d)v (b—<=d) | b—<=d | b<d b— O I d
21qe1 yiny suisn Kgj
(b=d)v(b—e=d) (v
3 = 5 Tii{!}.i‘}{,‘;{BT uod st [(bad)—v (bvd) -
q Ll | L4 =4V |-
E | A q 4| L (b—v b)v (d—wvd) =
A H L L L b—v (d—v (bvd)) =
(b/\d)l_)v (de) (b/\d)l—- bvd b d (b'-—\/d'—)\/ (bvd) =
J1qe; ying Sursn se payrpduns [bad)—) v (bvd) (>
uoneuedxy
L ST Uwnjoo  + otj)’e
1 1 1] 4] ASoromey s1 (b v d)—)ad
L L L | 4 "ased g[qissod [[e 0] | =
L L 4] L b—AL=
I d I | L b—A (d— Ad) =
(bvd)—nd [ (bvd)— | b i (b— Ad—) ad =

se Ajidunts ueo am (b v d)—) A d (p

‘A3otoine; st (b nd) <= g mg“

bad—=b<«<d=d- « p_ ‘noneueydxg

ME] ANNQUISIq — (b A d—) v (d A do) =
(bvd) A do _

‘Tapreun st (bvd) <= d
b A d- =

(bAd=)v ()=

(bvd)e=d
ASojomer s1

%82 3[qissod [e 10} | = (be=d)es (be=d)

(bAd—)¢ (he=d)
(b-Ab)e> (be=d)
(d—=b)es (be=d)
cojomney

Bunroenay; PRI 0.8 gy




(;’.

L= (b/\dl-—)-(:: (b/\dL—) = (bL—vd)L P (b<:d) 0
# 1=LAL= (b/\b‘——)/\(d/\d'—) =
.. ;‘; (bAd) /\(bl._-/\dl-—)E (bA d) A (bvd) —= (b d) < (bvd) ‘g

9 ‘LEbL—-’f\lEbL_A(dg_Ad)E
t ? (b‘—/\dL—)/\d = (d'——/\b'—)/\d = (d""C'—"—b)/\d o ¢
(b—vd)— <= (b&=d) D (d—=b)nd v
t 3 OIIHT " ;ABojojne) € jou S Furmo[[0F a1 JO YITYM (b1
L L L A | opeusi
q d L | d
8 L d L L b=
| d A d L be L
: g;:((bvd)L_),\d " (bvd) — b d b (b—A L)
apqes Suisn b < [(b=n(d—nd)]
i g uoneue[dxy b& [(bt—/\du)/\d] :
F se poryrduns 1 b <= [(d-Ab=)Ad] C
T 13U S (be=d)= (bvd)—"
3 1, (e 10U 81 MR[ a1qE} 24 WOl
y —T 1 1
g — - HHD
A L AL
@ e e s S
7E&ﬂﬁfﬂgﬁﬁmmfﬁd
- | &}_J_(/_/_ 1sn ‘( =d) < (oY d)h’- _U

) oyaU
& tonoIpENUo? 10 121I alﬁuo.l:i
¢ W I®30u 10 ] |[ej0u s1 uwn[od 133]_@@3](1 .rl =T |
e T I e o
' 1 T [ 4 i
T T
S T S
e I
e k-
f | —— i |
¥ e il

T
L T (77— —
YO e g sng,



‘SE PBAI X[ uonwujon .
stoyyuenb [eNUISIXS 3yl PayRo °f ()

QB Joquyy.
OM1 98y, uswdlels uado ue aiojaq swygnuenb se umor
'S|OquAS oM} a1 jo suo Juyoene AQ ouop si SIY ] "Sunouo.:
10 sojqelrea ayy 10j sonjea Juoe[dal Mo yiIm judwoms <
ut juswels uado ue JuiSueys jo sAem juentodwn om; oue aloy |
(8) 91qerea Fuloede.

Aq syuowayess 01 syuowajels uado ue agueyd sionnuenh v

pa SUOSI!

10 “s303(qo ‘sroquinu jo UWS © SI Ssuoljnuenb y

SAdLfL

8# T+ U 9 # T + G JI :aansodenuo ) (1
8=T+ P U1 9 =7 + G JT :0812A00)) (11
9 =T+ ¢ UM § =T + 1 (30211p) woneorjduui (i
b«<=d=b A d—qmoay (o
Id3aqur ue you
SI X USU} JOF9)UI USAQ UR 10U ST X7 I :aansodenuo ) (11
1oo1uT ue SI X Uay) 19839Ur UoAS ue SI XZ J] :9S10AUO)) (1 (g
£FEXWY ¢ # H— _xJ1 pansodenuo)) (o
E=XU1 C = — zi J1 :9812AU0)) (1 (v tmorpyog
9=T+GI0Q+#T + Y17 (0
Ia8ajur uaAd up S1 X7 udy) “IaBajur ue SI X Jj (]
S:ty—ZXUQI.[lE:XJI (e
aAnsodenuos pue asmauos SIL 9AIS JUAWIDILYS L[I1D 10]
dpdwexy aanexsnyy -

OSIOAUL SII Pa[[ed ST b— & e (111
dansodenuos sir pajea st de <= b (11
OSI9AUOD sy pajeo s1d < b (1
ot (uonisodoxd 10011p) uoneardur oy st b < d

- aAanIsodenues pure 2810
i i j {d dounsuy Y
S| & : :
T | 7 AZojoinp 1ou
d g ' J
l ..L :Ii b == d = b/\d'—
(bvdy=d [ b g (bAd—) v |
. I (b/\dl—-) \ (d,f\dL_) = (budiad
uoneuedxy sagipduurs (bv d) <

bunr enay; PRy~ g iy,




9.“_11 S1(0 < X)(XE) g
| asye,] St (0< ZX)(XA) S0=0rpospg=x37 (I
§ o azerXet X)(XA) 0% €+ X7+ X Xeaog (|
Roa=tr T X)(XE) 0= €+ (1)p + A7) 1 08 “[= X307 (y
_c 4 xp+ X(XA)T OFE +(Dr+,1 < 1=%x197 (3
ani] §1(g = XY(XE) v €= EM ST g, =%1T
o st (- = X)(xE)
ppquinu xo]dwioo X JHIng ‘osyey St (- = X)(XE)
=X ‘sa1JSTIES JBY) X Iaquunu [BAI ON (2
aspgst(] <1+ XEA) T=1+.0 ‘0=x37 (p
S
{0 < EHXT+,X X Ioquunu [eal qoeah}oti (2
g S1(0 = §+XT+ O(E)
VFE+XT+ X “X Jord 10J udy} Y3X (q
oniy,

g wo

s+ DEA)

(1 +37- = ¢ — xp)(XE) [+-€— =¢ —E uayj ‘-E* =X 197 (¥
7 3 [4

o = ) oS

0<xp) (¢ (= 00E) O

- D#c+x7 4 ZX)(x A) (1 (1<1+ ZX)(XA) (p

b 0=g+xp 4+ ZM)(xg) (4 (0<g+XC+ ZX)(XA) (3

O=g+xp+ X)xp) (B (0=¢+XC+ .00 W

=00 G (+xg=¢ 0B

. () soquunu [E0
BB gy 191 sjustmerels yoeo Jo anjea i AU oupuud 91

— spdwiexa aApensniil e

‘asrey st (x)d(xA) (1 i
'3“11 SL(X)d(XE) (1 Ugm ‘Eﬂ ):dn ‘g)z p— X (x)d P11 (v :\]Llunz.xj
d Aladoxd sanysiyes 1eyy as1oAIUN uszx;% ul X [[B 104 = (X)d(¥A)
© xAuana a0 ©
x yona 404 )
X JJ0 404 ®
16 pral XA uopelou al!], |
Sy s1a1jiuenb [esIQAIUN 243 pared A (!
X Sy - g Anodoxd
& -SJaA}Lm w X JsIXe 2101 = (X)d(XE) Q
x 2uLoS 40 o
i/ ‘: o0 1502 A0 ©
L o x siSIX2 244 ] 0 B
Py == = ﬂ_ﬁ"l

?}i; l}? e
Y- oy mm
- - ]




OS(8} ST(TT +X¢- # T~ XP)(XA) = (TI+XE- =Z-Xp)(XE) — (e

:W'Om‘)apsb

OST+X0(E) (o

O<1-¥(xp) (o 0=1+,%(xA) (q
0<X(xa) (p @ +X¢-=7-3Xp)(xE) (o

1ed yoes 1og SanjeA
PG 3y QuIILiep pue JusWAEL)S Jora Jo uonedsu oy PAI gy
(= v (D(xA) =[()yg < (X)d(XE)]— (a1
(- v ()DE) =[(x)y < (D (xA)]— (m
i ()d—(XE) = ()d(xA)— (i
(Dd-(XA) = ()d(xE)- (i

S1aynuenb usamyaq digs uoney |

MY STONY A (OdI(xA)  (y
5[5 1 [(X)0 = (X y (DDI(XA)"
9STEY S (€)0 <= ()Y v (£)d
uary) ‘sjdurexs 1o1unos se ‘€ =X197 (3
[(¥)o— v () q)(x) = [(%)2 = () d)(xa]— PJON
o ST {(3)9 <= () d)(xA)] -
(P) woxy ann SLas[ey Jo uonedan g
[()o—v () g)(xa) = ()2 <= %) )(xE)]— DJON
9STRY ST (%) <= x) g)(xE)]—
‘310301313 (o) WOy 3s[ey ST Ong) 3o uonedau (o
O8IeJ ST [(%)9 <= (x)q](xA) ‘d10j0197)
OS[BS ST (£)0 <= (£)q uat ‘ordwexs xojunos se ‘C=%x1307 (p
S0 81 [(X)s «= X)dI(xE) .
SIS (@2 = (quay g =x10y (o
OSTed S1{(3)Y \ X)d](XA)
IR SL(6)M  (6)d uay) 6 = x 0] (q
SNIST (Y (¥)g)(xp)"
TESOA Vv (duoy ‘€ —xjo7 (8

wonpmpo$

LORA A COdlxa)  (y ()<= x)ql(xp)  (p

1092 =(ay Wa)(xp) (g ()0 = (dlxp) (o

109 = A [C9% v )dl(xa) (g

(6P =D~ 6 (ay. COdlxg) (e

JudWINEIS Yyorg JO anjea gy oy auruala(g

PPO SIX = (X)y pue uoas SEX = (X)o ‘owwd st x = (%)g 90T
SId8ouJo s oy = 1o LI

Bunocvay, PR Y oy map, 94

e e fae
I e ey

=
—

7

F— S



gapeatnbd St suomisodord  Suimo

OVA-O  (bondgeg pey .

90/86 AOTIHT " bad
% 2y o oy

-

I=1=(dVL) d =974

" =<
Bi=dV1 (@ dA=0-Vd) (D s-—Ag- (g Hfj‘j (v

E ‘ ‘sny |

1=0‘L=apue‘y=g- ‘izlgi

:‘- liz(ovd)puB&EHAS'“
;;., 1Yl 0S = HAS'——)(‘_—(D\/&): 0 Q
F voa aSovane g Yy
. HOAAHT "
_{H.ﬁumum ) JO YIIYM 2s[RY ST (Y A §—) <= (O V () J]
i y g Pmsuy

S L

o AR EE 1T

Ty 7 W) L
— A sy -

! L i

S?
My
- Sley <
UL(g

y: th ity
A )

; LN

{1 T

[ B

¥ !

¥ ¥

5 ‘. ‘.:7"
| T

g

MO)E) = (D4 < OIXA)-  wommpog
dAn1sod 1 X pue G < X Jey) yons X SIa1dY], (]

2A1ISod 10U ST X pUB ¢ S X Jeyl yons X storayy )
dan1sod j0u I ¥ pue ¢ < x 1Ry Yons X STRIYL ¢

PADISOd ST X PUB ¢ S X Jey} yons X s1amdy] 'y
HOFIAHA " (V)d < (XO)X A0

B0 o wo ¢ o w = (%)0y ‘oAl =
B i = nsod s1 x = (x)d 12
Ms-u.v ( )0 e s . ( ) 1

(05 X+ X)(XA) = (0 < X + X)(XE)— wommpog

Osx+ x)(xp) (a (
a 0> X+ X)(XA) (€]
o5 +Zz"‘)(XE) O O<x+X—(XE) v

2007 40dAHA " (()d(XE)— o

110} 3y jo yoiyay oantsod SI X + X 1(X)d 1]
9N} 81 (X)p— A (X)a X yoes 104 ({
9, (2)(x0) = (((p = (XIAN- O

MY = (7)d v (7)a uay ‘7 = x 197 (Y wom7§

dumo

B 00w @ fopeplea) @

(XJPL-v(x)a](xE) (O [()d v (®2)xE) 1V

Cl/p00Z 940 gstoquunu eIt

«l AMeA g SUI S FULMO[[O} O} JO U0 YIL WY
7 £q 2[qis1aIp ST X = (X)P

ownd st x = (x)d |

10A2 S1 X = (X)0 2s0UdS

l "\

3 ¢ .

[HDTU] S'! (” = - _}C)[XE) = (U < 1= EX)(XA)L_
o LIS (G5 w)(xg) = (0 < AN P
3-*-}31 MO A =(0s 1+ OEE)- "
B _'[ ISty # X)(XE)=(0 =1 + XA M
Py n];i.-n;::;ﬂ.:i:—;;:n )

9F]

Yy

(¢




“Honaga

(K x)dEANxa) (P (A)AEANE)
(A )d(&p)(xa) A )dAp)(xr) (v
Buimoy|oy

A JO AnjeA YNy A ULaPRp W ‘g = K + X (£ ¥)g jo7
l 12quunu |21 JO 138 3Y) = [] “SIDALUN o7
Jjdwrexyy dAnesny|| T

(X x)d wonejar 2y sayysnes £ Awd2aa pue x Araag =(K (X )0y,
Sp1oy (£ “X)d yeyp gons £ st axat X A1A3 10, = (K *x)d(Kr)(x,
(A *x)d uonejar
AP ur £ A1943 01 SpUBIS YoIym X Paxiy st Ay = (£ AL 2)(x
(£ “x)q uonejal
O SAYSuES jey) £ dUIOS pue X WS SI AL = (A “X)d(L0)(x
'SSBO INOJ SUIMO[[O] Y Suryoene £q juawoe)s -
383} aBULYd Ued nok juswale)s uado ue —— g = £ 4 x (A X)g
"PIAJOAL
3B SIqELIEA 0M) UM UOpRBUIqUIOd Ul SULIINID0 SIIGnU T
Jdmsuy ~0 sosed (e o) [ =(bAad-) < (be=d) i

L L L 40 d
L L L | L] 4
1 1L 1L S
L I i a1
L L L | 1Ll1L
brd)y=b<=d | brdc| b=ad | b d

d[qe) yIngy Juisn :Hmpm g
b Jo 1eys se anjea yynn swes agpsey  '(

‘b
Pue d Jo anjea g 3y yo uoneurquos aiqissod e oy ony st )
98[®J s1 b uaym os7e] S d

2ny st b uoym Ajuo any s i
uontsodoid ayy ;(b A du) < (b < d)
uontsodoxd aip noqe JUaWII®)S 1921100 SI SUIMO[[0] 3y} JO YOI\
d pmsuy - L=a<=yvo)
amls!da:)ugs ‘:[5() ‘L=d'd=d-
":I = 0 A\ dL__ 191[1 0S "ﬂ = HI_V H :Tn}_j’.}?rj'ﬂsv
d=0IV0)'a  y-v 4y AVdED)'g D=y
T1/£00z 390+ jonn Ajuessaoau
l”J‘?JlIl JO yoiym uag ang St (%Qv H'() — O[ de 1
VIoMsuy o bads(ba (de)—=b = do (v wopmpoy

SI Buimoj

hunrocy pTos

g nip, = S




i ’

(0 = &x)(£A)(x
(1 = AX)(AE)(g 2 x 3

ke § = KPOREIE) (0 =k 1 o)
g_-( (£ =SORA)XE) (7 (0 = AH)(XA)(,{S 3

e 10 20[eA [N Sy} SUMULINA(] “Joquinu [B2I JO jas ) =

13
B[ 0 =< K="g4hemgoyioq L

& putj ued 9M *X A19A9 10§ sueaw (£ “x) L(&E)(X A)
WY StA =X+ ARD(xA)

: "0 = X139 ‘A [jr 10]

fgiels S1GOYGM X PIXT) SI 2JaY) suBow (£ °x) LAEANXE)
: o SL(A =X + H(AANXE) (o

ony st (£ WLEXE)  (p

b 3 Ty
': p X £1a3" 1o ‘suvan (A x)d(AE)(xA) 2
' 1! (

ony s1 £
wmqans A sta191) “% L1042 10§ ‘sugow (£ “))d(AE)(x ) (0

as[eJ st A pquinu (a1 A19aa

‘5.__ n gg;l STYOmMm X PeX1] ST 19U} sueowx (1{ X)d(ﬁA)(XE) (-q

nuf (A>XUAE)xE) (v

oMo
(& NIAR(xA) @ (A x)d(Ap)(xpn)  ©
E1GEA)xE) (o (£ dEAE) (4
C0IE(xE)  (p (K XdAE)xE) (v

:s1aqunu

J“las °) S1 as10Atun By g1 ‘Burmoj[0] 3y} JO [ora JO InjeA

3 wmugl@{lll@l{l&-x+& (A %)L, pue £ > x (£ "x)d 197
=it co L1 = %397 ‘asjey 81 (A “x)d(A A)XA) (P

1 ann st (£ “X)d(AE)(XA) "

{ = Audy ‘g =X W]

=AU ‘g=X 19’1 ol

: My g, en.nmg— + X
) 8 £+ x Saryses mql anjea K Surpuodsariod

aste) §1 (g = £ + 2AA)
p“*vumsl T a5y SI @ — K 4 x f{p:mas ey A A19A2
_ Prym x paxiy st "ynm supaw (A X)d(f(A)(XE) (4
ong st (£ “N)d(AE)XE) -

b o G =Apue ‘e =X3T
OB e =K xsopsues
g Mo T o S1oateyy susowr (4 \)d((E)(XE) b
o= a
ﬂm?jh}}t Wy n;;n‘_‘_‘_




Kq payouap s} W0} juswngre Sy “9[dwexs saoqe oy u
O—| ud cgd czd c[d /(q P91OU@pF
st uononpep [edido] yong "uoIsnjouod Ap pa[[e‘o 0‘ 1u9‘tua11‘31s JJOUE
plA sosnuoad o sisaypodAy pafieo Ud 7 d Cd 'd “sjusuzpes
UAIS B JBY) UOTIASSE Up SI (WLI0} JUdWNGIE) UOHINPIP [edSof \Z
‘uoisnw0d paqpeo st b pue sisaypodAy 1o sasturaad L
pajeo a1e b <= d ‘d uawlels 2y} ‘gidwrexa aaoqe 2y} uf °
p=b- cr=bvdr=d (n
L=b- ‘p=b«&dip=d (1
:b 1noge papnjouos aq ued YA\
‘ongsibvdpuedy (O gl
;b mogqe papnouod aq ued JBYM
onny si b <= d pue ong si d J1 (r

"
=1

ordurex?
FUIMO[[0] 2} JOPISU0D oM ‘UOI103S SIY} 01 UononpoIul Sy . g
ANPIEA PUY SJUSWNSIY u
ong st (] - x5 £) (XxE)(AE) (a 0y

[-=As1 | — X5 £je) gons X A19A9 ueyy s

ST yorym A paxy stareyp, -ony st (1 - x 5 A)(XANAE) (D
"os7e] SI A A10A0 uey) SS9 ST YoIYM [ - X < K

ey} Yons X paxiy st 219Y) sueaw (- X < &)E& A)XE) (g fy

ona st (1 — X < K)(AE)(xA) i

€<k 1~y <K= 7= X7 (v wommpog Ty
(I- X548 xE)AE) (@ (I- X <QUAANXE) (4

(I~ x5 AXAEAE) (O (1-x<QUDxA) Vv iy

. st oM i

JoU S1 3UTMO[[0] 21} JO [OTYM s108a)ul aAgB?szeltiii?Igg gll%f}( pUB¢X J '052?lJ

V Iomsuy NN SI(S + X = K)AR)(XA) wronmpog "
(x#4) v (£2x) (Aa)(xA) (@ (0=1+%lp) (g
E+A=EAD O (5 +x=NEDxA) (V
“oquinu

[B21 JO 198 3} UO jJUAWINEIS any) B S 3uimorioy oy Jo yorypy  '6C.
Z=K‘¢C=x19 ‘onn ST() = K —% pue ‘SJH-:)(&E)(XE) ' ( -“?g
A 1Je JOJ oN1) ST U ‘| = X 107 ony St (A=Ax)(£A)(XE) (@ U
o 0=Xx19] ke
10§ 2N} ST U , .
] HIPIGM X poxYy St ooy onn st (0 = A)(KANXE) (P "
M =E)AB)#xa) @ N

[3 p = f{
jel) yons K ST 219(]) ‘X Ao 101 any SI (0 =K = x)?AE)(;A}; (q

ﬁmmc’”%?mm?mw M0 i, éﬁ!




[ R S S S el § sl Ll

o | | | B | | = | = |

T o | g B | Bt | o | o e

HF‘LL.[—‘FLFLHFLH/

u‘[-*[-«LL:LL.-E—'E—'LiILT-t!

e o |
(Vo)

0

o
f
ja

MOY

d—j1 < b D <= d 21q® yinn Juisn £g (q
PI[eA UT ST uLI0J Juswingry -
twoy—»>1=d (3
(T) pue (1) woxy f = d— pue y=b- (¢
sstuard — | =bee=d— (7
i | ostwrard — [ =b (] (»
‘o1 sKeM[e ST oSTaI] e
1 JudWRIe)s J[duns WoIj e)g e iueynpog
| --} 4 c . 3
- 11;: (d 5 (s— v 1) @G b—b < d-“d ®

igpe - derde b (o bed (g
L d
f T berdbed ¢ beed

‘ @, : "PI[BALL
. § Sm‘wmnﬁm ‘E;‘u;mono; 3} JO [ora IaylayMm ap1oa(] 08
—~ ddurexy dANRASN|[] -
- S——

e
LR Ly«
(I [ aS =
Mg ""Ej ; ttaid oy [[B 19AD uaym “asieq st ) JI presuj (1
a 0‘1 :!'L“G‘Jd Y1 [[B 1AD UIYM “ana) St Q) JI i (1
1BS g ! 2 EAg ' A
el DI SEO— g - “¢q T4 I J w0y Juawmaie vy

f

J1i4
il

-
h)

it D
B -
! l'-l. A i fig'}; ;)
:ﬁ“ B )efq o 1
VR s by " b-dbedd spauws U] (

¥ { 3«‘;;;‘ o _
-)]}i”‘ i
hﬁhn . '-7-??;”'- o

i 3 = s =
L R
ok i




pouni a1e sdor 3y = b
SOWd WIeI Y I, =  tmoszimpn
b <=4l SALI0J UIRI A} “DU0J2IdY |
2A1238 10U [[1Mm o1doad oy 10 paurni jou axe sdoxd duy [ daus
{114 jdoad ay) pue paurn d1e sdoId Y AWO0D JOU S0P IR 1)) §|

'POYRN 10211p Aq syuaWINSIE PIJRA AIB SUIMO|[0] oy -

pIfeAUl ST ULIOJ JUAWINSTY

L=d—‘g=dy
astward — [ =1 (des )¢
J=Qpue [ =s—pue J=1‘] =1
astmard —— | =s— Vi
d—— 1< (d<=s)— (s vi-)

PI[EAUT SI UWLIOJ JUWNGIY,
(<) uonuyap pue () woyy ——> J=1°g =d ¢
ostward —— 1 =de 1%
(7)woyy —> J=dpue‘p=d— ¢
asiwald —— | =d—& b ¢
astwald —> [ = Db |

Juawaie)s ofduwils wioy 1es
I—b—‘dead Db
PI[BA ST WLIOJ JUAWINSIY
(QHwoyy ——> =19
(<) vontuyosp ‘(y) woyy ——> J=1'4=Db"<
ostward—— =b < 1t
q=b - (pwoy——> 1=
asquaid —— | =bw <= d
astwaad —» 1 =d-
juowrayeys afdunrs wolj els ‘a——b < 1¢d b -« d
PIJBAUI SI ULIOJ JUSWNGIY

'Z MOI Ul as[ej ST b uorsnjouod d
MOl pue [ MOI 3q1 II? ann aie b ¥ dl__ pun ‘CI ggngld Qll‘. ~j!q;_?'|. :\qi i

] 1] 4] 4/

1] 1| L] 1
— 1| 4] 4| i

Ll al 1] 1]
Lh<:d‘—-- de— b;l ¢ ] W

AL

b-—b «= d— “d ajqey yans Fulsn

'L MOY PUB § MOY “C MO 0] ONP PIjBA UL ST WLIOJ JUAHRTIY

. “9S[¥J 81 d UOISn[dOUOD oY) Ingy Nl dlt e
b= d asmuaid oy , mor pue g mos ‘¢ om0l W ojqE i

Bunroomay; promounyp)” g i,




5

b <= d [0quAS SB 9)IM W0 Juswng 12 3 ‘uoy g
ﬁmﬁqaqmmaqu
[NJ$$300NS 3q [11m oy = b
PIBY SYI0M o = d 3oy o g
| ‘ssourddey o3 SPe[ Som pagy
L g1 Addey 39 [[14 91 USY) [NISSa00ns st oy 3 'Iysso0ons 2
ey $HIOM Y J] “SUIMO[[0] a) JO Ayipijea oy 9eFnsoAy]
el 0 — d ‘0 < d :20udpeAmbS Jo dduny
| O—— 40 v d)— isuayjo ], opusuod Sapon
00— 0 A d'd— :susuod opuayjo, SIPOJAI
0 ‘d— 0 v d ;juswydesa( jo dnurg
Hcd—{HC{VO¢=dmmﬁﬂﬂ&W9NDMLl
d—— O < d Q- :susyoy, SIPOJA
0—1 0 < d ‘d :suauod sapoyy 1
S0URIRJUT JO SANI PI[[BD SUOLINPAP PIjeA UIBLD 218 2
ADUIJU] JO [Ny
PIJeA ST w0y Juswungry -
(=) s pue (1) wory — 1 =y
(S uwoy—» g=1
STRId —> [ =b <1
(¢) woyp ——> y=b
(2) pue (1) woyy — 1 = be
astId — [ =b—«=d
ostward —— 1 =d
I——dbe=1b—d
e 9JIA wiIof Juotungie oy y,
2197 S1 9219Ja1 oY = I
swed ay) Aegd ves 3y =b
1 31e] ST Wwed) oy ], = d jor] :woympog
| TP 2191 J0U ST 9010J01 2] “2I0JAI3Y |, *978] SI
i L g °W Aeid ueo wree) oy nga, ‘:graq s;gasu;%a aq} J
wes sy Aeqd jou ues Mwey) ‘oel stwedl AP J| ¢
PI[BA ST WI0J juouwngiy -
(¢) woyy—> [ =d
(<) 30 apns Pue () woyy —— J=d—
swaId —— | =(1vb) & d—
JO9MI pue (7) woyp—— g=1vh
WA pue (1) woyy ~——3 1 = (1v b)—
Slwad — [ =1— Ab—
d—f 1 Ab—(1vb)e=d—
: }%;\\ S10QuIAs ur ojum 2q ued swiioy juawundie oy
e aAxeys [is apdoad oy =1

4 ab-)ln}!‘ T
v 1, A
: "HJDW‘ WL 3 7¢1
‘ & ¢

| b
3 4!

£t

N S

°H

— R o WG

M (=)
°I'S uegg




PI{BA S WLIOJ JUdWNTIy/ -
L= de-

(<) oqnu pue (g) wop —— y=d
ostward —> | =b— <= d
(woyg——> 1 =b
ostwald—— [ =b A -
(5)omrpue (woy —> J=1— ¢
astuoId ——> ] =1 ]
d——1bAI— ‘b <
$1 LIOJ JUaWngIe Iy 90usf]
dwad st ¢ =1
LSpAIpz=Dh
UdAQ 1 9 = d 1977 wanmpog
"U3AD JOU S1 g “210JaI0Y ], *swiid ST G ng */ SpIAIp
T 10 surixd 10U SI ¢ JOYNS */ OPIAIP JOU SIOP 7 UDY) ‘UIAD I 9 J1I
() (woy—> [ =bip=d -
ostord —> 1 = Ab)<=d
astaid — [ =d
(1) wog —— g =1
ostard — [ =1
PI[BA ST ULIO juQWInsIy *.
wist3oqAs Jo ajdruud ——> 1= d-l1e<h b e=d
b1 0 aApsiodenuos pue asiword — L=1<b
ostmld —— [ =b < d
PIEA ST ULroy Juawngry -
(A) 30 oI pu (1) wogy— > | = b
(¥) woyy pue (g) wory —— y=do
astward —» 1 =b A di-
(<) Jo a1 pue (Quory—— j=d
osturald —>s 1 =d <1
asmudad —> | =1 (e
usues ajduns oy WO} UB)S tampnng
b—d—1Ab)<d (2
de =1 —dbec=s-bed (g
b—rd<ibnad- (v
duimorjoy o jo o2 jo Aypifea oy op1oo() it
PI[BA STIT “(WsIS0[14s) aouatajui Jo ajns oy Ag]

.
ey
N

R o Pt

1{-:

— o en o

(o

— ¢ en

(q

— 0 e e n S

fruntoovang ropounypny g yup, Ly




1sauoy ale suerdonpy 1R% (3

‘ c . uoneuruex)
. oA JTOAJUO PUB JI APMS [rIm mo -
& gsed lllﬁgxg ok ssed [[Im noA 3812 10 Apms [[1M no g (%

v
i goneult | —gpAuopuegi‘is¢  (p

woy €631 O S=1-p10L594¢ (g
uo1$a] 1oy} ApP1Js J0U Op SjuSpnIs swos (e
Surmo[[0} 91 JO Yora 10J uonesau ayj puig

& 1<=b-Vvd]<=[aarb)=d] (o
b, v (@)jeld A ] @ (iaby-=bvd
" amed @ b-=@-vd (e
o "BUIMO[[Q] 31 JO Yora 10} anjea
gy ol QIR ‘Aoanoadsar | = 1pue f =b °y =dp7

sG>t

-
& =l
i
]

5

= ISI.IIXH

‘t MO 0} NP PIjEAUY ST WLIOJ JUSWNSIY

 mou ur os[ey st b A d uoisnjouod

giihg ‘c Mol pue 7 Mol u1 onn are b ‘d— < b asnueid ay]

i ‘b A d—] b ‘d— < b juswnGue Y, wopmog

€ MOJ PUE | MOI 0} 3NP PI[BAUL ST UHIOJ wownde oyl d

"p MOI 0) NP PI[BAUIT ST WLIOJ wowngieayy D

"¢ pue 7 MOI1 0} anp pijea SI Woj woumSie oyl 9

“Z MOI 0] 2np PIjRA ST WLIOY juownsie oyl 'V

qqn - enn A[Liessaddu si Surmoj[oJ 243 JO YIIYM
L A te 4 | d 4
L Ji d L[ d ¢
L L 1 S P
I 7 1 L1 1

d—=b| be=b—| b b| d|mod

Foouasuy

T
e PR .

e

[ N

) Suimor]oj AY.L
onpord = d 197
o ‘aJO}SJQl[l

‘b pue d 1noqe uaaI3 os[e ST I[qE

sonunuod wel = b mof st uol
i $ANUNUOD ures IO MO] ST uo_uonpmd 10 a10jeiiLl
f ) flﬁtq S "2NUNRUI Jou S0P uiey] sim:é}tio:)
3 ::"“MS&V._T. uoHINPOLJ “ULIO] 1u9umfs’,ge —Bll:t}g«fi‘[g} ;llg 1‘ P.. o
dux{bL—‘dc_b (P (1___1an,¢:,;] g

by | op (HEHT) " wiuonEuILTX2 O
it UL paey Spnys 1 uop | “pavy ApIS 14! ORI
i' 1.' ~ HWdwngpe ) sjuosardal ﬁU!.ﬂO”Oj qu] }0__[1._ |
" 1 prey Apms 1= o
. &> gonpuIEXa Y ssed [=¢
; "‘hﬁy."_' - : : e
y : ?'}JT)U;

S = H: —

ENE]
s

'LE

——

ol



(b=d)—-v(b=d)(q
(b—Ad) v (be=d—) (@ (be=d) A (b d)— (& 4ndung
[ <= (DHIKE) < [0 A ()dl(xa) ()
[(OH <= (DEA= (5
[(0d = ()al(xa) (¢
[COH < (dI(xE) (o
[COH v ()dI(xE) (g
()d (xB) (e
JuIMO[[0] Ay} 1O YOBa JO dN[BA — [ITLI] Y} dUIUIAIA(]
> x:(x)0) ownd pue ppo si x (X))
T Aq 21qusialp s x ((x)H owrtad St X :(x)d 397
e T =nw1
“UTe J0U S0P I “2I0JAISY ], "BluauId
3y} 03 03 jou Op | "BUIAUID ) 0) 0F | ‘surel i1 Jj (o
"D 218 $921) DI0JAII |,
‘pauepd 1B saan;; J1 AJUO  9searoul JoU  S30P |
UOISOID [I0S “9SBAIOUT UOISOI [I0S JND are $331 J] (qQ
"SAWIOD U1 9] 2IOJAIAY [, "9AIRIS JOU [[IM
ardoad a3 10 poauing jou 21e sdoio ay [ oare)s [im 2jdoad
oY) pue paurni a1e sdoro 1) ‘owiod jou saop surer Y Jy (8 (11
I&=d—b—<=r-be=d(j d——b‘b—<=d (o
I——b«<=i1db—<=d (o d——db<«<=d—(q

(bvd)—— bedd—(p d——]b—b<=d (e (1
SUIMO[]0] a1p) JO ANIPI[RA Y) U}
(d—<=1)<=[<=b)vbad)](y be(bvd) (p
(d—¢<=b—) <= (b<=d) (3 b< (bad) (o
(bvd)y—nd( (badye=d (9
Lebvd)]<[aab)«<d] (e (bvdy<=d (e
"I()IAU IO

SUONDIPEIU0D “SAIFO[0INE} I8 JUIMOJ[0) Jy) JoyjayMm JUIINA(]
"PaROIpRID 9 01 Aaaod

10 19p10 ur prey sylom eidonps L1942 jey) JUDIDIfJNS ST ] (@

Y31y 2q 03 jou 2911d 10J A18SS209U UI A[QR{IBAR 01 SWID| (p

SuIures JOU SI 31 UdY) ‘POJO OU AL 1Y) J] (©

c->¢-ua €>6J1 (Q

Ppo ST 11 10 dwiid jou st xoquinu € I (e

3ARISOde.U0) “ASIDAU0I ISIIAUI S]1 OAIT qUIIL)S [Or2 10

— RN

e

_-B'u_;umcmw JOIRVURYO) DL PUR,



pjep padnoid e uonnqIsip o

_plB adnot )y

RIS pue paz;ueﬁm pep -i€IEP P

ko et poZLIEWWINS 10 pauLLIe )
P ; e J3uy
jol ETCRIEL U gjep o1 9SAYL ‘€IEP padno !n 1
- '-qqeio ul vlep Jo junowe o81e] quasaxd 01 panl

nonnqLisip Kauanbayy padnoiD (1!

joadsal 11U} YHA pourejqo sanjeA Bep [[€JY JS1°]

Al
bl = ponnqusip Asuanbaly 21310514 (1
' qrisip Lauanbal j

jso Ul
PRANIY -anerodutd) “9ZIS ‘o8¢ JyBiom YBIY 2
| ~[emEpse-Eoney
gelieA Snonupuo’) (q
4 180 JO 1oqUINN
;;J_ quIN ‘Ireyo JO IPqUINN JUepnis JO roquInp A[durex ]
—I3quinu
Jos1(] (2

9. asdU |

£

. g 1LV
B0 e

' " m;;uasa-ld zyep Jo poyjaur uonn
; jduuzx’]
Raoou!
; ottt JO passajdxa st 31 <9l

: ‘. Aq poImseat 10 passaidxa st 1] :S[qeHeA 3)9

a[qeLieA OM] 0} Ul PaZII051eD SI 1BJEP sAneInueng) (
8 "159) Ul 21098
g i wyendod Jo Joquunu ‘owodwr JYBIAY quSrom ‘e3y :opdwiex;
i Hu@ passazdxa ueo am ‘a[qeanseaul si 1] ‘ejep aAapepuen() (I
. m“?gm!}!l?nb [euorEONp? ‘asuadifpejul ‘Aisauoy ‘Aneaq
§ | euoneu uoidiar ‘xes ‘yuawyoENe QO 13 “I0j0)) sopduzx
Rquinu u1 passaldxa jJou Ued am ‘Q[qRINSEIUW JON
:ejep aAapeuen) (1
elep aanRInUENY) e
i : ‘ elep aauelEnd) e
F D danemuent ;2 ilglj e
_ ' neyaadiojul pue SisA[eUE o
eiep Swiziue3io e
vlEp SUNJD[[00 e
14 Suijeap 20USIdS Y] SI ISOMSHTIS

=3

Anqeqoad pue sonspe)
: L I




10108 UOIO2LIOD AU} UMD (Y
ylew sse[o suriapq ([ i

salIepunoq SSE[O UM (I

SYIBUW §G UBY) SS9 103 Sjuapmis Auew moyg  (y
SYIBW §G UEY) SIOUI §193 SHUSPMIS Auewr moy (8 y

sse[d € JO Kouanbayj aAeINUIND A} puty (7

SSE[O G JO JIuul| SSB[O JOMO] 3t} ST JBUA (2

'Sse1o € JO U] SSB|O wddn oy stiegyy (p
-gonmQquIsIp Aouanbaly SANENUINO oY JUIISRQ (9 5
[eAIoul SSE[O pulg  (q

sasseo 9 Suisn uonnquysip Kousnbay padnoi3 e aredord (e ;

Ih 2 uay L

LTy 1S 09 SE 8% 19 TE 9% OL €5 6€ 6F ‘
~A-1E 0 8¢ 95 0€ 79 Lv 0S €F 8T 9¥ ST SL »
5 It 6T 9y O T8 6F 79 0S SE€ ¥S €S Ly 9

Al

v vv 8S 8€ 99 0S Ly 0f€ 69 8F Sv vb 5§
"WIEXD SONBWISYIBW UL JUSPIIS ()G JO $2100S oTe JUIMO[[O AL ']
sidwexy sAanje.sSny[f

(<'0) + (i ssepo Joddn) = Arepunoq ssejd 1addp)
(¢'0) — (] SsB[O 19MO[) = Arepunoq sse[o om0
saLigpunoq ssep (AT
B}
= (°x) yreu sse[) (A} iy

C
(3reuy ssepo saddn) +(Juwi| sse[o Jomoy)
"SSBJO UAIS Ul JoqUInu puodas ay) st Jnui| sse(o roddn) e
"SSB[O USAITF UL JOqUINU ISI1J Y} S JIWI] SSB[D 1omOT e
$$BJ0 UIAIS © ul Sjuawd]d Joddn ayy pue 19mo[ 2yj SI STl SSE[D (m
palinbai sse[d jo raquinu

— jeAtayur ssep) (I
(snfea wnwruIw) - (anJeA WNWIXew) l

-Kauanbaxy ueyy 210U
paj[ed sI prem yoeq o} Kouanbayy [pyoy oy woxy duop st ssod0id Ay I
‘Kouanbaxy sanenwno uey) ss,, pajfeo st UL

o o A1ean3oadsar 7y + ¢

+ % + 'J pue E}+‘3+‘_{ Gty *ly aae sasseo asay) Jo Aouanbay
SANBINWIND OU} USY) ‘SASSBID + Jo Kouanbaiy aue ¥y €y <1y y1 opdweNd

] 'sse[o 01 dn 07 181§ 21} WOY
S8Se1d Ay (B Jo Aduanbayy jo wns oy st :£ouanbaay aape[pWN) t
uonnqrystp Asuanbaiy ur pasn jey) ydasuos aiseq oxe Suimoriof L
’--——‘—'-J
fpggogond paro conerprg 2amg iy LG] {

=

=



Unit Fiy- ¢
SR hi’?’, '%h{tll‘ﬁts'i

)  How many students gets more than 25 )
m) How many students gets more thay 35
Selution: Here

_ (maximum value) - (yy.:.
b) class interval = —————~ 5_) -~(-i-]}f_’l“”llmv i
number of clysg euireg V|

od

812 _g5xi0
6 — ——
| Cumulative frequency |
Score Number of | Less thi.ll'l More th.an E“
(x) student | cumulative | cumulative | boundayie |
(class _(frequency) frequency | frequency
limit) d
25-34 7 7 ‘ 50
35-44 9 16 43
45-54 22 38 34
55-64 7 45 12 54.5-64.5
65-74 3 48 5 64.5-74.5
- 75-84 2 50 2 h 74.5-84.5
¢) see the 3 and 4" column i) see the 5‘h column,
d) 54 j) see the 6" column.
) 35-34 %
e) 65 k) correction factor = =05 %
f) 38 1) 50 student gets more than 25

g) 34 student get more than 54.  m) 43 student gets more than 35, |

h) 38 student get less than 54. )
Measures of Location

(Measures of central tendency)
It is typical representative of a set of data.
e The average of a given set of data is me
tendency (location)
There are types of averages in common use:

asure of centrd

1. Mean 3. Mode 5. Decile .
2. Median 4. Quartile 6. Percentile
X e (805
1) rvear{E)= X +x,+x,+....+X, _ Z ¢ mean of raw
n i

s uYOIIT“be Digital[O,1] Ethiopia

y
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L, Unit Five: Statistics andpuigﬁrfﬂ
Iy = L fﬁ\‘ = ....+‘f”x” = Zj;xf < mean of

\\af ]1+f:+f1++/f? f;

qum‘% discrete frequency distribution

< mean ¢!

 fim + fomy + fimy o+ fm Zj;m,.
h+t L+ i+t f, /i
. grouped frequency distribuiion
" " Where m is the class mark (x. = m) <« class mark
% ji) Median When observation are arranged in increasing or decreasing
order of magnitude, the middle value is the median.
e Median of Raw data is given by

™ 44
Sk r n +l i .1_5'
3 —— | ftem if" nis odd ﬁ
i) :
T\ ¢ ((nY" n Y |
= M, = | 5| tem +| _+1| item itemif niseven
5 2 2
T
§ I 2

N
N Where n is number of observation
-1
Z n
) -2‘ —¢f,
i e M,=B, +|=—— |1<— Median for groupcd
hat’ ¢ frequency distribution

-~

Where, B; = Lower class boundary of the median class
n = total frequency
Cf,, = cumulative frequency just before the median class
) f. = frequency of the median class.
i 1 = the size of class interval.
Combined mean
If X,,X, are mean of n,, n, observation respectively then the combind

mean ( x ) is

; X = —= ¢ combined mean
L n, +n,




‘Iblft j’i{jc: “)ta .

I (’)O o e ___,_i_: -’_w; Urpef P ]
=_— ______Fr,___—,;ri_—'_—'::_ —- . 7_‘-_\:;_‘_'_%_:,_::__ x‘\k\\ mls i
—_— Ilustrative example :

- One O‘]_'Oup 0[_‘ 50 S-[Udenl hﬁS d mean Sc(mh -._}

P, =] - \ . v il o4
- group of 100 student has a mean score of 4() lingd 1hén' Ag

e : I oy
the 150 student. n‘351111:;_;

Sofuticrn: 1) = 50, .Tf]
50x30-100x40 5500

iR

E\)

Solution: X =

=30,

50+100

150

5

5

Since n = 6 is even number

Ny = 1 00. ’fl =40
36.7

2) Find the mean and median of the number 8, 3 5 |, n
8+3+5+10+12 35 |

= 7'6““mean

To find the median first a write in increasing order, 3,5 m

b)  The following frequency distribution tableéx,

_8+10 _18

d 2,

— =0 «— median

2

{

Find i) the mean (X ) ii) the median (),
Mark 3-5] 6-8| 9-11 12-14 | 1517 |
Number of | 4 3 6 4 2 [
student
frequ. 1
Salutien: Here :
® To find the mean first determine the class mark (x)
3+5 6+38 9+11
® = —_— = —_— —_— 310,
Class mark (x.) > T 7, >
16, 19 :
* To find the class boundaries, use correction factof, .
which is 6-3 =(.5 «—— correction factor

0 3-05=25and5+05=55

o fx, «— product of frequency and cl

ass matk. &

fx:4x4=16,3x7=21,6x 10=60, ... E€

———

e

Class

Freguency

nmu

um

."'-\
tlative

s

B
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f”*.\, W boundari W*‘W
% limit) b Xe) e
35 2555 | 4 | g
——=2 | 5.5-8.5 7 | 3 T .0
+ 3 LR I N N
O-11__| 85115 | 10 |6 I e S
12-14 | 11.5-145 | 13 4 13+4 =17 52
15-17 14.5-17.5 16 2 | 172=10 32
— 1820 | 17.5-20.5 | 19 1 19+1 =20 19
‘ — 2T =20 |
Total JMJ > fx, =200
N ——_________ o
l . >/ =20 total frequency
;\ » 2. fx. =200 <——Multiplying x, by its
& .
corresponding frequency and adding
— Z fxc 200
i L ¥ = = =10 ¢—mean

J(?

M,

Y20

ii) To find the median of grouped frequency distribution use,

=B, +

(i
__Cfb
2 i

[

h
, [ n 20
Median class is (E] = [—2—) item = 10" item. It lies on

3" class (8.5 — 11.5)
By = 8.5 «—— lower boundary of median class.

Ct= Te—0o cumulative frequency just before the median
class

f. = 6 «— frequency of the median class
1=55-2.5=3 «—eclass interval width
n =20 «— total frequency

3 =10 «— median

The following frequency distribution tables




Find 1) the mean
i1) the median
16 - 20

4
Solution: Here
First determine, p 7
° class boundaries .
. class mark
e cumulative frequency
. fx. «— (frequency)(class mark) f
Class D |
bo?ln aries 5.5-10.5 hlfo.srls.ﬂ 15.5~20.5’ 20.5-25.5) 255305 ;48 u
Frequency 2 g 4 6 0T ;;
Class mark | 8 13 18 23 TR “
(x) i |
Cumulative | 2 5 9 15 15 e
frequency y
fix. 16 39 72 138 |0 0
D X 16+39+72+138+0+33 _298_ . &
S f 24+3+4+6+0+1 6

mean
i) To find the median first determine the median class by

5] ]
— | =|—| item=28" 1tem
2 2

;Ignce the median class lies on 3™ class. It is (15.5 — 20.5)
us,

. B; = 15.5 < lower boundary of median claSS_- F

. Ct, = 5 «— cumulative frequency just pefore the 72
class

¢ f. = 4 «—— frequency of the median class

- i=10.5-55=5 < class interval width
*  n=16<—total frequency
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55
. M, =155+ 4 3=19.25 ¢ — media
N\
_ Mode (m)
Definition: The mode is a value which occurs most frequently I a set
of observation: '
- The mode may not exist and even if it does not exist it
may not be unique
. Find the mode of the following data.
?_ a) 2a ]90:43 3: 3: 2-.- 5, ‘83 7, "2.,3
i b) 2,5,3,1,7,8,9,2.1,4,5,3,1,2,5,4,6,0, 1,2,5
N C) _1143 7969 9: 1: 055:8
I Solution:
' a) modeis x=3
b b) modes are X =1, ¥ = 2, X =5. Here there are 3 modal
‘ value.
3 c) mode does not exist.

= Mode of grouped date

; Mode of grouped data in given uniform class interval can be |
: obtained by the formula

Mode=M, =B, + ——Ci-——— 4
d, +d,

Where: B, = lower class boundary of Modal class

d, = the difference between the frequency of the modal class and
the frequency of the preceding class (pre-modal class)

d, = the difference between the frequency of the modal class and
the frequency of next class

i = size of the class interval

Illustrative Example -
11) a)  Find the mode.

| Class Interval Frequency
4-6 14
7-9 39
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_ F-—lz):_;]ij - 57 _ B J t
13- 15 6 i

. » . ‘ Jass 1. 1@ yiul R -
Smmw. Tllc I]l()k[;ll o E] = C |-\I_\.\ “CL«(';U\C [l
the largest. a

BL= 65, d[ = 39 14 =25 1
d;=39-27=12 \
i=9-6=3 %

d[ ; 25
ma=8, | —— i=6.5+ <5 i
0o =71 [d,+d2 [254~12J3~8_.~:

b)  Fnd the mode.

Marks 0-9 10-19 [20-29 [30-39 et

Frequency | 10 16 25 18 el

| Sefution: The modal class is 3 class because its frequeney

largest. e
BL:19.5, d1=25— 1629,

d,=25-18=7, i=29-19=10

9
somy =195+ [———JIO = 25125
9+7
Quartiles, deciles and percentiles
. The median divides, the distribution into two equal parts.
. The quartiles divides, the distribution in to four e

parts.
. The deciles divides, the distribution into ten equial pars.
. Percentiles in to 100 equal parts.

Note: Quartiles, deciles and percentiles measures of location

Quartiles, deciles and percentiles for un grouped data.

Quartiles are values that divides set of data into four equd
are three quartiles, Q;, Q; and Qs.

To find quartiles for ungrouped data

o Arrange the data in increasing order

o If theg number of observation is:

| parts. THe¢

th
k
a)  odd, O, =[ (n4+ I)J item b) Even {J, =|
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Hlustrative Example

12.

. 13,

0O,

Find Q1. Q2 and Qs for the following date. 3, 6, 10, 25, 19, 14,
17, 22,26

Sobution: Arranging in increasing order, we get 3, 6, 10, 14,
17,19, 22, 25, 26

19+1)
0 :( 4
here Q, lies half way between 2™ and 3" item
5 Qi =(2") item + %(3" item 2™ item)
=6+ %(10-6)=6+2=8

th
] item = (2.5)" itern

Or
6+10
— =
0, 3
th
0, = (2( 94+ DJ item = 5" item

5 Q2= 17 = median
th
O = (3(9/: I)J item = 7.5™ item

th - th -
_ 7% item +8" item _ 224125 935

2 2 —
Find Q,, Q; and Q;

X |8 12 |13 [15 |17 |18 [24 |
f 112 J18 [20 |2 [4 |4 |1 |

Selution: n = 61
th th
0, :[k(n_f—l)] item = 0, =(é1—+l] item = (15.5)th
4 4
item
15" item+16™ item :j2+12=24:12

pr—

2 2 2
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- o614+ g,
0, = L:__:I | A item = 13 = mediap :
th
_ (M] item = (46.5)" item
/; 4
46" jren-:+47i”’ item 13+13
= - o=l
2 2
Deciles

Deciles are values that divide a set of data in 1o ten ¢
are D], D:« D35 D49 DS, D63 D?? DR& D9-
To find deciles for un grouped data

qual pars 7, B

. Arrange the data in increasing order of magnitude
s If the number of observation 1s:
; th
Odd, D in+1) ite
, L = 1LCIT
Y 10
. . —th
n n
— [} —= 41 _
b) even, D; = [10] (IO‘ j item
2
INlustrative Example

-l. 1

14. Find D,, D; and Dy for each of the following data sets:
a) 18,2,4,6,10,7,9,and 11 3
Sefution: Arranging in increasing order of magnitude, W8
2,4,6,7,9,10, 11, 18

23) (2(8) ] "

e et : i

D, = 10 10 item=(2.1)" 1tem

2

Hence D, is between 2™ and 3" item, i.c. xp + 0.1(%: %) 4
“Dy=4+0.1(6-4) =4+02 =42 |
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. \h'r
[ _w[{(\} _}(3(8)_!_1)
10\ 10

0, o

o (2443.4)
item H(“ﬁ-z-——ﬂ] item = (2.9)" item

J
d - d :
D+ is between 2™ item and 3%item j.c.
X2 +0.9(x3 - x3)

(8®),(88) )Y
10 10 :
D, = 5 item = (6.9)" jtem

Lo Dy=4+ 0.9(6 -4)=51%

\
. Dy is between 6" item and 7™ item
i.e. xg + 0.9(x7 — x)
5 Dg=10+0.9(11 - 10)=10.9
Percentiles
Data divided into 100 equal parts. There are P\, Py, P; ... Py
Note: Percentiles are not the same as percentages.

To find percentiles
*  Arrange the data in increasing order of value
. [f the number of observation is

. th
t
a)  0dd, P =[ (’”D] item

100
; th
( n n
[100]%100]“
b) Even, P = item

{

2

\

Ilustrative example

5. Find P,y, P, and P for the following data.
Q) 23,36,40, 44, 29,27, 19, 7,3
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f’_ _ ~— m&& :.
' 24(9 + I)). P iy
Py "o ) TR e

+. Paq is between 2" and 3% item _
je X2t 0.4(x3 — X2) 3
p24:7+0.4(l9—7):11.8 i |
+1)).., . £
= i%—(g—-—)}th item = 4.2 item E

Here, P4y lies between 4™ and 5" item = x, + 0.2 (X5 ~x,)
- Py,=23+02(27-23)=23.8

. [75(9 +1) j ith item = (7.5)" item i

" 100 '8
Here, P+ lies between 7" and 8™ item 4

je x7+0.5(xs— X7) ,
~Pss=36+0.5(40—36) =38

Quartiles, Deciles and percentiles for.grouped data

Each formula for grouped data is also given as follow L |

% —dfy 1

1. Quartiles, Q, =B, +|——— I

Je

Where, k=1, 2, 3
B = lower class boundary of k" quartile class &
Cf, = the cumulative frequency before the k" quartile clis
f,= frequency in the k" quartile class 2
i = the size of class -

2. Deciles, D;=By+ 10 |

Where: fc = frequency of Jth — deciles class .-‘. ,‘
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ote, Q2= Ds = Pso

|16,

\

Unit Five: Statistics and probability

following data set.

Solution: First, find the cum. frequency

i y
=

os P 100 T

Percentiles. P, 13, |

Find Q;, Qs, Ds, Ds, Py, P, Pes and Py of each of the

Age |3-12 13-22 123-32 [33-42 [43-s2

F 4 12 10 7 2

Age | 3-12 13-22 123-32 |33-42 [43_52
F 4 12 10 7 2

Ccf |4 16 26 33 35

To find Q,

th
0, = (1 X435 ] item = (8.75) item

It is found in 2™ class

- By =12.5 «————lower class boundary of 2™ class
cfy =4 «———— cum.freq. before 2™ class of quartile

f. =12 «—— freq. of 2™ class

i1=22-12=10 «—class size

F
2
L0 =125+ -472— (10) = 16.45

To find Q3

(), = [31433) =(26.25)" item, it is found in 4% class
S BL=232.5 «— lower class boundary of 4" class
¢ty = 26 «——— cum.freq. before 4" class of quartile

=7« freq. of 4" class




urut ‘-f‘(u . Q0
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%}Q::H {

L0, =325 L S, (10 =328s7

To find D4 }
tH
D, _—_[4X35] item———(lﬂf)th item

10

It is found in 2™ class
» By = 12.54— lower class boundary of 2™ ¢[ag

cof, =4 cum.freq. before 2" class of decile

f.=12¢— freq. of 2" class
i = 10 «—class size

[4x35_, |
D =12.5+| 12 (10) = 20.83
! 12
To find Dy )
th
8 =(8’<3‘5 ) item = (28)" item

It is found in 4™ class .
- By =32.5 «—— lower class boundary of 4" class

cfy, = 26 «——— cum.freq. before 4™ class of decile
f, =7 «——freq. of 4™ class
i =10 «———class size

[ 8x35

3
—26

5. Dy =325+ 10 —— [(10) =35.33

To find Py,
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12%x 35 . 49Y;
={ ——— | item =(4.2) item
B, 0 | )

It is found. in 27 class

B =125¢— lower ‘class boundary of 2 class
cfy, =4 «—— cum.ireq. before 2™ class of percentile
f,=12 «——freq. of 2" ¢lass

12x35 3
& T 32 =125+ _—1%—— (10) =12.66
To find Py
(24x%35)"
= item = (8.4)" item
24 ( 100 ) (8.4)

It is found in 2" class
24 x 35 B

"B, =125+ —10—1'351_ (10) =16.16

To find Pﬁg
th
P, = [68 . 35) item = (23.8)" item
. 100 ‘
. It is found in 3™ class

S Br=22.5 «— lower class boundary of 3" class

¢ty = 16 «——— cum.freq. before 3“ class of percentile
=10 «———freq. of 3" class

68x35
P =2254|-100 (10) = 30.3
. 10
Fo ﬁﬂd ng #
99x35\" :
By = ( 2 item = (34.65) item
100
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A Permutation 15 an - et
" The number of permutation of m difTerey obices

e e

Aisrp =
H_Hff Fitre: Ng,.q- \
S iy
g (AT

Permutation T
arrangement of objects.

n! L.

fimeis P(n.r) = ——
(in—r).

The permutation of n different objects takey, | .
Bea o . at g gy, -
an arrangement of rout of the n-object wiyy, ilitht-- 2
i AUon ¢, ™
the order of arrangement. ‘ 0 g

2

33,

]

IMustrative Example

Find a) All the permutation of A B C o ——
b) All the permutation of AB C D
c) All the permutation of 1,2, 3,7
Sofution: 1" place we can fill either of the 3 letier A .,
pud place we can fill either of the two remaining‘
3" place we can fill the remaining one letters
3! 3r o3 3

5 B3, B)ZM o T!_T: 3x2x1=6 differen

arrangement
b) The 4 letters, A, B, C, D can be arranged as P(4. 4)=
4 4x3x2x]

(4—-4)! 1
arrangement

c) The digit 1, 2, 3, 7 can be arranged

. Thousand place we can fill either of the four digit

* Hundred place we can fill either of the remaining tre
digit.

. Tens place we can fill either of the two digit

o Unit place we fill the remaining digit.

S 4x 3 x2x 1 =24 different 4 digit number we can make

4! 4! LI
W - 6{ =4x3x2x1=24 different 4 digit?

1 Sl
a) How many permutation are there of 3 people s¢ octed 118
group of 10 people.
b)  Inhow many ways can a first, a sccond.
awarded in class of 9 student.

¢

= 24 different

P, 4)=

make

. L
and third prit




o

p-t

R

=

e

4
34,

ni

il
o

Unit Five: Statistics and pruobabiility

¢) A row of six seats in clags room 1s to be fi

individual from a group of ten students.
In how many ways can the seatyg

d)  Inhow many ways can 7 books be arranged in shelf

e)  There are 8 different coloyrs how many ways of 3
different colour are possible
Salution: Here

lled by selecting

PA0Y=— 2 _ L0 oo 8 =720
8 FELS, (to-3y 71 CXFxe=T

M 9x8xTxel
b) P(9.3)=——u = 220 10T
) P(O,3) TREY o 504

10! 10!
¢) P(10,6) :(—10—“‘_—6—)—':—1'—210‘X.9><8X7X6X5 =151,200

7!
dy P(7,7)= G- =7!=7x6><5><4><3><2><1=5040way

8! 3!
e) P(8,3)= =—=8xT7x6=336 way
&-3)! 35
a) How many three digit numbers can be formed from 3, 4, 5, 6
and 7 .
1) If repetition allowed

1) If each digit used at most once j.c.
Solution: 1) 5 x 5% 5=125

5!
(5-3)!

(repetition not allowed)

) P(5,3)=

=5x4x3 =60

Permutation of some identical object

The number of permutation of n objects of each

S
¥
g

P

n, are alike object of 1 kind,
n, are alike object of 2™ kind.
13 are alike object of k™ kind, is
n! '
., Wheren=n;+n,+....+n,
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33.

36.

37.

Lo
— = i '::,_:h_d({f;!(

= "-'—":—ﬁ ) . f}:r,é'

[Mustrative examp_l_;_

Find the number of arrangement ( PCI‘lnu{;ﬁ}[;r‘ -

= N

==__Su

J(\-:.!i- . N
from. Dy,

a) 4 black, 3 red, 2 white
b) 2 black, 2 red, 2 white

Solution: Here
a) n=4+3+2=9 Ol 43¢,
91 9Ix8xTx6%5 FAER

AR 3xIx2 =030

b) n=2+2+2=6
6! 6><5><4><3><2><1ﬁ90

o 2x2x%2
Find the number of arrangement (permutation can be
of the letters of the word
a) LAMP b) FOOD c)  CALCUL
Salutien:
a) There are 4 different letters in word “LAMP”
4!

)

b)  Again, there are 4 letters in “FOOD”. 1F, 201D

4P, = = 41=4x3x2x1 =24

!
A = Aadndnd 12 differ ways
121! 2x1 B
c)  Although there are 8 letters in word “CALCULUS
2C,1A,21.2U,18S.

. The permutation (arrangement) will be
g 8><7><6x5x4><3><2><l:5040.

211221 2x1x2x1x2x1 oF
In how many ways can the letters of word ZARRAP-‘IUVMO'
arranged? How many of these arrangements are there 1"
a)  the two R’S come together
b)  the two R’S and the two A’S come together

&
. T

EdE i,

-

N Unit Fiere. Stet;
= e Jt-
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185 Unit Five: Statistics and pm&a&mg
Salution:

a) The number of arrangements in whyj
_ together can be obtained by treati

ch the two RS come

ng the two R’S a5 one
letter. Thus, total number of arrange

ment.
|
——6%= 360
pAILUL
|
b) —§—-— =51=120
1t

38. a) Find the number of arrangement (permutation) that can be
made out of the letters of the word “MATHEMATICS".
how many of these permutations
b) Do all the vowels occur together
¢) Do the word start with I
d)  Begins with the two A

In

e)  Begins with E and ends with C

Solution:

a) The word “MATHEMATICS” consists of 11 letters of
which 2 are A,

2 M
2 T, and the rest all different

. The total number of arrangements (permutations) are
11! — |
212121 .y TN

Fa e

E

b)  The word “MATHEMATICS” consists of 4 vowcls A.
A, E and I (two are similar) |
To find the number of arrangements in which the four vowels occur
together, forming one letter. Thus we are left with 7 letter of which

2 are M
2are T,

: T
lis H % arranged as = 0

lis C
lis S




39.

40.

A circular permutation is an arrangement of element in a circular

pattern.
° In circular arrangement, there is no “first place” soi
fix the position of one object
e A circular arrangement of m object is (n - 1)! difiee?
way ;
41.  Example: In how many ways can 6 people be seated 4"

A combination is a selection of objects with out consider

order

owels arranged as = —
The 4 vowe anged ¢ .

- Total number of arrangements are A g

201

Q! AR

10! : ! g
i d) - e) =
2!2!21 2121 2191y
2

3 different physics books, 4 different |

a) In 1Cmigyy, by

and 2 different maths books are to be arrange
each type of a book are identical. In how i
books be arranged

ol
Sobutie 31
How many different number of five digits can be myg, &
the digit 4,4, 2,2, 2
Selution: There are two 43

Three, 25

Hence the number of different numbers can be formed

5! ﬁ1><2x3x4X5 ~10

M 1x2x1%x2x%3
Circular permutation

nany cqy ¢

&

............... Explanation 3+4+ 9~

= o ’

don she, |

circular table?
Selution: Use (n— 1)!
L (61 =51=5%x4x3x2x1=120way

Combination o
mg ihL

AB and BA represent the same combination




Unit Figp. ;2
W Nt Sttt et
The number of combination of n object taken y ala time is denoteq
r:r} n!

by (1, 0= (;- - (n—r)!r

ITlustrative Example
22, Computey each of the following
a) C(,5) b) (7,3 c)
Solution: Here
3l 8  8x7x6
CBS)=— == _SX/X0
4 CE9) (8—5)15 3151 3,5 90
7! Tx6x5
gy 3§
(7-3)B3! 3%
n!
(n—n)nt
43. IfC(n, 3) =C(n, 5), find n
Salution: since C(n, 1) = C(n, n-r)
Thus, C(n, 3) = C(n, n-3) = C(n, n-3) = C(n, 5)
S n-3=5 - n=8§
4. IfC(n, 15)=C(n, 11), find, n
Sofution: C(n, 15) = C(n, n - 15)
= C(n, n-15) = C(n,1 1)
Sn—15=11
Son=26
3. IfCe8,r)=C(18, r +2), then find r
Sebution: C(18, r)= C(18, 18 — 1)
= C(18, 18-r) = C(18, 1 +2)
=18-r=r+2=16=2r . r=8% ‘
3) In how many way can 2 books be selected out of 10
different books? .
b)  Inhow many ways can a committee of 3 be selected
from 8 people aote
¢} Inhow many ways can three or more people be selected
out of S,

Selution: Here

C(n, n)

by C(713)=

c) C(n,n)= 1

46,



47.

48.

49.

10! 10x9
y  CO0D=gm ==
83) = — -
b)  CEI= T 5, %6

¢) C(5, 3) + C(3, 4) +1C(S, 5)_10+5+1h‘
[n how many ways can 3 men and 2 womnen b l6 ]
{2 men and 8§ women? © Selegtyg
Selution: Out of 12 men select 3 men |
Out of 8 women select 2 women.

12! 2 1
. C(123)-C8.2)=| ———— || ——_
123)-C02 [(12—3)‘3'] ((8 2)@}*6160 i

A number of ways of selecting a committee of 3 ool _
girls from a group of 5 boys and 8 girls from group ofi ;

and 8 girls is ---=--------- (Entrance exam) _
A) 560 B) 128 040 g
Sefutien: C(5, 3)-C(8, 5) =(10)(56) = 560 At -

A committee of 3 members has to be formed from 5 pe;
6 women. In how many ways can this be done wie @
committee consists of . 3
a) 2 women and 1 men c) atleast2ma g
b) all men d)  all women

e)  atmost2mery
Salution: 1
a) 2 women from 6 women can be selected [6J

2

5
1 men from 5 men can be selected [1]

L (6)(5 6! 51 sl
: - _ (15)(5) =TV
(2) (1) [(6—2)!2!)((54)!1!] (=g

(5
b) 3 men from 5 men selected is C [ )‘; 10

c) at least 2 men means:



Unit Fige- Statistics and pmﬁaﬁiﬁ'iy

iﬁ/‘;’f
' 2 men and 1 women or 3 men and no women

" 50.

51.

5) (6 5)(6)
C(z]' L -(O):(10)(6)+(10)(l)=70

All women means 3 of them are women.

| 5
[6J( ]: 20 ways
3/\0

¢)  atmost 2 men: 2 men or | men
2 men and 1 women or 1 men and 2 women

(5) (6 N 51(6 B
[2] 1] 15 =(10)(6)+(5)(15) =135

A set contains 5 elements. How many of its subset has:
a) exactly 3 element

b)  atleast 3 element
¢) atmost3 element
5 51 5x4 NN
a) C| |=-== =10 ¢
3) 243! 2 |
b)  atleast 3 element mean that (3, 4 or 5 element)

B e

A box contains 5 white, 2 Red and 3 Black balls. If three balls
are selected at random. Find the number of ways such that

a)  One ball is black ¢) exactly 2 white

b)  3ofthemwhite d) 1 white, | red and 3 black
Selutien: Total ball: 5+ 2 + 3 = 10ball

\
a) (3]@ =3)21)=63 ¢ G ?J = (10)(5) = 50

| N

(55 5Y2Y3
{0 R Gt

ianswdents| (I YouTube Dicical(o,1] Ethiopia
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— Binomial theorem T -""ﬁ"'ifru.;%
e e T LY T
| Binomial theorem for positive integers tHis a posjig, itges. i
. O ek gk g
(a+b)" :Z( ae b
k=0 A’
n n i "
— [ }a” + )(l Ib +( {H : f'b.‘_‘ N I.‘}
0/ l/ \2/'| " I ,.
A
;_m_‘_'_‘“*-—“ {
. e——
- Illustrative example —~—
55 Expand: 2x *3) TN
Solutiosn:
4 7244 ( \ J4
22+ 3)° :[0 (2x7)" + (2x )’ (3)+L er RO
, 3
~16x° +96x° +216x" +216x* +8l
Example: ( X —Zy)5
( 2y)5 ( } [ Jx/— =2y +[ Jw(
T Wx (=2 + \/E(—zy) 7 -2
3 4 3
5 3
= x2 —10x*y +40x?y 2 _80xy° +80IV -3y
53.  Find the 4" term in the expansion of (2% -3y i o
Sebution: with a = 2x°, and b = -3y’, and using the binomial ¥
5 9. 28NS L 'ml‘
with k=3 and n =5 we have [3](2}73 ) (=Y y = 103
- The fourth term is -1080x°y°
54.  Find the indicated term without expanding

a)  (3x-y)', eighth term

b)  (x + 2y)", the fourth term c) (Hﬂ. 1

ferm



—

Qt QI u‘ut- 5&‘3.' Smaﬂd cestel P!u]ﬁué"" 5
X \ ___,.-:—'__’_'—___—_-_P— — - _
;fﬂf

S alution: 8) 4 = 3x.b=-y, k=7 andn= 10, we have

'101(3_‘\’)3 (-»)" =-3240x"y"
7 /

=

[ b) a=x,b=2y, k=3, andn= 12
.Fli [132];(9(2_]/’)3 = _960.1‘ .]/_3

I
¢) a:3x'l,b=gx,k:t}andn:l.'.

13) . a1 ) (13)
,1‘ (6J(3x )(33{} —(6J(3)x

: 5
55.  Find the coefficient of x* y* in the expansion of (—-x -

8 5 8-k __2 k 5 s
J Salution: (k)[gx] (?—y) =Xy
”855~2 CO(8Y5 V(-2 Y
S5 5 () R
(56{52 J( ("23) 3 stﬁ =350
122 5

. . L 9 .
Find whether there is any term-containing x° in the cxpa

(zxz _l)ﬂ)
X

20 2\ 204 “Ink L0
Selution: [ k}(bf')“o" (=x7)" =()x

40-2%—}
@xUE'{A:xg

(ST SN

56.

nsion «

31
40—3k:9<::>k=—§~




e e P P

—————— TR e L e i

Which is not possible because r myyg be 4

cl ot T g
fore there is no term containing x” i (. given 4 OSiliyg -
57 Find the term independent (constant) of X (e CXPang;
the following. EXpy

9 " Mop
2 ] e | - \
a) X _-_;- )) X H‘; ¢) (XH-H\
3 QXJ

Here, we make the exponent of x zerg

L S

— 18 -2k—k=0= 18-3k=0
k=6

9 3 1 \6
(xz) (—x I) =84
6
b) By making the exponent of x zero

ey ay

= x0T x=x" =36 -4k =0= 4k=13

k=9

[12]( V(-1 =-1760

By setting exponent of x zero we get
10-2k=9
k=35
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* le: In tossing of two coin

Unit Five: Statistios ai

—_——
—

ul puebi:biliz;
ally exclusive events:

Eiand Iy are mutually exclusive if and
out comes, i.c. By N E, = @&

1 Rolling of die

= getting even number

= getting prime number

2,4, 6}

=1{2,3,5}

N Ex = {2}

nd E; are not mutually exclusive event.
tossing of coin once.

and {T} are mutually exclysive event.
M E_')_ =

only if they 1.

I

& then E; and E, are mutually exclusive
N E; # @ then E,| and E; are not mutually exclusive
‘ndent Events: Two event E, and E, are said to be

dent events if the occurrence of one does not influence
Irrence of the other.,

, the event getting head {H}

irst coin and the event getting head {H} on the second

independent.

are independent event then P(E, N E,) = P(E;) - P(I)) |

“2nt Event: Two events said to be dependent if the

5

‘what is the probability that
oth are black (with out replacement)

~ce of one affect the occurrence of the other.

t: A box contain 4 Red and 6 black ball. If two balls

are

ith are red: (with out replacement)

“:d then black
_' @) The two cvent (drawing single black ball) are

(t
6
the first draw, P(black) = 1—6

the 2™ draw, given that the first draw was black

:Iack) = §
9

fois ¥

]
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Prabability 1s 1 ure
event so that deftnite v
Definition:

1)
i)

tit)

v)

d)

Unit Fig, s
L . g

_—_-—:-.——:———-—-—-—'—’—_rw e

7..‘7&'_&:&',‘, fie,

Probability
qeasure of uncertainty involyed jy the |y
L » oo :I} o
alue may be assigned g, it. | m”‘ﬂg

Random expel-iment: any happening whose result g
~ s 1.
ll?;;ii:;;]e: Tossing of coin, Rolling of dic.
Out comes: The possible resu‘]l of the CXperimen
Sample space is the set of all possible gy Comes
experiment.
Example: S = {1,2,3,4,5,0} ¢
die. i
Events: An event is any subset of sample space,
Example: In tossing of coin once, {H,T} is even
Types of Events
Simple event containing exactly one sample point, {
Compound event is an event that has more than ope sam
point i
Example: tossing of two coin {HH, HT, TH, TT}
Complement of an event, E is the collection of all out comes
the sample space that are not in E, denoted by E'
Example: In Rolling of die
Find a) the event E getting 6 b)E'
Sclution: Sample space S = {1,2,3,4,5,6}
a) E = {6} «——occurrence of event
b) E'={1,2,3,4,5} «—— complement of event (Non
occurrence of event)
Exhaustive Event: Events are said to be exhaustive if at least 8
of them must necessarily occur. '
Example: In rolling of die:
{13, {2}, ..., {6}, {1, 2}, 13, 6}, {1,2,3,4,5,6}
are exhaustive event.
Example: In tossing of coin:
{H}, {T}, {HT} are exhaustive event

sample space iy tolng _
of

Let By, By, ..... E, forms set of exhaustive event then
E\ZUE,UE,uU ... E, = subset.
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DD%\ ’Lpﬁ;umallv exclusive events:
ents E and E- are mutually exclusive if g
Two events & .e.E A E, = o3
-ommon out COlTles,‘l.t:. 1M Es
o < Je: In Rolling of die
Examict E, = getting even number
Let E. = getting prime number
. = El = {2: 4! 6}
"y —E,=1{2,3,5!
Thus Ey m E; = {2}
.. E; and E; are not mutyalj
Example: In tossing of coin once, ‘
: {H} and {T} are mutyal| exclusive event. -
Note: 1) I Ey M E; = & then E, and E, are mutually exclusive
i) IFE; N E; # & then E, and E, are not mutually exclusiye
L f)  Independent Events: Two event

E\ and E; are said 1o be
U ong, independent events if the Occurrence of one does not mfluence
the occurrence of the other.

Example: In tossing of two coin, the event getting head {}]
Lot on the first coin and the cvent getting head {H } on the se

cond
coin are independent.
*IfE, and E, are independent event then P(E; ~ E,

)=P(E) - P(Fs) |
2)  Dependent Event: Two ey |

1d only if they hipy e

1{ ik

', Yy exclusive event.

i L If two balls yre
\or drawing what is the probability that

) both are black (with out replacement)

b)

both are red: (with out replacement)
€)  Red then black

Sefution: a) The two ey

ent (drawing single black ball) are
dependent

6
on the first draw, P(black) = 1—6
y . on the 2™ dray, given that the first draw was black
P(black) = E
2 9
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. 6530

. ack)= —-—= —— = ~

. P(black then 109 90 3

Probability of getting Red, in the firsy dray, PR, ;

l“JPQI'
=

~ _‘_l._;qu %

b)
° Probability ()f‘ge-[ting Red, In the zml (l}‘qu. | ]t'_‘
that the first draw was Red, P(Red) - 3 v )
9 7
3_12 2 .;.-a
. P(Red then Red) = ——= — =" £
( 10 9 90 15
4 6 24 4
P(Red then Black) = ——= —= —
c) (Re TN |
P(Black then Red) = - b= 2% _ 4 r
ck thenRed)= — - —= —=—
S s ""109 90 13
Equally likely event: Each element (event) has equal chance
select.

Probability of an Event

Probability can be measured by three different approaches
i) The classical (mathematical) approach
ii)  The empirical (relative frequency) approach
iii)  The axiomatic approach

i) The classical approach
Definition: If all the out comes of random experiment are equally li

out comes, then the probability of an event E is

pE) = ME)
n(S)
Example: A fair die is tossed once. Find the probability thd

a) E;: An odd number appears.
b) E;: An even number appears

Solution:
a)  8={1,2,3,4,56},n(S)=6
Ei={1,3,5},n(E,) =3
L PEy="TE) _3_1
n(S) 6 2

O} n(8)=6,E,=(2,4,6}, n(E;) =3
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n(lk,) 3 1
mfg n(S) 6 2
1 : \ if) The empirical approach
!a\“._.,_ P(E) = ﬁ‘equency of E
*é ‘ total number of observation
gxample 1: The following table gives a distribution of daily income.
Income 18-24 | 25-31 | 32-37 | 3844 | 4551 |
No. of work 5 40 15 | 23 17 |
Find the probability that:

a)  their income less than or equal to 31

b) their income 32 or above

c) their income either between 32 -27 or 18 -24

Safutian: Total number of observation = 5+40+154+23+17= 100

5440 45 9
100 100 20
15+23+17 55 11

100 100 20
15¢5 20 1

100 100 5
2. 100 bulb were found to be defective in lot of 800 bulb. Find the
probability that a bulb selected from the lot is defective is

100 1
-;l”ﬂ p(D@f)z_fL _

Chy a) p(income<31) =

b) p(Income>32) =

¢) p(Income32—37 or 18—-24) =

800 800 8
ii.  The axiomatic approach
Let S be the sample space of an experiment and E an event. Then
_,probability P (E) of E is given by
" n(kE)
P (E)=
n(sS)
Since E is a subset of S, we see that
0<n(E)<n(S)
0< .5 < () «—— Dividing both side by n(S)
n(S) n(S)

ogfl(.ﬁéi

n(s)

il
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Uit Fige. |
— ———‘:‘.':_Ei ‘Equ('..‘ fic.

:-__;,—_u——‘:;_‘f,u —
G(“_!!
pl{-li ,
s Hhy

M (E) | k
n(S) ‘1
0< p(E) sl axiom property {
ket it p(E) = 0 then E = . (Impossible eveny |
i) if p(E) = | then E = S (Certain event) |
i) p(not ) = 1 = P(E) =p(E) where E'=S £
(Odds in favour of and odds against ande\q
if p(E) = m and p(E') = n then the ratic B

E)y m _
0 f_(_)—:-u—) odd in favor of Event E (ratio of
p(E) "
failures)
f_@l _" _ odd against an event E

& p(E) m
Note: p (E) = 1 —p(E) and (E") = (not E)
n(S)=n(E) n(E)=m+n

[llustrative Example
ent are 4:7. Find probabilr, -

The odd infavour of an ev
occurrence (P(E))
4 E 4
Salution: ‘-B-(—E—')* - = ___BL—)——:...
p(EY 7 1-p(E) 7
— 7P(E)=4— 4p(E) = 11p(E) =4
4 1

4
. p(E)=— and E)=1-
p(t) 11 p(E) 111l
54 The odd against certain event are 2:3. Find
a) the probability of its occurTence
b)  the probability of non-occurrence.
p(E") _2 1-p(E) _2 5 ylEr"
3

S((Mﬂﬂd a) 4o == -
p(E) 3 )

~5P(E)=3

3
E ——
p(E) .
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b pE)=I-PEI=T- o=
s5 A box containing 4 green, 5 black and 6 white marbles ¢ ne
" narble is drawn at random.
) Find the probability:
t a) green marble.
b) not green marble
ity  Find c) the odds in favor of drawing green marble
d) the odds against drawing green marble
¢) the odds against drawing white marbje
Salutien: Here
) plgreen) : :
| green) = ——— =
#E 4+5+6 15
b)  p(not green) =1 — p(green) = | - i ':__l_l A
15 15 T
) 4
C w9 M plgen s
P(E")  p(not green) 11
15
11
E' not 15
o PE)_plootgreen 15
P(E) p(green) 4
15
I 6 9
) P(E") _ p(not white) _L=p(white) " "15 15 "
s = = = =" = 3
P(E) p(white) p(white) 6 6
56. 15 15

If p(E) = 0.6, Find
a) The odd in favor of event E.

“b)  Theodd against the event E.

Selution: 1 et = O(E) odd infavor of E
a) O(E) = ~AE) . = 0.6 =3 «—odd infavor of I,
P(E'Y 1-06 04 2

~
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by OE)=DE) " 06 06 6 3¢ "l

Rules of probability !

— I. Addition rule

If E, and E, are any t'wo_ events lllen 5

i) P(E] U Ey) = P(El) + P(Ez) — P(E; m Ez)

i) P(E1 VY E;) = P(E) + P(Ey), if L
exclusive L.e. E,NE =9

E

and E, |
g
1'.

—
—

T,

~

_,_f——’—_"_"——_"—————i * . -
11, Multiplication Rule

If E; and E; arc any two events, the probability tha both
oceur denoted by P(E, and E;) = P(E, N Ey) =P(EE,) i given?ﬁml
i) P(E,E2) = P(E,)-P(E;) If E and E, are independeyy \
ii) P(EiMEz) = P(E)-P(E2[E)) if E; and E, are f;if:pendentMT
event (conditional probability)
= P(E,)-P(E,|E»)
Condional Probability: When occurrence of one event depeng; g7
occurrence of another event, we say the second event is conditiog l;

the first event.
This is called conditional probability.
i) The conditional probability of event E, given that E; has gl

occurred is defined by P(E||E;) = —P—(—E—’—ngz-l
| P(E,)
ii)  If event E,, given that E; has alrcady occurred is defined i
pE ey = 2 EEe)
P(E})
Note: The vertical bar is read “given” -
Illustrative Example —

57. A box containing 6 red ball, 4 white ball and 5 blue ball 4~

ball is drawn at random, Find the probability that is:
a)  red or white c) neither red nof blue
b)  white or blue d) not blue

€) odd in favor or red or white f) odd against W

hite o bl#




Sefution: Let R = Red, B = Blue, w = White by using addition
rule
9 PRorW)=PR)+Pw)=0 4 10 2
15 15 15 3
b PWorB)=PW)+p@y=4, 5 _9 3
15 15 15 3

¢)  P(neither red nor blue) =1 — P(R or w)

6
:]"_("‘“'!'i :1——%:1
15 15 3 3

5 10 2
P(notB)=1-PB)=1-"--""Y _ <
9 (notB) B 15 15 3
2
P(R)+ P(W) 3
OR = 4 -
e) (R or W) l——(P(R)+P(W)) 1___%_ 2:1
3

D Exercise left for the student
A number is selected at random from the set of integers from 1 to
20 inclusive. Find the probability that the number selected is:
a)  Multiple of 2 or 3 b)  multiple of 2 and 3
Selution: Let S = {1,2, 3, e Son(S)=20
Let E; = selecting multiple of 2,
E; = event selecting multiple of 3.
Then, E; = {2,4,6,8,10,12,14,16,18,20}, n(E;) =10
E>= {3,6,9,12,15,18}, n(E,) = 6
Since, E; n E, = {6, 12, 18}
. By and E; are not mutunally exclusive
a) P(E; or E;) = P(E, U E,) =P(E,) + P(E>) - P(E) N Ey)
10 N 6 3 13
20 20 20 20
b) P(E, and Ej) = P(E| N Ey) = P(E,)-P(E2E,)
= P(E,) -P(E;) «—Since E, and E, are
independent event (P(E,|E,) = P(E,))

_(10) 6 _3
{20) 20 20
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e and coin 18 tossed together. Find thee DRl
E | ll.“‘ 2

A di . G
) S and head ) Jandyy iy
b) odd number and head ) even Nk |
Saludiott: Tossing die = {1 2,3,4.5, 064 g,
IH ’1" L
LS

Tossing coim = 177 heris 6 x 2
T 21 18 7= n
d die together is 6 x 2= 12 oy Cotne

Tossing coin an ‘
. §={IH, 2H, 3H, 4H., SH, 6H, 1T, 27 371 4T

Thus, il

o ] 1

; six and head) = p(six)-p(head) = — — = _L

a) p(s! 62 10 Evey.
{6H)

3
5 plodd and head) =p(odd)plhead) *6—%:1,5._
4 i
(1H,3H,5H}
. : o1

o) p(3and tail) = p(getting Typih)= = :IIE'[\“

{3T}

3
d)  p(even and tail) = p(even)-p(tail) = -6 % -Jﬁi

{2T,4T,6T}
A box contains 4 white and 3 red balls. If two balls are diz. -

after the other with out replacement. Find the probabilify -

a)  both are red.

b)  both are white
c) the first ball is red and the second is white.

d)  the first ball is white and the second is red
e) both are different color
Selution: Let R = Red and W = White, then

a) P(RandR)= %-———_

3-1 .

P is one red ball is removed from 1" drow)

|

b) P(WandW):i.i:_lzi.}_:.?i#-aj |

77-1 76 7

white ball is removed on 1 draw

Unit Fiye. §
it B S,
e % f

-
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g2
) . %R and then W) = —3~ —4—“-—3 4.2 7-1 is Red
5 9 77-1 76 7 0 °°F
[‘]2 %, is removed on the 1* draw
T,j{" d)  P(W and then R) = P(W)-P(R|W)
W:" 4. 2 33 ?‘h—a?nwu d
.‘\]‘\1 - 7 . 7 6 7 s White is removed on
AN the 1* draw
I'" &  PRW or WR) =P(RW)+ P(WR) =
|
o ~ P(R) POWIR) + P(W) - PRy = 2. 2 4.3 _ 4
B ! - 76 76 7
| C(3,2
| Aethod II, a) P(RR) = G2 _1_’ b) P(WW) = C.2) E
I c(7,2) 7 c(12) 7
\;\I 1) A box contains 4 red, 3 whlte and 5 blue balls. Three balls are
2 Fi. drawn one after the other. Find the probability of getting:
‘ a)  all 3 are red. Drawing with i) replacement
ii) out replacement
2 l b)  all 3 are white.
4'&“ 1) With replacement ii) with out replacement
c)  all the balls are of different colour.
- d) . the balls are drawn in the order red, white, blue. Each ball
5 is .
by i) replaced ii) not replaced
Solution: Let Red = Ry, R,, R3 (1%, draw 2™ draw, 3™ draw of
red ball respectively W = WI,WZ,W_», (1%, 2™, 3" draw of white
ball respectively.
Then
a) i) If each ball is replaced, then R, R, and Ry are in
dependent event
— 4 4 4 1
s “- P(R; R R3) = P(R).P(R;).P(R3) = 2 01 2
if) If ball is not replaced, then R;, R, and R; -are dependent
| ~event
4 3 2 1

il

~P(RIR, R P(R).P(R,IR).P(R;|R | Ry)=— - —.
(R1 Ry R3) =P(Ry).P(RyR)).P(R; | 2)121110 55
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26.

27.
28.
29.

30.

32.
33.

34.

35.

36.

B, "
Jow many giﬁjlﬁ];ﬁ??liz made with 3 Aifferey, g, :‘;’/
ﬂwT:Zien;ucopics each of 4 different bogk, In § R !
2]1: I[hey be arranged on @ s?wli‘.’. o H oy W, -
[n how many ways can 2 o .‘n.mIe 11.85 be selecteq Ol g, 14
If k is a real number and 1f the middle wry s w % N
8 ll:zmﬁi'ﬁ!r
(_]i+ 2] is 1120, find k ' lﬁu
2 V
Find the term independent of x in #
9 9 g
1 (32 IJ I
: — 11 == = i S 3
1)[2.\’+3x3] ) (2 Ix 1) [\3"' -\El
Find the coefficient of x' in the expansion of (ax* - bsz.'
If the coefficient of x” and x“; if} the expansion of (3 +
In the expansion of (1 +x) ", the coefficient of anzi B
equal. Find r _ _
Find the value of r if the coefficient of (2r + 4j et
(r - 2)th term in the expansion of (1+x)" "
Determine the probability that in a family of 5 children thyr, i
be at least 2 boys and 1 girl o
find the probability of throwing a total of 7 in single thoy 1
two dice. :l :
what is the probability of throwing a total of § or 1l s ]
throw with two dice -
A ball is drawn at random from a box containing 10 red. s o
20 blue and 15 orange marbles. Find the probability thatits {4
a)  orange or red ¢) not blue -
b)  notred or blue d) white e) red, white or bl F
Determine the probability of three 6°s in 5 tosses of fir b
(Hint, P(666 6 6) or P(66 666 ) or (66666) ...
5 .k
A probability that a man will be alive in 25 years IS P b

"J |
- - ’ . - | ‘}tﬂ:
- . - H 3 S P n
probability that his wife will be alive in 25 years is 3 "

probability that ’

3 3 ol B
a) bOth Wlll be alive b) Only the man \\]” bt’ :[:\\ |
C) On-ly the Wlfﬁ Wlll be alive d) at lCElSt one Wl” hed




i . .
« N /] atrices and Determinants

_ A matrix is rectangular array (or arrangement) of numberg in rows and

umn. .
;:{o;re are the general 3 x 4 matrix and

matrix A3 «4—> 3 the number of Row R
4 the number of column 73 Colums

|
1
j

Ay G Ay Gy | 2 ¢
/ A=|8y Gy Gy Gy '
'J ¥ ;
% (331 Gy Ay Gy |

» Each entry in a matrix is called element of matrix

o Elements in the horizontal line are called rows.

e Elements in the vertical line are called column.

.+ Element is identified by its row and column number. We write in
subscript notation like _
ay; called ij“‘ element or entry of given matrix.

s aindicates element in i™ row and j® column.

» The mimber of rows and the number of columns are called the size

Wt or, order dimension of matrix.

. ¢ The dimension of the above matrix are 3 x 4 (read three by four)

* _Write the number of rows it first and the number of column second.

[ IMlustrative example

ir 3.6 -2 4 1]
7 0 5 -6 8
11 9 -4 -3 2 |»then

8 -1 -7 L _s
2

L IfA=

a)  Find the order of matrix A
~b)  Find he value of aj3, a31, A4, 42, 821, 325 852, A36
i €)  Lable these element of A with variable a and subscripts.

I )-7 ii)-3 i) 2 iv)-6
| x5



220

Uait Sy .

>

B

It has 4 T2y, il
14as IWS ¢ v g A
Sabuticn: ) 4 X 5 i t has Fl’:’(‘if"_ ind 5 Colump, h
b) ajz = -2, an = 1 «—3% row 4 E coly,
v — Tt n s
a4 = -0, as2 = -1, At =T 2™ "¢ ) -
a,c = 8, as; = does not exist Oluny =8
a1, = does not exist ) |
¢) ap= -7 ii) aza = -3, 1) ags = 2 tv) drg = . g
) . 'q'
. Type of matrices . 3 f
These are row matrix, column matrix, Square matriy, diagopay 3
sero matrix, scalar matrix, 1dent1t}_f matrix, and triangular ma I.}a]_,,‘ i
I Row matrix. A matrix having exactly sing|e row (3 59)°
. Column Matrix. A matrix having exactly single Colupy; (4
1. Square matrix. A matrix with the same number of mWSamf‘ /
column is called a square matrix .
( 3 4) i
71 2x2 :
IV. Diagonal matrix. A square matrix in which all non diagong) 48
elements are 0 is called a diagonal matrix. R
V. Zero matrix. A matrix in which each element is zero is ¢z
zero matrix or null matrix for example,
0 O
0O 0 0 0
0 0 535
Vi 0 0 Ix2

Scalar Matrix. A diagonal matrix in which all
elements are equal ¥

Example | 0 “2\0 | and 0 0 0] are Scalarmaﬂiﬁf

0 0 2 0 0 0

R



0

Unit Siq:

Matsice, and .‘Detaf:immtd

dentity (unit) matrix. A scalar matrix in whi
I ents are all one. For example
| &

I 0 0

1 0) )
gxample 12 = 0 IJ’ =10 1

h each diagons]

S
— L
T— —

el

0| are identity magyix.
0 0 1
Upper triangular mgtrix. A square matrix in which al] the
clements below the diagonal elements are zero

b ¢

a
2 3\(5 7
Example, 0 5 o 0f 0 d e are upper triang ular.

00 f

Lower triangular matrix. A square matrix in which all the
elements above the diagonal elements are zero.

2 00

3
Example: [2 1}. 5 1 0] are lower triangular matrix.
3 4 6 '

® Triangular matrix. Either upper triangular or lower triangular.
Equality of matrices |
Two matrices Ap, and B .., are said to be equal, written
- i) A=Bifand only if they have the same order and their
corresponding elements are equal (a; = b for | <i<mand | <j<n

vilL

IMustrative Example _

2. Findx,y, and z if the matrices

-5 5x-8 4 —5 2x+3 4
A<l 3 8  y-3|and B=| 3 8 516
10 3z+5 12 10 —-3z+5 12
are equal |
Selution: If A = B, then corresponding element must be equal
5x-8=12x+3

Sy—6=y-3and3z+5=-3z+5




?b:{{ Siac: Mg,

—%:Ef S ed ,‘ |
SOlVi“g! 5% —B=2x 43 =3Jx = ]l:‘}X}—ﬂ {-‘}f

A
5y,6:y—3::»3y:3::y;-_; 3 i
3z+5=-3z+5=>62=0=>z= |

Addition and subtraction of Matrice
B are two matrices of the same order thep the g,
B obtained by adding the correspap ding e]eﬁf A
Mep,

If A and
denoted by A+

and B
Let A= i, B= b;j_, and C= Cij be m x n IIlaJ[I'iCcS'

Then C = A + B if and only if ¢ = a;; + by,
And C = A - B if and only if ¢;; = a; - by
Properties of matrix addition
i A+4B=B+A (commutative property)
i (A+B)+C=A+(B+ C) (Associative)
iii. A+ 0=0+A=A (Existence of additive identity_)
iv. A + (-A) = 0 (Existence of-additive inverse)

» Multiplication of a matrix by a scalar
Thé"product of a matrix A = ay; by a scalar k is denoted by K4 ﬂndm k-
obtained by multiplying every element of A by K S

Thus KA = (Kag} ‘

e a, a, a, then KA = ka, ka, fka, o
b b, b kb, kb, kb, ,

lustrative Example

3. Let A=|” —1, |13
-1 3 0 2
Find a) 2A + 3B b)2A-B

Setution: 3 2(2 ~1]+3 -1 3)_(4 -2) (-3 9) (17
L3) 710 2) (2 6) (0 6 (i

b)2[2 “1)_[-1 N_[4 -2) 1 -3 ;(5
A\ 3)lo 2) {2 6) Lo -2) \2
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2— e
9 1
4. Let A = [4 3}’ ) /M/
1 5
B = , find the mairix x such that 3A + 2B + —x 0
2

7 12)

1
Sebution: 3A + 2B + Ex-—-_O:nc: -2[3A + 2B]

| (9 1) 1 5] 27 3) (2 10
:-—-2 3( "‘2 :—-2 )
= 4 3 [7 12 [12 9]{14 24H

29 13] [-58 -26
26 33| |-52 —66

X 6 4
5, Findx,y,zand wif 3 Yol ® " X+y
z w| |~1 2w| |z+w 3

3x Sy}{ x+4 6+x+y:‘

-

=% x==2

3z 3w —l4+z+w 2w+3

Equating of the corresponding element

SX=x+4=2x=4=>x=2

:>3w=2w+3:>w=3

> 3z=-1+z+w=>22=-1+3=2=z=1

= =3y=6+x+y=>2y=6+2=y=4

b i =2 3

6. letA=| 7 8 9| find matrix B such that
-3 0 4

a) A+ B isa scalar matrix
b) A+ B is an identity matrix

|

a a, a,
Selution: LetB=| b, b, b,
| & G G|




SR O Gty

Ty,
l-(!l a Lg._.T‘ y ) {) l
| : | !
-3 0 4] 16 & & [0 0,
B ],-i'ﬂ; -—2“‘"(12 3‘}‘(13 ]{ U 0
gothat| 7141 8+b, 9+b =10 L
_3+¢ 0+C d+c;| |0 0 4
@1+azzk-:>anskﬂland"2+az=0:>a2:g |
=—3and7+b,=O:;>b,:.7,8+bz;_k

:kH8,9+b3=0:>b3:3agam-3+cl=0:>c1:_

= by i
c},:"o:jcg:(),and4+03*—'k:>c;=k;4 3’“-":'
-1 2 3
p=| -7 k-8 -9
3 0 k—4
1 =2 3 a a, a) (L 00
b) 7 8 9|+|H b, b, =10 1 0} identiy
-3 0 4 c €, € 0 0 1
matrix '
:>a,+1=1::»31:0,—2+-a;_=0:>ag=2,a3=-3
'—-_>7+b[=03b1=—7,8+b2:1:>b2=—7,b3=-9 E 1
—3+01$0:>0123,0+02=—’0:>cg=0,c3+4=l,cg=-3I 3
0o 2 -3 7
- B=|-7 =7 =9 | i
3 0 -3 il
7. For matrices. A= b i ,B= ¢ I‘l,c={
. 0 -1 L 1] !
p={> 3 x D
“ta -3 for what values of a, b and c the matr “Ea

- linear combination (aA + bB + ¢C) of A, B and C. .
A 1,-2,1 ’ p. 2h g
? ? B- 29 23 "2 C- ]1 ]" —} & |
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- and@dﬂmt&a(mta

I.j

! :aa_}_0b+kcb‘33
—a+0+(c)=3anda+b+0+3 .
—0+b+c=0=b=<

ra=2,b=1, C_:‘] Answer: )
Construct a 3 X 2 matrix iff A = (a;) where a;=3i-4j .

b Sotation: 2y =3—4="1
312-_—_'3——4(2):-5
2171:3(2)_44:2

I =32 -4@)=6-8=2
0y =3(3) - 4(1)=9-4=5
332:3_(3)—4(2)=9—8=]

, ay Gy =1=5

L A=|ay ay = 2 =2

a;, Qs 5 1
Matrix Multiplication

Two matrices A and B are said to be conformable for the product AB (in
this every order of A and B) if the number of columns in A is equal to
the number of rows in B. .
Thus, if the orders of A and B are m x n and p x q respectively then
i) AB is defined if number of columns in A = number of rows In
Bie. ifn=p
| ii) BA is defined if number of columns in B equal number of rows
inAie. ifg=m
The rule for multiplication of two conformable matrices is called row -
by — column method

Consider A= |@,, a, @a,| andB= by by
|Gy Q3 Q33 |5, ~b3] by,

Orders of A and B are 3 x 3 respectively. AB is defined an
3% 2. ) |

3x2

d is of order
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T kRl D (Okklgkey,
1 1 2 L1
Solution: D= | 1 2 1{=-211 2 0
=7 -2 -4 I 1 9
112 1.1 2 |
Dy = 2 2 1| =-212.2 IZOFDI-:O, 5
Ly =2 -4 11 2 730
— The system has infinitc many solution.
x+y+2z=1
- {x +2y+z=2

0+-y+z=—l=>y=z+l

Substitute y =z + 1 in equation X +y + 2z =1 and solve for

ax+z+1+2z=1=>x=-32

=8.8 = {(x,y,2)}={(-3z, z+1,2)}={(-3k,k+1 k) } KeR ..

Answer: C
o 2 BY[x =5
87. 1|2 1 3| y|=| 5 | and the determinant of coefficient
-1 0 1/\z 0
matrix is -5, then the value of x is equal to:
A) 5 B) a+BC) -5a D) 3
Sofution: We have D=-5#0
= 2P 1 3 |5 3 51
=D, =[5 1 3=-5 |-2| |+B|) o| =15
0 0 1
D - _
L= —X =_15_: Answer: D
D -5
x+y+2z=1
88.  What is the solution set of the system ¢ X+2y+72= 1
3x +dy+52=3

A {(1,0,0))

3
C. I(3k+ 1 kKKER
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v 3 ;) ; %\T D!z ‘

Lla-b | = /\5 +2(V'2_)(1)12 W

) | :4&}2\'

b — H:,f
Jd+h|= \/(a+b) (a+b)- a] -2 N 1
Vo bt

¢) Let 0 be angle between ¢ - band d+2b isgivmhy
(a- b) (a+2b) |a [2 +'aHbIC039~2]b: t

cosf = 0l
la— b]}a+’)b[ fﬁ—bﬂmgf;f”
V0207 _241-2_

= €0SH = =5 fagyl L

am 5
23 Let|d|=7.|h|=3 and|G+h|=5

Finda) 3-bb)|d-b| ©)[2a+3b]

Sofution: To find G- b first interpret [+ |

L 1G-b |- (@+b)-@+b)=-|af 4285
prmmmm T

5= T 4205 +3 = /49+9+2a°b

249+ 9+2G-b=2d-b =25-58=-33
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\\I %Ift Swm: ?)Edma and S
299 ol
- ~33
= |4(49)+12 &N + 81
N
. > [2a+3b|=V196-198+81 = 79
i}‘ . Let.5|=13,1b|‘;]9and|§+b[“—*24,thenﬁnd
| ) d -b b)  Angle between @ and p
. o la-b d)  Bd-4b| e)Ba+ap

Solution: From|&+5|we have
a+b 1= 1df +2a-b+b* = V169424 51361
N @)=V2a5+530 =576-24.5 + 530

:>25'b:576—530=46:> 55:23
b) Let O be angle between g and E , then

cosd = Ei-li - &8 __ & =~zi:>9=cosl[_2_3_]
lallb| lallb] (13)(19) 247 247
)1d-b|=|af ~2d-b+|b]
- = J169—2(23) +361 =~/484 = 27
5‘ d)|35-4l;f=\/9|a|2—245-5+16|b{2
= J1521-552 + 5776 =+/6745
)Ba+45|=9|af +245-5+16|b[
= V15214552 +5776 =~/7849 ~88.6
73,

-— = = — . 72' -
Let|g|=1, |b|=1and angle between @ and b is —g then find

2)|d+b | b) angle between & and d+b

Solution: a) |G +5h | = \/|a|2 +2|ar‘||5|cos1§—+bb|2
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_ 1+2(1)(1)%+1 =43

b) Letpbe angle between @ and g+ b is Biven ol ,

% la|2+|ﬂ||blcosz

a-(a+b) _ )

alla+b] O3 RS

=p= cos‘{i—g’—]=£ 3
2] 6

26. The cosine of the angle between the vector 5 < . +

cosf=

3
p=bi+ji find b
v="bi Jls\/Ia
Selution:
v (2i+bj)-(bi+j) 2b+b
= = =
ullv]  Ja+p2vB i+l bt 45 +4
3b 9 9%

= = = =—
V10 bt 4507 +4 10 b* 4567 +4
= 10b° =b*+ 5b° + 4
=b* - 56" +4=0= (b - 4)* - 1)=0=>b=12,41 _
27. If y and v are unit vector and angle between them is 30"
2 [u-v b)  (@+V)-Qi-v)
Selution: since # and V are unit vector = [u| =1, |v|=1 _:3:

) |38~ |= \9|i |} 6] ||v|cos 30°+| v[ =

= [3i~V|=+10-343

b) (% +¥) - (2% - V)= 2uP + jul]v| cos 30° - |v]

=@M+ (1)(1)£ ~1=1+ ‘f

28. If5+b+c—0,and|a|_‘ lbl_sand|c|—']ﬁndﬂ16
between d and p i



|

Unit Seyen- Vectars and Scatars
dmw'” +bkc—0:$a-kb—-c:ﬂa+b\_%1|
24 2jaljb} cos 0+ b’ = |-€ [ < 0 is angle between Gandb
& 49-9-25

29.

30.

+ 3.

3y 2(3)(5) cos O + 5°=7"=cosf= — " -~

-1 _1_. _'—._iz-

30 2

]f|2a+b] 2a - gl.Thenﬁnda:nglebehvegn Gandb .
sobution: = [2a+ " = 4|a12+4|5||b|c039+|b|2

— [2a-b] -4\a§ -4|a Hb\cose*lbl“

=2d +bP=pa-b}

s 4G +4]@||b | cos + bl =4{a ) 4] || | cosd + [bf

= 8la||bj cos® =0 = cosh=0=0= —

ifii = v then find angle between 1 +V and u -V
Solution: Let O be the angle between ¢ +V and -V

Loy e o ~ 2 =2
u+v)-(U—v ul" —
:>a59=(___?( A)= L|_ Pd_
lu+V||u—v| |u+v{ju-vi
0
= _.:0
i +viju—vi

VA . . .
=0 “—"E, = #+v and # -V are perpendicular (orthogonal)

Let the angle between v = = H ~_j +2k and AB be 60°, where A
and B are points in space. If V.AB=2 then what is the distance

between A and B? (EUEE)
A 2 B. % ¢ ¢ b >
4 5 3 4
Solution: V.AB =|'V || AB| cos60° =2
. 4
SAB— 2 2 (=2
|V]cos60° J4+1+4 3
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Definition: The work w done by a constant force as itg

apphcﬂtlon IMoves along a vector d is W = p =

L
o

33.

Wit Sy

e == —h% o qu

Application of Vectg, el

S Y

which moves a pomt A to pomt B and thm to
2j, B =(-2i - 5j) and C =3i + j then find the vy,
a) each force in movmg from B to C

b) cach force in moving from A to B

c) the combined force from A to C.

d) the combined force from A to B,

Sefution: BC=3i+j—(Q2i—5)=i+6;

AB=2i-5j—(i+2§)=i-7j ;

AC =3i+j-(+2)=2i -] . 4

2y F- BC’ (31+21) G+6))=3+12=15] &

ﬁ = (3i- 2+ 6))=6-12= )
C=(2i+j)-(i+6j)=2+6:8]

b) 13I - AB =Gi2j)(-T5) =3 — 14 = -11J ¢ work done iy 1 ¢

= F,- AB=(i-2j)(i-Tj) = 3+ 14 = 17J < work donely

= Fy- AB=(2i+)-(i-Tj) = 2- 7 = -52J < wark done by %

) (F+F#F)-(AC)=(8i+j)Qig)=16—1= 1.§i'

O (F+F +F,)- AB = (8 +])(-Tj) = 8 7= lic-wod

done by resultant

Two force F, = 3i + 4j and F, = -2i + jactona partlc'l&’ :

moves a pomnt A(2, -1) to point B(-3, 1)
Find the work done by a) F, b) F, c) resultant

Solution: Determent AR — (3 D-(2,-1)=(52)= Si@
a) work done by FI-F AB = (3i+4j)-(-5i + 2j) = -1 +57 :
b) work done by F'}—-F . AB= (-2i + j)(-5142) = 10+27 ] |




|
§ i

?lnit.Seucwt: v

ecta

S angd Scabe,
'___"-_‘z—"\_q%“‘—_t___--;: SN

W™y osulant (F+F) = O+ i), 514 2j)

_13/ doﬂc b:" - “ . . .

w7 work Ut SISy~ 5

¢ :

N Vectors and Lineg

- determined by pomt; on. t};e lin

(h e 1I0C l;, determined by a poﬂit -

(N T 1€ iy - TR

h ° }er hi"u; l”The non Zero vector vig the

ising)- * 7

-‘”mnq} (o the tine £. tion of the line ¢

¢ Vector equati

hat £ is @ line in plane passing throy
that & I = .
SLIPPOTIO a non zero vector ¥ = (a, b). Thep P(x,
le et
pﬂ[ﬁ

forwhich B,P is parallel to i |

4y

€ and givep slope. (5 the

1 ZC10 veetor (WOow, ' 1§,

direction Vector which .

gh a poing Po(x. . Vi)
Y) is set of all poiy,

Lon

Jine {

,_~:>E,P=U_’”a"°’3<t<m

= (X, y)&(xﬁu )/’0): t(a, b) ::;.r:r0+ tv
'm—:(im;)w = The set of al] point (x, y) op ¢ is given by
o = (X, ¥) = (xq, yg) + t(a, b)

Ifthe line € passing through Po(xq, yo) parallel to vetor

i) (%, ¥) = (X0, Yo) + t(a, b) is vector €quation of th
b xO + fa

V= (a, b) then
¢ line

if) 1s called Parametric equatiop of the line
y= y() . l‘b

£
| solving for t will get:

e XX Y=y
i) ——0 .

_—— Y

V =(4,2)
St y=1-24
find direct; v for the line passing through

(X, ¥) = (xq, Yo) +t E};

Py and p i given by i - E;lg =

B
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c) - direction (parallel) vector ¥ = (-2, 3), and the ling .

ll‘".it. Sweﬂ’ rU

:?’(X, y):P0+t‘ﬁ;ﬁ
g V= BP=(Z-D)-(L5)=(3 4

— (x,y)= (1, 5) + (-3, -6) «——vector ¢

Pargjy,
quati()n. . llﬂ
— x = | - 3t, y =5 — 6t <—parametric

of the

CQuatigy, of

x—1 - < standard (rectangy] ) %
x—-1 _ry—- gular .

— 6x—3y=-9

D= HE=GD= D=6 8) —py,

= (%)= (2. 9+ 16, -8) — vector Cquation of they i@ - '
N

= x=-21+6t, y =4 - 8t «——parametric e

x+2 =2 . < standard (rectangular) eqyqs; ehﬂg
= 8x+6y=28

through Py = (-2, 4)
The set all (x, y) in £1is given by = 3
= (X, ¥)=(2, 4) + (-2, 3) «— vector equation of the lng b
= X =-2-2t, y =4 + 3t «—parametric equation of the ‘?’
x+2 y—4 . 3

= — «<— standard equatioy &
-2 3 T

=3x+2y=2 _‘. l
d)  Py=(1,-2), v=(2,4)
= (X, ¥)=(1, -2) + (2, 4) «—— vector cquation of the ine. 9%
=X =1+2t,y=-2 + 4t «—parametric equation of the g .
—1 =5 )
= solving for t: o O sl <—— standard equation ' ; S

2 4

= solving for, t:

=>4x-2y=8§

€)  LetP(x,y)and Po(3, -1) be on the lien ¢
Perpendicular vector v = (4, 2)

= BP=(xy) -G, 1) = (x~3,y+1)
Since 51:})_]5_1_{5 = _Po-ﬁ.lj:()



§
08 Ly DA D=4 1242y 4220 oxt
| P L 10;:>2x+y=5 . \)o i

) L7 e ction vector V,set2x+y=0 V-
] ind the dire

ho M7 . -

:;:: = }’[’e 52; of all parallel vector 1s given by
A = (20 =x(L, D) =11, 2)

y =%

We ha\’ﬂ PO == (3, -])

~(3,-1)+ t(1, -2) «—— vector equation of ¢.

) ;?f:‘;%ﬂ, y=-1-2t< parametric equation of €.
\ x+5 y-1 _

i - = e ——— = —

3 f) solving for t= 7 5 v =(1,-2)

by =% )=, 3)+1(1,-2)

_x=0+ty=3-2t _
The line L passes through the point (1, -4) and parallel 1o the

6. ) i :
3 vector ¥ = (-2, 5). Determine which point does not lie on L. and
a find t
LY ~13
ALY B.3,9) C (2—2—) D. (-3.9)
! Sobution: The set of all point, P(x, y) on € is determined by vector
bk equation of the line L:
| =>xy)=(1,-4)+1(-2,5)=(1-2t, 4 + 51
n = Parametric equation of L: x =1 ~2tand y = -4 + 5t
| Solving for t
x=1 y+4
= = =5X-5=-2y-8=5x+2y=-3

: -2
hI:TL A (L 135(-1)+2(1)=-3=>(-1, DonL;t=1
B, (3,9:53)+2(-9)=15-18=-3=(3,-9)onL, 1~ -!

‘ _13 . 1123
1 C. [2,-]:5(2)+2 ot =10—13=-3:>(2, = on
2 2 2 )

L,t=___1_

. 2
(_-3:9)'- 5(-3) + 29)=-15+18=3 = (-3, 9) not on L.
(has not the same t)




-‘!-_lu(-t- Scﬂ{fﬂ &

- 3

. = | are lie on € ang oo N 8
(_1, {)_’ (3, -9), [21 ) } ind wlhngat B, i 1'

R

jsnotoné. ints collinear 1

he following points collinear. 2

7. At B2.5), €. : |
o AR5 BELAL C(2-) N
Solution: The st of all point P(x,y)on Lis detefminedb b |

V. -

Pz, y) = A+tAB=(x.y) = (1, -1) +1(3,¢) 1
:;(x, y)r(l—«St,-l ’|‘6t) -1-' |
Ao (L-D=U-36-1460=1-3t=1gyq ., 4
= -3t=0 and6t=0:>t=0:>(1,-[)0n£’ il !
B. (-2,5)=(1—3t,—1+6t)::>1~3t=_2and~1+6h_}.
= 3t=3=>t=land-1+6t=5=(= 5,_,{_.. A

= (-2, 5) lieon ¢, 1
C. (3,-5=(Q0-3t-1+60)=1-3t=3apq. toe gl
= 3t=2=>t= —_——2— and 6t=-5+1 =-4:>t=j=:%?‘ !
3 6 1 8

= (3, -5) lie on ¢, 5( P
- (1, -1),(-2, 5) and (3, -5)\are collinear.

d P y)=A+tAB =1(x,y)=(2,5)+1(3, -9) |
=X, y)=(2 - 3t,5-\91) 4 i
= A(2, 5)=(2 - 3t, 5 9t) when t=0 B
B(-1,-4)=(2-3t,5-9t) whent=1
C(-2,-5)=(2-3t,5-91) h 3
4 10 =
=2-3t=2=t= 5— and 5 -9%t=-5=t=—
Since t is not the same 3 *;
= A, B and C are not collinear .
38.  Find Parametric equation of the line L
r-1_yi
a) L: 3x + 4y =10 b) L: __g_,_z 7 ;!
Selution: To find paralle] (direction) vector, V |




E 39,

40,

Unit Seven: Vectors and s,

o class_

=0 =>y= —X the set of 3] direction vee
set: 3% T 4y J 4 reetor

parallel to the Line

—_—

5 1 = ——X
L:3x+4)’"1013y 4

_ -3\ -3
o § :__(x,y):t(a,b)—-t x,—z-x =1 1,-2- =14, -3)

We can choice any pomnt on line 3x + 4y = 10

Letx=2,=2y=1=Py=(2, 1)

= (x,y)= (2, 1) + 1(4, -3) «—— vector equation of ¢.

= x=2+4t,y=1-3t <— parametric equation
x-1 y+6

XYY 5= (57). P~ (1. -
b)L.S 7::>V()0(16)

= x,y)=(,-6)+t(5, 7) «—vector equation of €,
= x=1+5tand y =-6 + 7t «—— parametric equation

Vector and circle

Using vector method find the general equation of the circle with
center C(xg, Yo) and radius, R

Let P(x, y) be set of point in circle such that
|CP|=R

$’?=(X, ¥) ~ (X0, Yo) = (X — Xq, Y — yp)
"= |CP 1:@

= (=5, y = y5)-(x= x5,y = 30)
=)+ (= 1,)” =R

Squaring both side
= (X=x0)* + (y - y)’ = R’

Uzl.ng vector method write the equation of the circle center (4.-3)
fadiug §

S"&l-t_iiu: Let P(x, y) be point on the circle and C(4, -3) is center
SICPER=| (x4, p 4315




B = (‘tt
8 o O g

e LT
:}(X"4 y+3)(X 4y+3) 25 ‘\zi[% ;

+ 3)
x> 4) g l with
/ith di
41. Find the equation of circle wi ameter with g, 0 ps

J]mS A _
" 2+6 3+9 ;

Sabution: Center C(T,T] = C(4,6)

Radius R = 4/(6—4)" +(9~6) = J419 - 5
Let P(x, y) be point on circle
_ |CPl=13 =] (x—4,y~6[=+13

= (x—-4,y —6)(x — 4y 6)=13

= (x—4) + (y—6)' =
42.  Show that the angle in a semu:lrcle 18 right angle

Sclution:

P(x, ) e | AO|=| OB |H OP ! <——radiyg
® FE:?T)+52
e PB=P0O+0OB=P0-04

[OB and OA are equal magnitude by
opposite direction

= PA-PB = (PO +0A4)-(PO-04)
= |P_0'|2 —1574]2:0 since ‘P—O‘|:|a|

= PA is right angle to PB
Equation of tangent line to Circle
Let R(x, y) = Point on tangent line “
P = (x1, y1) = Point of tangency on circle
C(xo, yo) = center of circle.

Bl Pixy) =2 RP P C = 0. The radius of circle is
" perpendicular to the tangent line at point of
tangency at P(xy, y1) J
= (X1 =X, y1 — ¥)-(Xo— X1, Yo~ Y1) =0
= [x;X + yry = 1] if center origin. ”
Find the equation of tangent line to the circle at giver poukt®

43,
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2¢ toxs and ¢

| Unit Sevcy, - Ve

[ = xsin0 + ycosd

The six Basic rotation _
. | = — about (0, 0 = P
i) if R is Rotation through 0 9 0,0 E ,‘
w . T . T Vo 4
= f _— . — — + S i
Rk, y)) = {xe0sy = yailig » X8Iy Tyeos—) E |
R, (x,)= (¥:%) j
2 | . |
m 7[ l .
i)  IfRis rotation through 6 = —, about(0, 0) 1
2 = ysin] =2 | xsin| =7 b veosl —F
=|xco8 — |- T pXsm| — Cosl — || 4
= R((x,y))=| x¢ 5 Y 5 7 |7V 2 )jle g
) -
iii) If R is rotation through 0 = x about 0, 0) T
= R((%,y)) = (xcosm - ysinm, xsinm + yCOosT) 7
= ("X: 'Y) : ‘. "
' 3 |
i iv) If R is rotation through 6 = 5 7 about (0, ) e |
= R((x, y)) = [x cos & 7T —ysin—g, xsin - 7T+ ycos y ﬁ
i y Y == —_— T — — 5 - : 0 &
: 2 2 2TV
E =O0-y-1),x¢-1)+0) = (y, -x) __ .
% V) IfR is rotation thl‘()llgh G = :_B_ﬂ- about (0, 0) ;_],,;
.
i

} -3 =3 ~3 -3 i
SR((X =Y))= [JC COS[-—-h— T = il Y Y ol
7 ysin 5 7T ), Xsin 5 7T |+ ycos % |

Z(O-y(l), 1 0 = ¢ s
Note: i) B = 2 XD+ ¥(0) =y, x)

g9 X, . = d )
) R 2700 IV) Rl 800 R-—I 80“ ..
—9p8 — R?.?DO V) R . = . I“
i) R R 90 450 8
[200 -_ 2400 i




r Unit Seren: Vectons and Sm&m
'l, 7" e

0l =" h 0 =21k, k € z, about (0, 0)
R l ]Ollg
| (RS g rot# llﬂ)‘)‘“(.( Y) oennen which is called an identity
I R(Y transformation
| {he image of each part, in rotation through the indicated
f 1ﬂt1L bout the 0r1g1n
”t‘l < 3
9._.__ d) 3x—-2y=8,0="1r
2) (4, 2), p)
— .2
) f=— ¢ 3x +4y=-5 with tan@ - -
n @3 4

b/ T
c) (-1,4),9=—4—f0r559§7r

—37:

Safuum. use x' = xcosO - ysin0, y' = xsinb + ycosh

T
) x=4y=2, 92—3—

T T 43
= 4cos— - 2sin— = 4| — |-
=X = COS3 Sln3 (2) [ 2 } \/‘

>y'= 4sm§-+2cos§-—4(\/_) (1) 2\/_+l

-
SR(4,2)=2-43,243 +1)
b x=2,y=3,9="C1

:>XT=2(:OS[_E) -3sin| —— 2 _‘\_6__ j‘_),_ _\}_i

6 2 |2

by'zzsin[—ﬂ)—k?scos( ): [:_ _,}_ _3
6 2 2

“R((2,-3)) = (2;/52 +3 33 -2]

| 20

JL.)

T\J[JJ

2




Ll ) 2o g,
T T ~ |
X x=-1,y=4 0="7 ; /
=2 4 _ )
5 X -lcos——-4sm~=——-—-~~__\/;:\§f2‘ r
4 2 2 5
T .7 ‘—\/E 4.2 3.7
e dgine— = ——— 422 V2
=2 l‘sll’14 S1 > 5 _____i__

d) Take two point arbitrary on 3x — 2y = 8

et x=2,y = (1) = (2,-1) and (0, 4), 8 %g

To find image of (2, -1) N .
3 (3 o
:a»x'=zcos(7”]—(~1)sm\ ”] 2(0)~ (1) =~ % M

| (3 |
:>y':2sin[—32£j+(—l)cos H) 2(—1)+0__2 E :
\ 2 ‘

- R((2,-1))=(-1,-2) and
To find image of (0, -4)

:>x—(]cos§£r—-(-4)sm£—0 4=-4
2 2

=>y'= OSIH%I-F (-4)0033—2— 0(-1) + (4)(0)=0

~ ((R(0, -4)) = (4, 0), Thus
Equatlon of the line passing through (-1, -2) and (-4, 0) s gwem

Y=y =mx-x)=y-(2)=— 2(—(Zi)(x (-1)

—2 -—-p..!:.
= y+2= T(x+1):> 3y+6=-2x—-2=>2x+3)" B

. The image of the line is 2x + 3y =-8



l\" Unit Seven: Vectors and Scabaxs
| -
\ 329 —
| . First determing sin :
inf = -?i and cos® = —r
— sind = . -

. Take two point arbitrarly on 3x + 4y = -5
et x =5, y=-5=(5,-3) and

let x = 1, y=-2=(1,-2)

hnd image of the point (5, -5)
0

X [ ) (5)( j=4+3_—.1
(o) oo

LRS- =CLT)
Iy + To find uﬂage of the point (1, -2)

R SR e

2 11
s R((L, -2) = (5 5)

; ' 2 11 .
The equation of the line passing through (-1, 7) and [—5- ,-?) 1s:

11

=]
) 5
— —24 25
Sy-7= 4(x+1):-.>y= 2 )
g 7 . 2
5 ©. 24% + Ty = 25 is the image of 3x + 4y = -8

Center ()f)(2 + y2 —4x + Zy =(01s (2, -1), radius = ‘\/g




—_ ‘\ “‘11

R2. -1 =(1,-2) - i
-, The image of circle is (x+1)" + (y + 2)2 = g
Sy +2x+4y=0

Rotation about any point (a, b
—ﬁp'(x‘, y") is the image of a point P(x, y) whmﬁm
about (a, b), then
x'=a+ (x—a)cosO - (y—b) sinf
y'=b+ (x —a)sind + (y — b) cosb
e To rotgte P(x, y) in an angle O abm A
following step, ®
Step 1: Translate (a, b)— (0, 0)
e Translating vector v = (-a, -b)
P=(—a,~b)

Step 2: Translate (x, y) > (x—a,y—b)
Step 3: Rotate, (x-a, y-b) by 0 about (0,0) then translate by (-v)=(uh)
Vs

72.  Find the image of P(3,1) when it is rotated through # = >

about (-2, 3)
Method 1

* Translate (-2, 3)—— (0, 0), v =(2.-3)
* Translate (3, 1) —=23) 4 (5 .2)

® Rotate (5, -2) by 0 = er—about (0, 0)

X=35,y=-2, 6,:32{

. T T
X' =3c0s— - (-2)sin— =0+2=2
2 ¢4 2




T

Unit Seven: Vectons and Scabaxns

T T
'=5sin— +(-2)cos— =5+(09=35
y 2 2

R((5,-2)) = (2,5)
. Translate (2,5) by (-V )= (-2, 3)
T((2, 5)) =2+ (-2), 5+ 3) = (0, 8)
:. The image of the point (3, 1) about (-2, 3) with an

T .
angle 8 = =Y is (0, 8)

i.e. R((3, 1)) = (0, 8) about (-2, 3) with § =~
Method 11

_ x' =a+(x~a)cos8 -(y-b) sind = -2+(3—(-2))cos —;C— -(1-3)sin% =0

= y' = br(x-a)sind + (y-b) cos® = 3+(3+2)5m% +(1-3)cos irz_ =48

~R(3, ))=(0,8)
73, Find the equation of the line x +y = 0 after it has been rotated by
0 =270° about (3, 2)
Selution:
. Choose any two arbitrary poiunts, say (-1, 1) and (2, -2)
¢  Center of rotation, (a, b) = (3, 2) and 0 = 270°
To find image of R((-1, 1)) about (a, b) = (3, 2)
= x'=a+(x—a)cos - %y—b) sinB
=3 +(-1-3) cos(270") — (1 — 2) in 270" = 3+(-1)=2
=y'=b+ (x—a) sind + (y —b) cos0
=2+ (-1 -3) sin(270%) + (1 = 2) cos 270" =6
= R((-1, 1)) = (2, 6)
To find image of (2, -2) about (a, b) = (3, 2)
X'=3+(2-3)c0s270° — (-2 2) sin 270° =3 -4 =-1
Y'=2+(2-3)sin 270" + (-2 - 2) cos270° =2+ 1 =3
S R((2, -2)) = (-1, 3) thus,
fline passing through (2, 6) and (-1, 3).
_9__3_2221 use y — y; = m(x — xy)
2—(=1) 3

2Y=-6=1x-2)=py=x+4& x+ty=4

Equation o

= m=
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332 it Seuey,, Vet e 4
ine i - 2§

. Image of the lineisy — x =4

ation R, the image of A is A’ and he image

Note: Inarot

) : . ) fB;
(e interscetion point of the perpendicular bisector of

g

BB is the center of rotation.

) Mlustrative Example
74, In rotation R, the image of A(3, 5) is A2, 4
B(L.4)is B'(-1,2) _
Find:  a) center of rotation
b)  the amount of rotation (0)
c) the image of (-1, 0)
Soluticn: To determine center of rotatign deter e A8
intersection of the perpendicular bisector of 44' st gﬁ"ﬂ‘

2) |

o Mid-point of AA' = [Ei_;_:%lf_ﬂ}
i 2

B Mid-point of BB' = (l_i__(f_ll,ﬁf_%}= (0:; |

) and the

—_— =
—_ =

4-5 -1 19
-2-3 -5 5

o Slope of L bisector of AA' is -5

] Slope of AA'=

— 9 g |
= Equation of L bisector of 44" is y— 5 = —S(x—— =
=2y=-5%x+7=>y+5x=7

s —(-1
e Slope of BB'= ——————l (=) zg:l
4-2 2
* Slope of perpendicular bisector of BB'is -1
= Equation of 1 bisector of BB' passing through (0,3)
=Y-3=-1x-0)=>y=-x+3
+5x=17
Center of rotation is intersection of ’
y = —X +3

S X+EI+Sx=T=dx=4=x=1andy=2
- center of rotation (1, 2)




-\ i - 1o determine amount of rotation L .
b) vector dot product between angle AC and 4'C or g¢
we u:i C where € is center of rotation.

""‘d:{g (1,2~ (3,9 =(2,3)

L e e0-(29=6.D)

A Z—C’—R = (— 2’_3)'(39_2) _ —6+6 -0
COSQ]IC'HZ'_C'[ J4+9:J9+ 4 13
N\

— @=cos ' (0)= g—

T
T .

, V4
+.The amount.()f rotation is & = 5 about (1, 2)

¢ The image of (-1, 0) when we rotate by about (1, 2) is
obtained by:
x' = at{x —a)cosD - (y — b)sin0

:f>x',4-'_;'tl + (-1 — l) COoS g—— (0—2) singz 1+2(1)=3
y' =b +(x—a) sin0 + (y — b)cosd
=y =2+(1-1) _sinizr— +(0-2) c.os% =24+(2)=0

ma DR XE= g tha

- R((-1,0)) = (3, 0)
It M is reflection in the line y = 2x and R is rotation about the
origin through 0 = -270°. Find
) RM(3,2)) b)  M(R(3,2))
? ;) - Does RIM((x, y)) = M(R((x, y)))
olution: y = 2X, = tan® =2

= SinQ:_Z‘__,COSQZ

b 15,

—

°y
G

= Si[lze = ZSineCDSB =7 __]

W

5
L)

2
= 00528 = €0s’0 - sin2p = [_L) —[
S
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-1 18} _(-18 -1 ‘}
S ROM((3.2) =R 55 ) 5 5 e

e

. 3 4y
_, x'=xc0s20 + ysin20 = 3(—5—] + 7( J <, Sl_

4 3
— y' = xsin20 - ycos20 = 3(3’} 2[ E .

Unit S ey, Veeg l

5
18 1
~ M(R((3,2) =M (=2,3)= ( ,g)

)  RM(x, y)) = MR)x, y))

Seolved Problem

76.

77.

78.

—

If a =2i-3j, b—31—jandc=1~3thenwhmh
following is equal to @ .(2b -¢)

A)-10B.7 C.10 D. 13

Sclution: a(Zb -c)= Ri-3)(5i—-HP=10+3=13 L
IfA=(2,3),B=(3,4)and ¢ = (-1, -2) then the dot produtt
AB and AC B
A, -10 B, 2 . 2 D. &
Sebution:
AB =(3,4)-(2,3) = (1,1) and AC =(-1,2)-(3 4)-(-3.5) b
= AB. AC =(I, 1)(:3,-5)=-3+-5=_8 -

LEt U =(1, 10) and v = (1, 3). A unit vector in the dlrec
-2V is . ..(UEE) .

A [-i,:ij (289272 »ff
S 5 5 ’S : 55 5




S~ (-1,10) - (2,6) = (3, 4)

5nﬂ““m L {he direction of (-3,4) = (=3.4) _ (-3.4)
(it vecto! 111 I (_3a4) ] 3? :
_f=-a @
(24
- X (3i+ 2] 2(i — 3j) then the norm of the vector v i«
| “E 1 B J10 C. 3 D. 43
;.W $=i+5j-31-2j+t21-6j=-3]=|X|= \/(_%3 _
i the magnitude of vector Vis 15 and its direction is 120" {rom
axis. What are the vector v ..... (UEE)

L
S the posmve X-

. { 15 1543

2
15
B. ['10«/5,—5)

%)

1543
2

sin120° =—1b—5:> b=15sin120° =

~15 15\/—}

2
i-b

b lfii 4|b\"\/§and
- @-b.. EHEECE
Abs o B7 ¢ 13

" Solution: cos120° :1—a5—:> a=15c0s120° =

: ,15\/5)

c (:_.

D. [12\/5,

-15
Np)

=15

)

= -3 then the magnitude

D.

Answer: A

Qi

V22

e

utons G- |= (@ —B)-(@—b) = | af -2a-b+ 0
2(=3) 443" =16+6+3 =25 =S




82.

_ e "TJ) 2
Satation: 0050 = 575 1 V210 T

83.

84.

85.

CCI(UL_J
e o -
s = . Ty
= _ o v=-3itjand W= 3jthenthe o iy |/
1 e e A TN gy
7w and v AL B
petween 1 4 2

?lﬂit .gﬂlcu_. l_'v Y

! B. — C.o—= py

AT 2 V20
@ +w)-0) _ 1= /) (34 )

Let b is unit vector, and |a lﬁ = 3. The vector g and § dk
angle =~ Whatis |d-2b |
3

A. Jg B. ﬁ C. ’\/g D. V’E

Sotution: |25 1= ylal —4[ai|51c0s9+4lblz,,55:l

o R S

Suppose that a triangle has_ vertices A = (1,2), B= G, 4ymy | 1
C = (2, 5). What is the interior angle of triangle ABC vertex ;-,;ﬁg
A.30° B. 45° C. 60° D. 90° '

Salution: Position vector of EE=(], 2)— (3, 4) = (<2, -2) and

BC=(2,5-G,H=(11) [ .-
—= 5 (1 . |

| BA|| BC| V82 Jie 4 |

= B = cos™(0) = 90°, Answer:D § ¢,

What is vector equation of the line passing through (-1, 4) and

parallel to the line y - 3x — 10 = 0...UEE

A xY)=0,-D+t1,3) C) (xy)=(0,7)+(L3

B.  (xy)=(,10)+ (1,3) D)

(X, ¥) =(-1,4) + (1, 3)

S‘f&‘ﬁ“ﬂi}’*3x*10=0::>y=3x+ 10

Dlrecticin vector ¥ is obtained by setting y = 3x
=~ V=(a,b)=(a,3a)=a(1, 3) = (1, 3)
=&Y =(-1L4) +11, 3)
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Unit Seven: Vectons and Scalbips

e

e equation of a line € is given by €& 2x-3y - 7 = ().

ppg t:(::or equation of L.
what 8 VT Ty 412, -3) G (xy) = (3, -4 (1, -6)
_ (0, -7)

N E;’.;I)ﬁ(z,-l)+t(3s2) D. (x,¥) = (-4,2) + (1, 5)

B. 7
= 3y=2x— T = _——
golutiorts X Jy+7=0=y =X Y3573
_, pirection vector v parallel to € is y= Ex
2 2%
o7 =(@b)~ [a,g a] = a(lsgj =1(3,2)
_ 2 7
. Take any point on: )= -?:x 3 say (2, -1)
= N=2 1) +1(3,2) Answer: B

Let (%, ¥) = 2, 5) + (1, -2) is vector equation of €. What 1s the
standard equation of €

A y+2x=9 C. y=3x-5
B. 3y—-4x=3 D. -2y+x=3
Selution: (X, y) = (2, H+Kl,2)=>x=2+Ly=5-2
_ x—2 y-=5
Solving for, t = = > = y+2x=9, Answer: A

If i=2i—j,|v|=5and #and V are perpendicular vectors then
|4 +3v] ....

A55 B.945 C.+4230 D.20
Sebution: |l +37 | = /(@ +3V)- (i +3V)
= J|i P +61ii||¥|cosO+9|¥ [

= \/“/52 +6(+/5)(5)c0s90° +9(5)* =~/230
i A(—‘EJ)’ B(0, 0) and C(— 2\5 ,0) are vertices of triangle,

ien wha% is the interior angle at C
. 30" B, 45° Cc. 60° D. 135

Sﬂfut_ic:z: CA= (— \/5,3)— (— 2«5,0)= (\/-;’53)
CB=(0,0)-(-243,0)=(243.0
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e s

= COS(C):W“ r_‘_—"3+gmarr:,_\/__}1§}‘
]) 0
— |=60",

— C=cos" 2
91. Letébealine given by x -2y = Parametrie qua;
passes through (5. 0) and perpendicular to ¢ is . UOn
A, (xy) =(50+11.2) C.(x,y)= .
B. (x,y) = (3.0)+(1,-2),=20 D. (X,y) = (5

Let v=(a,b) = (a, b)-(2, 1)=0
=>2a+b=0=>b=-2a= (@, b) = (a, -22)
=V =t(1,-2)

- Vector equation (x, y) = (5, 0) + t(1, -2)

= Parameltric equation (x, y) = (5+t, -2t) An
92. A translation takes x* + y+1 =51 (R=2) + 7 <.

the image of (1, 3) under this transformation (UEE)

A (3,4 B. (3,2 C. (-1,2)
SO&Lﬁm: +
Center of x‘?-%(erl)2 =5 15 (0, -1) center of (x - 2)2 +y2 =5
T(0,-1)=(2,0), v =2, 1) :
T(1,3)=(2+1,3+(1))=(3,4) An
A circle that passes through A = (2, 3) and center at C
The equation of the line tangent to the circle at A is ....(1
A, 3x+y=9 C. 3x—-2y=0
B. X+2y=8 D. xty=35
Selution: Let R(x, y) be point on ¢

= FA-AR=0:>((2,3)—(1,1)-(x—2,y—3)
=(L2)(x~2,y-3)=x-2+2y—6=x+2y=8

93.

=
AnsvES
94. A translation T takes point P(-1, 0) to goint Q(l, 3) Wha%
image of the ellipse 9(x — 1) + 4(y +2)* =36 2 2g i
b -3+ d(y 22 =36 C.opx+ 1)} +4y " i
B 9 +3Y+4(y- 1) =36 D.9(x—2) +4y-D



| ;
| 43 : oy =
ﬁ\ Slution: Translating vector v = PO = (1 3) = (-1, 0)=(2,3)
} ‘ Ve 2 unit to,}[‘ighl‘ and 3 unitzup = (X _ 2’ y— 3) >
q " LQ(X,Q-H 1)y +4(y—3+2) = 3639("“3)2+4(yﬁ 1Y =36
5\% \

: . ‘ Answor,
n a translation T the image of P(1, -1) is p(3, 2). 1fa 1ineez i?;

ﬁ:;‘.‘ g3. p-aramﬂ“'ic equation 1s given by (x, y) = @2, -1) + (1, 1) for ar
(R is translated by T, what is image of e. . .(UEE) ; ¢

1% A y::x%‘3 C. X—y=2

fJ!.{‘:ll . 2xty=1 D. 3y-x=3

Solution: Translating vector v =PP'=(3 -1, 2-(1))= (2, 3)
SEY)=QrL-1+)=Sx-2=y+1ox_y=3 ’
1 Jmage, move 2 unit to left and 3 unit up

: ie.(x—2,y—-3)

1 :de-(Y*3)=3:>x—y+1=3:>x_y=2

|

| ) . Answer: C
. 96, If T is translation that sends (0, 0) to (3, -2) and M is reflection
ﬂ}wé that maps (0, 0) to (2, 4) then what is T(M(1, 3))?
I
| A (0,-1) C. 3,4
0y 2
| B. (4,1 D. (3,2)
'51:!:’- . 4—-0 =
| Safuaau:SlopeofMM‘=—H=2:>slopof£:>7
" Mid-point of MM' = (1, 2)
5|
g = Equation of ¢ 4 2_—__1:>y—2-_—_lx+l
: x~-1 2 2 2
= y= “EX+E——> line of reflection
15

Y=——x+-

M(1,3) - 22 y(3.1)
¢ TMO,3)=(3, 1= (3+(=3),1+(-2)) =(0,-1)

i Answer: A

"S:"'K e:'s uvou-r“be Digital[O,1] Ethiopia
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97. IfRIS rotation through 8 = 90° and i l‘nl]on o 'h:_;;;%‘ ;

the x-axis Wwhat is the Image of el by R,
Pse
9

_.(x D> +(y+ 2)* =1 under the twy, ”311510,.1 Vo

4 cltlQn :
— 1+ 1) = 4 C.(x -1\

B. 4(x — 2) +(y_1) D. (X“'“l) M4‘} 5)“4

Solution: ; 2.

Center (1, -2) —2 2, )—> Rotatiop With § = g

M(2, 1) = (2, -1) — reflection on x-axis v

x-ellipse become y-elhpse

— Image will be 4(x — 2)° + (y + 1)> =4

A
98. Determine the value of m for which the vectors G = "j‘;‘@r ,
J-‘.

and b = 3i + 6j are i) Perpendicular i) paraljg]

Solution: a)aJ_b:>a bh=0

= (21 + (2 + m)j)-(3i + 6j) = -6 + 12+ 6m=g
=6m=-6 =>m=-]
g b
lal|b]
(=2i +(2+m) j)-(3i + 67)
-
VA+(2+m) 3 +6?
N o6m+6 41
3v5m? + 20m + 40

= 2m+2 4

V5m® +20m + 40
= (2m + 2) = 5m” + 20m + 40 «—— squaring and simplifying
=m’ + 12m + 36 = 0 &> (m+6)(m+6) = 0
=_6 _
Fmd umt vector parallel to the line y = 3x + 2
Selution: Vector 7 = (a, b) parallel to the line is sety = 3x

= V=(d,b)=(a,3a)=a(l, 3)= (1,3

b) Ei[|5::>cos(9:

=%

[—

=]

99,




r Unit Seven: Vectars and Scalax,
X

\l nori P03 (1 3
N\ in the directionof V= —=-2= = —_— }
N St TR

£the following is a vector that lies on the line through (0.
ich 0 04/12
o gﬁ;(%4 ....... UEE20 |
\ 5 C. if = '_‘,2
‘ & ¥F @D (2 ]
i=(-1,-2) D.  u=(-2,-6)
[;mu Let A =(0,0)and B= (2, 4)
_ AB=(2,4)-(0,0)=(2,4)
M| rctorequation of & (%, ¥) = (0, 0) + 1(2, 4) = (2, 41)

4;‘2‘»

Y

T I
()= @40 ift=—7, 1 = (-1,-2)

Answer: B
1§ oL Letiand j be standard unit vector, A = (-1, 0) and B = (2,2). 1f

=3A4B-3i+2j then unit vector in the direction of

v
v,...(UEE)
(3 4) (-3 4)
A. 2 C. o B
5°5 ' \, 5 5)
5 [:E,:t] b, [3=4
5§ \S 5 )

Sofution: AB = (2,2) - (-1, 0)=(3,2)=3i+2j
Vv =31+ 2j) - 3i+2j = 6i + 8j = (6, 8)

| Unit vector in direction of v is —y_j— = —(—6—’§1—— g (3— , i
m'sr VI Jer+82 \5°S
102 Whiep of the followin Answer: A

g 1s a vector equation of the line tangent to

~7=0at(1,2) .....UEE2004/12

Exsy)=(0,3)+x(-1,2) C.  (x9)=(0,3)+1.-1)

Smw;d;):(zl,z)ﬂ(z,-l) D.  (x,y)=(1,2)+A\-1.2)
tX +Y+2x~—7=0:>(x+1)2+(y-—0)2=8

e circle x° + v + 2x
A,
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103.

Qi-‘_ut Seﬂ'{*ﬂ- "Ut cha, ‘

_, center, C(-1; 0), Let P(1, 2) and R(x. v, Point o, d:\“ff« ‘
GP-0.2-(1.0=C:2) N i

:>2‘< 2+2y 4= 0:>X+y 3

E Direction vector V= (a, b) parallel to line
~0=>y=-X, V=_(a,b)=(a, a,-a) =] ] Vt}-!x
é {: lL\L lll\’ dl’bltl'ary pOIHt on x + y 3 say ([) 3}

- vector equation of € (X, y) = (0, 3) 4 ML
4 € be line given by 2x —y = 10. what s te QC{U A”"‘-"'-""-c',-_r.
“n]UL ol £ alter a leﬂectl()l'l in the l][‘le y = 2X UF’L

3 Tollgy,
rotation through the angle of 6 = 90° aboyt the o e

2004/12 an el
A x+2y=0 C: X+2y=5

Salutien: € y = 2x — 10 is parallel to the reflecting axig
Hence, the image €: y = 2x + b we need to find b,
Let (a, b) be any point on €. say (0, -10)
So that its lieson £: y=2x+Db
s b+10 -1
= M((0,-10)) = (@, b) = ——=—=a'=-2p)
a—0 2
Also, mid-point of (0, -10) and (a', b")

o]

O+a' 610 . , _
= 5 lies on reflecting axis

_, b-10 2((1 s g b
2 2 2

Buta'=-2b'— 20 = -2b'~ 20 = %: b'=-8

a'=4=(4,-8)liesony=2x+b
=-8=2(4)+tb=>b=0=€:y= 2x
= Image of € y = 2x when rotated by 0 = 90" about eiigl
R(x, y) = (-y, x)
R(x, 2x) = (-2x, x)

s\
X Vel
=X=-2y=>x+ 2y =0 AnSY g
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Unit Sever- Vectons und Scalos

{, be two lines 1n space iptersecting at the origin -
eth 21nlf ¢, and €2 pass through point. A(1, 1, 0) and B(0, | | )
LO'OIU?t‘ively' then the angle between £, and &, is equal o () EE
s -’
W B. 45 C. 60° D o
A' . o et Driglﬂ] be 0= (0- 0: 0)
olutiont: —e

A= (1, 1.0and OB=(0,1, 1)

fﬂt g be angle between b and &

g _L . p=cos™ (—L) =2 = 60° Answer: (
= co8 2 2 3 .
et ii=-i+ 3k and b =-i+ j be vector in the spaced. What is th -
wosine of the angle between a and a - b ...UEE 2004/12.

9 3 3 ~¢

2 B. - C — D. —
N .

10 5 A10 10

—

Solution: Liat@be angle between a and g - b
i-(@-b) (=i+0j+3k)-(0i—j+3k) O

d@lla-b| V1494149 10
Answer: .-

Let v =3i—4k, i, j and k be standard unit vector in x. v, z axis
andA=(0, 1,2)

If AB is parallel to v and H_/-l_é | = 10, then point B is at ... Ul |
2004/12

A (-6,-1,10) C. (6,1,-6)
B." (6,-1,-10) D. (-6,-1,6)

= cosf =

Since. AB||% = AB =15 =| 4B || 7 |
==1(3,0, 4) =(3t, 0, -4t)s

V=102 y9r? + 0% + 1662 =257 =15
2M=10=1=2

iBzB‘A:(Xs y-: Z)_(O-; 132):(X1Y’15 2’2):l2)l\3'(.)‘-4\
.x‘ﬁ'y‘l=0:>y=l,zﬂ?.=-8:>z=-6 .
B=y,2)=(6,1,-6) Agsweri
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—_— 5upplementa1y exercise _\'ﬂd § ¥

__‘____________.—r ----- .

. CQL‘H &
e posltlon vectors of four points A, B, ¢ p o == 5

Ls The . h ? 4
and @~ 7h respectively. Find AC, BC. DA n 2, 15
l B
of a an'd b “I‘.l g,
2 . — — ¢ ]
. ther the three points @ —2p 43z
> Vcinfy w4h - : TIC, 25, 3b~.
7h + 10c are collinear 40

b = PR

3 Show that the following vectors are

Coplanar 5a+6b 1
75 —8b +9¢, 3d + 20h +5¢ | *75

B3

4 For the vectors d and b where @ =2j + 31+ k &

=5 =" 5 btgi_\ '.
k, find the value of ,2& +3bl

5. ABCDis parallelogram Find single vector of the followmg

o CB—CA d)  AD+DC E L

b) DC - DA e) DB + BA + DA "

o) AC+CB )  CD-CB 2
6.  If the vectors ¢ and d are two adjacent sides of regular he .

determine the other sides interms of ¢ and d

7. Find the magnitude and unit vector in the direction of the s .H
the vectors —z+4]+2k b= =3i-3j- 2k
c=-2i+2j+6k

8 find the unit vector in the direction of the vector £ —rz ,;‘;

R=i+2j—kand 7, =35+ j—~5k

9. Find the angle between the vector .
2)  d=-3i+2j, b=2i+3j¢)d=-2i b :ﬁ,:--_;

b) ada=i+j, b=3;

Find the value of t for which the vectors 3i + j +tk and 2i 2l
are perpendicular to each other.

Ha=2i-3j+k, b"z+2]+5k é==3i+]- Zk
Find a) g - bb)b 4

10.

11.



=
~%

0,

2,

B
<
!
s}
—
N
l
}

%litsetm:(vectmws E

, b =i+ j,find scalar k such that

he vector a+ kb is perpendicular to g

the iy ‘ i

2) he vector @+ kb is perpendicular to b
t

—

b ke an angle @ i If |a b

- / makgKe dn — a|= 3) =

yectors @ and 3 | #1=1
dwy2d b b) Angle between b and (g + p )

Wlw at AL, 2), BG, 4)_ and C(5, 2) are vertices of a right

Sho by considering the sides of the triangle as vectors.

jangle
riang le between the vectors

Find the ang

~ 1
g a=( 2)and b = [l,———z—)

b) Zi=i-\/§jand5=i+\/§j
fG=2-2+k b=2i+3j+6k & =-i+2k

Find the direction cosine of a - b +2¢

Find a vector equation and rectangular form of equation for the
line that contains the given point and is parallel to a vector.

) =(3,4;a=Q2i+)) b) r=(51);ad =3i-2;
Letil =i-3j+2k, ¥ =i+j, W =2i+2j-4k

Find .

2 utyl c) Pu-5v+w|

b) o +1v] gy 9 S
| wi |wi

Find the component form of the vector ¥ in 2-space that has the

Stated length and makes the stated angle 0 with the positive x —
axis

3 ‘Vl=3,9=—Z~ o)  [v=50=120
Y M=2,0=90" d p=18=x

Lef U=(1,3), y = (2, 1), w = (3, 4), find the vector x that

Asfies 247- 5 + ¥ =75 + w

ind Parametric €quations for the line through P and P,
PIB,-2,Py5,1) b)) Py(5,-2, 1), Py, 4,2)
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22.

24.

25.

26.

27.

28.

29.

Find thee equation of the line that passes throyg
a) Parallel to vector 2i - 4 gh (3,5
b) Perpendicular to the vector - + j
Using vector methods, find the equation gy i
and radius are given below

)ﬂn.

le'(,‘,les th
a)  center(3,4),r=2 b)  center(-[, 1y ,_ A f
Find the p’aran;etric cquation.ni' the line thay 1S fanpece

circle  x°+y =25 at the point (3, -4) gent
A translation T(-2, 3) mapped to the point (4, '
image of

a) (0.1 b LD
¢) the circle with equation of (x + 10° + (y - Waos B
Find the image of the following under the line of reflectioy
ay=2x+1, b1  9y=2 e
Find the image of the following under the line of rep.

! _‘\"

1) then

lix—y=3
a) (LD b G-D'HE-1=6 g

Find the coordinate of the image of t(})le following afier a7
about the origin through each of i) 45" ii) 150° i) 300°
a) 6,-2)b) (2, 1) c)y=1 d)y=3x+1
o) X+y=2 o -
Find the image of the following point after clockwise

through 90" )

a) (4, -3) about 1) (0, 0), ii) ( 1, 2)

b) y =2x — 1, about 1) (0,0) i) (1, 1) )

o) (x-4++ 3)? = 4 about i) (0, 0) ii) (1,2)

Digital Library for Ethiopian students u Y T b Dicit: - - 5
igital[O,1] Ethiopia
Link: https://telegram.me!/digitallibrarydethiopianstudents  or 0“ u e 7
digitallibraryaethiopianstudents
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Unit Light: The set of camploa Numbiex

\
L ag]
1B Unit Eight
S
pe set of complex number Ly
Ve V3

f=complex Number”.

e 'U]]UCP‘" o
Thec ation x° + 1= 0. If we attempt to solve this

1' oW consider the ¢4t
we ha(e
X3+1——:O<Z>x2=-l == X = iﬁ:ij

are is -1 (Negative) 1s called imaginary number

: per whose squ
|A[lum . - _1 .2:_-1
1) genoted by 1 defined as I =~—1, I
complex number system (C) which contains both R (real number) and
i

< umber whose square is Negative denoted by ¢ and given by
¢ = {Z/Z = x + yi} where x and y are real number and

. i=+/-—1
N Illustrative Example
i.  Solve each of the following

3k
!
2! A

) x.+4=0 by x*+9=0 ¢)xX+64=0
o d) x*+2x+10=0
Selution:

) X+d4=0e>l=-d=>x=t+—4 =42 - x=2iorx=2i

D) X +9=0e>x*=-9=>x=++/—9 =43i .. x=3iorx=3i

¢) X +64=0 > x> =64 = x = ++/— 64 =+8i .. x=8i or x=-8i
2 9

d) X" +2x +10= 0 & x* + 2x+1 + 10- 1= 0e(x + 1)+ 9=0

SE+1)=9 ox+1=+t4=9 =43i
Wri + D=13; oo 302 1 934, -3 <31
tite the expression in the form: z = x + yi

3.) Z:3._,\/___~4 g)Z:VQE’?

3
b z=14-25 h) z=+3v-4
V2848 i) z=A(AND)




213 Unit Eight: The oﬁf; of COMp Ly, v i |
ST,
d) z=v—-12++/-3 j)z=(2—\/T25)5(3‘\/}mJ\{{
e Wb
) z=~—18 )
Salutien: Herc

a) z=3—-N-42z2=3-2;
b) z=l++-25<z=1+5i
V-8 +4/~8

Q) z= ; & z=—14+/2

d  z=v-12+4-3 = 23i+3i

" 2=043y
e) z=\/—_3-\/—_<:>(\/_i) (28)=3 z=-2.
_J-18 3v2i _
f) Z= \/3 = Z= \/51 -—3+OZ
g 327 %jgi—Si .:z=0+3§
hy z=+34—4=2.3; fz=0+243
) z=,(-4)=3) =23 . 2=243+0i

D z=2-T125 344720 =155 2

z=—-1—3\/§i
k) z=—2+ﬂ—(\/a+«f—73)
Lo Z2==242i 23 —\[3
L z=(2-23)+2-3) |

Power of i
A few power of i are lzsted here !
oi =1 e =j ei’=j .
o i =-1 ei’=_1 ¢i’=-1 i
01: = .i7=._i oi'l =4 B

®1 =1 ei=] 0i?=1

The power of i rotate through the four numbers i, -1, -i, and !




e Mgy
® 11 1S positive lnteger

* r is the remainder when n is div:
*0<r<3 nnlsdlvldedb}’4

e Hlustrative Example T
;’ﬁiﬁlf}’ and ;)vnte aiss 423 X +yi ) -
) 13 176 ) 15131
b) L g) 1( 723 .10 D
) 174 ) T 28 | .29
- i 1+1+1+ T T2 %0
S; 1ilﬂ2 -3 4n+3 o ( 2n+2) ! L+
Selution:
a)  Divide 7 by 4, remainder, r = 3, nil=P= -
b) Dmde 13 by 4, remainder, r = |
AP =ie—13= 4(3)+1 r—l
¢) Dmde 1 35 by 4, Remainder, r =
5 _
=1=4
d) 4= 418)+2, - i == <—— Dividing 74 by 4
remainder 2
T B Y L Dividing 102 by 4
remainder 2
f)  Dividing 543 by 4, remainder, r =
. !Zi‘ 13(——_543 4(135) + 3
LI = =4
) iT=iIO_ 0 76 4(44) + 0, Dividing 176
by 4 remainder, r = ()
hy #*=¢ e———Dmdmg 298 by 4, remainder r =
i723 = 1 » ¢— Dividing 723 by 4, remainder r = 3
%= » €— Dividing 10 by 4, remainder r=2
. i 298+ i 10—*1 +1 +1———l—1-—-1—-1 21
D i+ P AP P40
_ ~(1+ 1+-1+1+ +1)+1—1—1*1
L e T (e I L
i R =i+ 1* 1—-1
k) i2 rone 1 «— Dividing 205 by 4, remainder r = 1
1) = {43213 _

-131 3

=1 <— Dividing 131 by 4, remainderr=3
c. 1 =1 = _1 '
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20+ 1

- :2n b) i
| lify a) i .
4, Simplify —11f n1s odd, 11:1,3,5,7.....

2n
SGMM: El) o {1 ]f 11 iS G'Ven, n= 2545658,

-----

o {— i if nis odd, oy
by iU =1"am g b |
11f niseven q,
T - IZquality of complex Number I
Letz; = x + vi and 7~ = a+ bithen ,
zy = 7> ifand only if x =a and y =b "': ;;/
Example: a) x + yi =3+ 4iiffx=3andy=4 = i
b) (2x —4) + 9i = 8 + 3yi, Lf{2x ~4=8and3y=g e ]gbll‘
= 2x=12and 3y=9 E [
X=6&ﬂdy:3 ;{1‘-
Operation on complex Number s -
Let z; =x + yi and z; = a + bi be complex number ' LH
i) Addition and subtraction: . X 4 ]
zl+zg=(x+yi)+(a+bi)=(x+a)+(y+b)1 ' :

Z -2 = (X +yi) = (a+bi) = (x — a) + (y - b)i
ii) Multiplication of complex Number
Ziz2 = (x +yi)a + bi) = x(a + bi) + yi(a + bi)
= ax +xbi + ayi — yb
= (ax —yb) + (xb + ay)i
If zy-z; = 1 + 0i then
. Z; and z, are multiplicative inverse of each other

v 1+ 0i is the identity element for multiplication of comple;
number -~ ‘

iii) Division of complex Number

a Letzi=1+0i=1andzz=a+bi,then
z _1+0i a-bi  a-bi
% a+bi (a+bi) (a—bi) @+
i: I g4 bi

Z, atbi g’ yp +b%
Example: a) : L 2 & 2

—
—

2+3i 243; 2243 2243 13




Unit Eigls.
&L ) it Eight. The set of campgy, Vg,
| 2 I 3+4z’ 3 .
T e H 3 4
| b1 and 72 = ¢+ di then 25
& LetZi =at
5 z],f_ﬂ)—,( +11)[ ]
1 :’fc—i—dl c+di
N ﬂ _ c  di
J, - (a+bi) ¢ +d* +d?
N gc+bu~aa’z+bd
| ¢t +d’
| atbi _(ac+bd) (bc-ad)i
 Tetdi r+dd T Fig?
| he 2H3i 2415 LB-10)i 17 Ti
’E"am‘“’ 1450 P45 P45 6 o6
(E o 1—2:': (2—8)_(4+4)i__;6_ i
| Multiplicative Inverse
|
Forevery z# 0 in & there is multiplicative inverse l such that
z
1
Z-—-:l:l z
f z z

Example; Find the multiplicative inverse of each of the following

Datbi byx+yi  )2+3i  d) 1-3i
Sobutiog: |

a+bi

a) multiplicative inverse of a + bi is

Thus, -__1____-: a bi

- 2 75 5 —— < multiplicative inverse of a +bi
Gtbi @t +p? G2 yp?

. ;1
b) Multiplicative inverse of x + yi is .
: X+ Yt
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Unit Eighy. 1&9,_,%
! i yl 5 < multip]; 1 (‘
R - 2 Iplicati
£t g i v ki ity e ¥
¢) Multiplicative inverse of 2 + 3j ig _L .
1 2 N2y a3
| - ~ multiplicay g
S 2430 22+3“ 2 430 13 13 P Welnverge fﬁ !
. 9
d) Multiplicative inverse of 1 — \/— 3i is __k_l_ﬁ__ .

1-/3; J.r.‘
I 1 1+4B g o

R R TN RN |

Find the multiplicative inverse and write as z — X +yi P ’I
1+i 3—4i 2.8 ;|

4 2= b) 5= c) g= - i
Selutien: Multiplicative inverse of z js — N
Z e

pz=leol 24 *(2+z)[ )=(2+£)[-1—-_'?7 3
2+ z 14§ 1+i )

:l_2+i—i(2+z)_2+c—2z+1_3_i .
z 2 2 2 2
1 3 ve e
=, T~ <— Multiplicative inverse of z = S
z 2 2 2+

I 2+3i

3 4i A

b - — + ‘!E-.-' :
) = 3_ 4; (2 + 31)( —4j J (2 + 31)[32 + 42 32 + ; 3
1_32+3)+4i2+ 3) _=6 170 _ multiplicati®
z 25 25 i

25
3—4;
24+ 3]

inverse of
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% lustrative Example
m solve forx and y
7 nedd

=\

-
—_—

e N N

=

A FW=ATE gy 341
) Xtyi 2 9
(x -y + ) = 14~ 5i 9 Lr2 .
b) : X—4yj
x+yi 1 2 243
P P o % h) -=i+1
3—i 5 3x—4y;
§ GAYNEZ-NCYEA=0 ) (xyipags
o) 2x+yl=(3+51)(2-4i) My
Salution: Here -
2) {x+yi)(1+2i)=4+7i<:>x+yi
4+71

< dividing both side by (1 +2i)
1420

4+7i 1 2i
axtvi= 4+ 7 447 ——
XTyl 1+2z ( 1)( +2] ( z)(l +22 l+22]
:,x+yi=4+7l‘21(4+71)=4+14 i

5 5 s,

X+ yi= }—Ei-i 'x—18 _

5 5 T s YRS
b) (x=yi)(4+i)=14-5i®x~yi=14_51
4+

>X-yi= (145 1445 : j
; I)( +1] ( I)(42+12 4? 41
= x—-yi= H4-5)—i(14-5i) 51 34i

17 1717

, y=Z=2
=15
9 Xty 1 2

) (1 2.
3-i "5t S xtyis (3_0(§+§l]




S —

d)

g)

%tit Eigﬁt: JEC et ﬂi L¥]
“—-“‘“—h}‘%‘%ﬁ

3+6i—i+2 5 5

3
Sx+yi=T ¢ "§+‘5‘“=|+f

K= 1 and Vv =1

(x+yDi+2-3x-y+4i=0

e (x FyDi=-2F X Ty-—4i
oix-y=-2+3xTy-4i

s ix=-4iand-y= -2+3x+y

s x=-4and -2y = -2 +3x, put x = -4
— 2y =2+ 3(-4) =-14

x=-4and 2y=-14,=>y=7
x=-4andy=7
x+yi=(B+5IN2-41)=6-12i+10i+ 20
32x+yi=26 21 = 2x =126 and y =-2
x=13andy=-2

I+ =l+li<:> 3+i=(x+yi)(lﬂ]

X+ yi 2
: P o1
c>x+yz=(3+z)-—_=(6+2z)(-——]
1+ 1+i
1 ]
& x+yi=(6+20)- -
yi=( )[1%12 12+12)
6+2i i ‘ ‘
< 3t i 221_1(6+2z):3+f_3i+

3X+Yi=4—2i _'.x:4,y:_2
i+2

=3i" <2 +i=3i%(x - 4yi)

x—4yi
. 24
= X~4yi =3 Note, P =i =

=3 -3 \i 3

Dty |

e

=3~ f)f fl-i%f] = _3_(1_1*3-_"):_1{‘1 P N

e
e

[

\

|




&t‘\_ %dt&gm:gﬁeddapm&&u‘rmnﬁw
i\\ 335 12
| »x-HiT3hy
1 2 1
1 1
X 3 ana y 6
| 0 2+“’!.:z'+1<::>2+3i=(i+1)(3x—4yi)
i 3xf4_)’f
| 2+ 3i 1
Ix —dyi= =(24+3) —
=axmayi= = )[H-i)
=243 21 S
"+1* 12477

. N 243i—-2i+3
3x—4yi=(2+3) ——— |=
= —ayr= )(2 2) 2
5 i
=3x—4yi=—+—
TR

:>3x=—5—and -—4y=—!—
| 2 2
| 5 1
| LX=— and y=——
| 6 VT3

f 1) (x+yi)2=i5<:x2+2xyi—y2=i

::>x2~y2=0and2xy=l

=~ X=yorx=-yand 2xy=1

Substitute y = x and 2xy=1
=2xx=1=2x*=1

V2

Since x ~ Y, therefore, y= + Y5 . 4 — 4

L — andy= %
2 2
Q‘ Complex Conjugate




356 . Unit &Qﬁt

Definition: The complex conjug,atc ofa "Omple ;f
z=x + yidenoted by Z is given by > ; bey
¥l

Properties of complex ¢g

)  Ifz=x+yi,then “J"gate 1
a) Z =X-Yyi
b)z+ zZ =x+yi+x—yi=2x .
c)z-z =X+yl—(x—yi)=2yi |
d)z-Z =(x + yi)x — yi) = x* +y* 1
i)y  Ifz and z, be complex number then 1
a) z, = z, b)z|+zz-_—gl+-z—2 1

-7 .z { “ Z,
C) 212, =272, ) —|=—,z %

Zs ) E,
o [z")=(z)

Definition: Modulus (the a_l_:ggg_l_lﬂgﬁllue of complex number

z=x +yi, denoted by |z| is defined to be || = m :
Note: If z; = x + yi and z; = a + bi, then R |

7~z = |k~ 2) + (7 - B)) = (x—a) +(y—b)

Properties of Modulus .
e z-z=z] «{z"|Hz[", neR
o |z|HZ] * |z, +2, [<| zd| 2, | J
oz -z,|Hz] 2] |z, -2z, 2z]|-|z] E |
21 | 2, |
Z,| |z,
INlustrative Example
8. Find the conjugate of the expression
243i
a) z=-3+4j d) z=4ﬁ2i
1
by z=1-2i e) z=—",
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Unit Eight: 54,

oct of camplen Nympe,

Z:x+Yi f) Z:-—gi___l_ 3
¢) 2 o 24 2—j

s Conjugate of z=x+yiis givenby 7 = 4 _ i, thu
Sa&lmgs 3+ 4ithen z =-3 -4j J ;
a) z=1-2i,then z =1 +2i
b; ,=x+yi then Z =x —yi
C

) 7
d) weuse | — | —— thus

Loy

_ (2+3£]_ 2+3i 2-3i
zZ =

4-2i) 4-2i 4+2
— T . T _ 1 B _1_+ i
o P4 1+ 1-i 2 2
: _ 9 6
f) Exercise left for you (Answer z = g._? )
Find the modulus of the expression
(1 _ I-)ZO

a) z=2+3i d) Z

~ (8+8Y31)(1—3)°

b) z=2-6i &) z=+2+3i

¢c) z=3i"" ) zzi/SZKE

Solutisn: we know, if z=x + yi then |z = 1/x’ + > , hence

) |zlH2+3i=22 +3% =44+9=413

b) |z 2—6i|=+/27 + 67 =+/4+36=+/40 =210

) |z[=3* |5 3i|=v0? +3° =3 )

iz =il (m) -3
|8+8+/31[11-+/3i| J82+(8J§)2'( (1)3+(J:§f)
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\/5);0 2]0 K
= - 4 i - 1

16- 2(1 2%.2

=]

e)|z]= |N2+3i|= = 2+3i a(\(2 + 3 } \r13 5_%3_

—B/8+83i :|8+8\/§i3 :[W)g
=3/16 =232

Simplifying the indicated operation and write the result ip the
form x + yi

2 3 B

S R S L L
VT 1 ol
(2 —3i)(5i
SRR 9 G+VRT-vT,
2+3i
;3
A hy —i(v—4-1)
24i 2=i
d) - -6i° + i i) 4:* - 24°
o a-2f-a+2¢ o Vo2f (55
Solution:
g2 3 _20-D-30+i) 2-2i-3-3 -1 §i
I+ 1-i 1+~ P+2 2 2
by 2230(50) _10i+16 _16+10i (2-3i
2+3i 2+43; 2437 \2-3;
_16(2-3i) +10i(2 - 3)
27 +32
=32~48i+201"30 2 28
5 13 1313 |
€) —+-—_ MZH) 4i+2+10+5i E+?l

241 2 i +i)2-7) 2241 5§




Unit Eight-
nit Eight: The aset of campfci Numnbiey

54 it =60 )—l—-—1+61

) -6t

‘f’)u-z;) (12D = =4 Q- (12 +4i 4 iy
G —*1—41—4 41T4~0—81

]1 Jrfﬁ,]”&- i =it 2o titi=1+9j

3 4= 5)(T ~V=10) = B+~/5i)(7 - /T03)
=3(7T— 's/*l)—}-\j—z(? \/%z)
—21-—3'\/—14-7«/_1-%5(
:21+3«ﬁaz‘+7x/§z'+5\5

) _i(ﬁ__]):~i(2f~—l)=2+i
) 42 = 2i° =4(=1)—2(—i) =—4+2i

, (ﬁ)é +(V=3) - (V2if + (5} =855
10, 2)01\76 - 4i)2— 2x —iy) =X + iy

2
' i
b [_1+:J+ -=1+i
| 1—1 X+ yi

0 (-2)(x+yD)= 2(x —2iy) + 21— 1

Solution:

) (B+4)-2(x-iy)=x+iy
&9+24i—-16-2x + 2iy=X+1y
= 24i+2iy—iy=x+2x-9+16
= 24i+iy=3x+7+0i

~ & y+24)i+0=0C3x+7)+0

&Sy+24=0and3x+7=0

[ S

'.y=-24andx=:-7—

1 N2 l_jl_'\”x:
b) ( H] + : =l+ie : =1+i—("'—l.l

1-i X+ yi x+yi =i

X+ yi 1—=i 1+3
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11.

12,

21\ 1 N
S ) I

x+ Vi 2

1 _ . x_i_vi: = T ;
= S T 24 2 .
x+ Vi [ §

] and y=-3

o) (3_.21)(x+yi)=(2x—4iy)+2i~} |
= (3 - 2D)(x +yi) = (2x = 1) + (2i - 4iy)
= 300+ i) - 20k +Yi) = (2 — 1)+ (2 - 4y,
— 3x + div- 2ix+2y=02x -1)+(2- ~4y)i
= (3x + 2v) + By 72x)1_(2x-1)+(2 4Y)l
= 3x + 2y 1K—-land?)},r 2x =24y
= x - 2y—-land 7Ty—2x=2

—2x+7y=2

b —2x+7y=2:>{2x+4y_ -2
. e
g g x+2y=~1 lly=0 ¥

«/_ V2

+—i
2

e e A i e,

100

Find a) l41,'2 - 2i3l b) |-6i° + | ¢)

Sclution:
8) M- 20 = |4+ 2| = \[(—4)” +(2)? =420 =245
b) 61+ = [6i- 1] = /6% +(=1)? = 3641 =37

-2 (&Y (haY) _2_+_%Tm:1
272 Tlat _

—t—ijl=
2 2
Solve each of the followmg letz=x + yi
Q) X+4x+20=0 d)  z=+3-4i

b) 22~1=0 &)  z=Al20
)  Z=.5+12

Solution: Here




T

b)

Unit Eight: Gpe o
Urnfiey,
+4x-—]-20 OC}_X }‘4xy4+2o 4 Oﬂm%%%
:>(x+2) =-16
ﬂ]{’*‘zz iJ:lﬁ =H% =t 22i41::>x:-2+4l
) S.S = {-2 —4i, -2 + 4i} =
:>(x+y1) =i =>%x*+ ley y =i+0
% —y =0and 2ix =1
—»x=yand 2xy=1putxiny

3
-1:>x———:>x N
::>2x \E :
G
Since X =¥ “-_-7 anay= 2 .
s
B R
iy V2 fl 2 JE
27 3 3!
z —-5+121<:>(x+y1) =5 +12i
=X +2xyi—y’ =5+ 12i
2 12 6
X -y=Sand2xy=12=y=
2x X
2 4
-36
'—"-)XZ—[Q) =— 5:>x __g.?_:_.S—_—;)x : =-5
X X X

=S5+ 582 -36=0

. ~5+4/25-4(36) —5+./169 -

i 2 2 2
y  —=5+13 __8:4

= X = I Wit
2 2

6
> x=4/4 =12 and y=—y =13

. the Selution set are z = {2+ 3i, -2-31}
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T [w"‘ﬂfvt

Vi,
d) z=1/3 = =3 4}®(\+1 . - u.g
:>x+2xyl ¥ =3 - di —4

X

_2 5 4
:‘>x2f‘_‘ =3:;>.xﬂ_"—;:3‘_—_>x4___3t2
X X T

, _319-4(4) 315 3,5

R

Sx -y =3and2xy=4 = y= 2

4:()

= X

:>x2=4:>x=20r~2andy= :—2_—*2

——

X 2

SLz=2—-1orz=-2+1

LS8S={2-1,2+i}— J3-4] = =2-iora+;
e) z-\/_<:>z —21<:>(x+yz) =i

= x* +2xyi — y*=2i

1
:>x2~y2=0and2xy=2:>y=

= |

:>x—1-0:>(xf1)(x+1=0
=x*-1=0
=x=landy=1landx=-1,y=-1
'z=1+iorz-——1~i
LSS ={1+1,-1-)
13. Find the cube root of each of the following.
a) 1 b -1 ¢ -8 d 27 ¢
Sa&ctian:a)z=iﬁ<:>z3=l
=72 -1=0& @z 1)F2+z+1)=0
=z-1=0o0rz®+z+1=0




det ﬂ£ m‘"‘pee{r— u'i‘:[u"ﬁ o
| ——
4c%/ - —-1+ 1‘-4(1) ""li\/gf

| =z=lorz= H‘TH:H?\
t

_1~\/§z' —~1+\/§f
-~ 88= {ITT = cube rogt o |

2H1=0e @+ 1)Z -2+ 1<
b — 7 =-] 0r22—2+1=0

1+ /1-4(1 ]
2
% lh\/gi 1+4/3;
% S.S={“1,_“""‘2“"—: ;/—}ﬁcubemotof-l

o) TH8=0(E+2)(2-22+4)=g
=z+2=0andz’ -2z + 4=

2+ 4 ;
=>z=-2and zz—-_____i,fgi)“:_z};i_‘@“
~SS= {-2,1+w/§i,1—x6i}<— cube root of -8

d) 27,64 « exercise lefi for you
4. Find the fourth root of

1 b 16 ¢ g d)
Sohﬁan:a)2=%¢324=1<:>z4~l=0
:>z4—1=0<-_—>(z2—1)(z-’~+1)=0

=@Ez-1)(z+ 1)(z+i)(z—~i)= 0
=z=1,-1, 4, i

L88={

,—-I,~i,z'}<— cube root of |
2=%E<:>z4 =16 =z -16=0

:7'(22~4)(22+4)=O::>zz~4=0andzz+4=0

=(z-2)(z+ 2)(z + 2i)(z - 2i) = 0
PS94 9

b)

~83.8= {2,-—2,-—22',21'} — 4" o0t of 16
D Wlesgin g
= (2~ 9)2 4 9 =0=(z—3(z + 3)(z + 3i)(z -3i)

::>.z=3, -3, -3i, 3
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S I .y

~.8.8=1{2,-2-1- ‘\/-1 1+\/_I 1- \[—1 1+\/—1}<(——~Slxth1foot0ff3‘t

s.8= {3,-3,-3i,3i}
d) z:ﬁ@z =4z —4=0c (2 ~2)(z? -
={(z- \/7)(2+\/_)(z+\/_z)(2 \Qf
. 85= N2,~2,~2i,2i]
€) z= \/_<:>Z =3z -3=0
> (@ = 3)(E +13) =02 -3z 4 B)e 4 iy,
"= V /3, \w\?;Je—-founhmotm

=0

Find the sixth root of:
a) 1 b) 64
Sofutien: Here

a) z= \/_<::>z =1z -1=0
::>(z)—1 0= (2 - 1) +1) 0
= (z - l)(z +z+1)(z+1)(z -z+1)=9

—1+J——4 1+\/T

:>z**1andz——

~1- fz -1+\/-: 1+I;,1L

=z=1, -1 3’-"5"'
2 2 2 g
211—1 \/—1 —-1+\/‘11+\/—11fr
’ 2 2 2 2

b) z=8/64 = 2° =64 <> 2° -64=0
::>(z3)2—82=0:>(z3——8)(z3+8)=0
= (2~ 2)(z+2)(Z* + 2z + 4) (7 -2z + 4) =0

3
|
2+—\/4 16 Y/E B

dZ—f——-“‘“'*

.z=2, 2andz=
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\; 365 g m and polar representation OW
| d et

bt L ams
A g DiAg ical tati

i it etrical representation of the

Ip i are WO geom “Omplex number

Loty i) as the point p(x. v} ;

'r #* P(x.Y) . ) thel'\)f ¢ pi« > ¥} in the_ Xy plane

'- i) as CCtor from the Origin to P(po)

i ) representation) polar
b X
J% e

i X-axis 1s call ' .
ﬂi%? pch representation, the ed real axis and the y-axis ig

aﬂ o the Imaglnary axis. '

¢ A coordinate plane with a complex number assi

point is referred to as a complex (or Argand) p}

xy-plane. _

« Geometrical interpretation of a complex number 7 =
complex plane:

The length of the line segment from the origin to the point

'P(x, y) in the complex plane is |z| = m

The distance between the points to z; and z; in the complex plane is |z, —
| z
it : J R
—f@xample: The point corresponding to the complex numbers, z with |z| =
1 are on the unit circle,

) J_,-_ 6. Describe each of the following geometrically (graph, z=x + yi).
—; a) |z—2(=3 c) z+2—i|=1
Ly b)) z+i)<2 d) lz+2—i|>1

. Solution: a) Z—-2|=3= [xtyi-2|=3 = |(x+2) +yil=3

| = J(x=2)2+ 3% =3 = (x~2)*+y* =9
' Point on the circle (x — 2)* + y*> = 9 with center (2, 0),t =3

gned to each
ane instead of ap

X+yl in

Y Eril<2s x+yiti|<2= eyl <2
g = Jx*+(p+1)? <2

o Dy +17)<4 :
| <. Point inside the circle x* + (y + 1)" =4 .
D l2-if=1= x+yi+2-i|= 1= |[cF2)Hy-Dil = ]
= x+2Y +(y-1)221 ,
“- Point outside the circle (x + P+ (y-1 =1



e T ——— = 3

e |
Unit (‘Jqﬁt The sof (‘f .
360 I
S ; : i
o Describe each of the following ‘?clonllcir_scally N
o k-ll=kr2 o =g g
p  pril=k=ll D iz
Sobution: ) [z— 1] = 2+ 2] = [(x-1) +yi} = (x49) 4 yi
= (x-1)°+y = (x+ 2y 2
::bx?')sz' 1 -}-y*:.\"— "‘_4.“%4_&_&’
-3 -1
Gx=3x=—=—
= -6X =3 5
_ —1
. Points on the line x = —
by lz+il=kz-ll=lx+ (yz+ l)zil= Ix— 1)+ yi
=X Fy+ 1) == 1) +y 2 2yt =0y
= y = -x —> point on the line y = -
O [z+2l=lz=31=x+ (6 + Vil =[x~ 3)+yi
=X+ (y+2) = @3+ = 4y+4=-6x+9
.. point on the line 6x +4y =135
18.  How may following complex numbers, be obtained fron,
z =X + yi geometrically
a) z b) i- z )
Selution: z=x+yi=> Z=x—vyi
.. a) Z =x—yi, by reflecting z on real x — axis
b) (— z ) = -X + yi by reflecting z on imaginary (y) axis.
ii.

Polar representation of complex Number
(Trigonometric form of a complex number)

* A complex number z = x + yi can
be write interms of trigonometric
’ y 2 2
) - :>x=rcose,lz|=r=1/.x +y
-~

| x =>y=rsin0
- Z= X+ yi=r1cos 0 +ir sin § = r(cos O + isind)
This is called polar representation of z

* The polar angle 0 is called the argument of z and is written

0 = arg(z) = tan™ ( Y
X

I is the modulus of 3 complex number z.

Y
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52 e princip
!

(W;; +yl - I
| (prinei? - argument is polar angle 6 which is denoted by arg(z) is an
- cipal

g pril
ole b€

— ]

q< al'g(Z) ST

tween | argument of z is calculated by:

i Y ) if z=x+ yi lics on 1* quadrant
X

et (_ii] if z=x+yi lies 2™ quadrant (x < 0,y > 0)

| ==y _ L i
| tan” | = |—7 if z=x+ yi lies on 3" quadrant (x <0,y < 0)
\ X
! tan”™" [l) if z=x+ yi lies on 4" quadrant
| X
4 4
L@e: fan’'(-x) = -tan” () B
Note: Ifz, = 1) (c0s0 + 18108, ), z; = r3(cos B, + isin 8,)

thenzy; =z < n=rand 6, =0, + 2nk k € 2.

 Example:

.. [ 13z .. 13x lz . 1z
CO§—+18I— |=2| COS— +iSin— | =2| cO§—— — j §in ——
6 6 6 6 6 6

coerisin-EJ:S cos%ﬂsingj—{ =3 cosz-jz—fsilfl—7£
4 4 4 B

T ..
CUS—5~+zs1n—) =6 cosl—lf- +isin M) = 6(0{)52E —18in 9—”)
5 L 5 5 5
dr 4
COS-"‘_""ISIH-—E- =4 cosgz_jsingi =p=—2 —2'\/51.
3 3 3 3
Find the principal argument, and polar form of each of the
fOI[DW]_ng
l;) Z=1+_\/§f d) z=4+ 3 s
fen: since a1 of them are in first quadrant thus, the principal
AMgument ig given by.
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\%& i

0 =tan’ [X] . therefore \*‘“ﬁ%ﬁ% 1
X
Q) Arg(l +i)=e:tan“[ijztan“'m: 7
1 1 Pring,,
argument el
Modulus of z, r = m = \5
T
(W/E,—) = ﬁ(cosz +isin~
c) Arg(l+ \/—?;f )=0=tan™ \/5 = tan" (ﬁ) i
1 3 prmClpal

argument

=P +43 =113 =2

- (r,t?):(2,§-J=2(cos§—+i3in§—] *
c) Arg 3\54-31 =0=ta [ J J 5 “JT
( ) n W3

argument

r= \[(Sﬁ)z+32 =6

(r,6’)=(6,£]=6 2 s igin”
6 cos6+zsm—6—

d)  Arg(4+ 3i) = 0 = tap (éj
4

3442 = 5
Y !

s (r,0) = [5, tan“l[%]] = 5(1::05(&&1'1 GID +i Siﬂ(tan .‘i E)[

Fin
d the principal argument and express in polar form
2) z=2+9j b) z—--[-}—\[_z __')\HJr”I.

20.




_p.\;
'“r L 0)= (2,—?7[} = Z[COSE‘;‘- +isin ij{)

r : ﬂ““&gﬁt:ffﬁe

.36-9 =2+, z=-1 +\/§i and z
' :Z"‘"

= — 2'\{3 + 21 dre ff)lmd
§ drant two-

i u:lfore the principal argument ig given by
There™>

~q+tan’ -J-{] s hence
Afg(Z) X

2

. . -1 _ )
g A2 T2)=0=n+(tan (jz—] =T anl(q)

= ff——= —Z < principal argument
4

r=(-2)7 +22 =4/8 = 22

\
o, 0)= (2«/5—3;:- =2‘E[COS§£+isin 3;:}
J

= 3 _
| b) Arg(l+\/§z‘)=9=7r+tan l ‘\‘C]:?I-tan 1(\@ -

3

Arg(“z“/gﬂf)‘—‘l?:mtan*‘( 2 ]:n-tan“[lj B

—|en B3
-3 )T 6 6

r’=m=«/12+4=\/ﬁ=4 |

I. s 5
. 6 3 6
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g i)
S

But T is not principal argument,

23 N

b) A@FNiﬁFHﬂw{ii}mmwr}g
K

T

5 .
= == = —6£ < principal argument

r=JL2$ﬁ+L4f=JE=4

o (r, 0)= (4, ﬂ] = 4[005[2@} ~i sm[@- J
6 6 Y

_4.3 ey
¢)  Arg(-4-43i)=0= tan'(—?&—]—ﬁ:tan lw_ﬁ

—~2 .
= z_ T =—m «—principle argument

3

= ()" + (43)" =64 =S
i
=9 2 e :‘,_]
- 9): (8,__3—7[):8[COS§7T 151 3

m.
oo

s 1 fo
55 Find the principal argument and express It pola

Lids . -:2\!’3’;:
a) z=4-4 b z=1-+3i |
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—_—

\ 4

K / ' . 5 = | -""/dl and z = 2'\/— 20 are all jp 4™

NP .a[:rf e (, the orefore, the principal argument 0 is calculateq by
1 Y
g I’y can A : . Hence
ks g['gm’ '
\ A2 =t )= 2 pring
; MG(4—41'): 0 =tan _Zr_ =~lan |l)=- Z < principal
fig ot wd
)
argument

’ —7 ..
| ~|8— |=4]| cos——isin—
u (r,g)f[& 2 ] (c 54 IS1 4]

: T .. Ix
It is also possible as: 8 COST+ISIH——

4
b) Arg(l-ﬁi) =f=tan" (#_3_] - tan™ (_ Ji)
=—tan~" (\/5):;375
r=m=m:ﬁ:2

S 0)= 2,;7z =3 cosir——isinz]
3 3 3

i Possible like to express:

i+27r=-5—7£:>2 c‘oss—ﬂ-ﬂsuls—?r
3 3 3 3

) Arg(2f3-2i)=¢-= 'i‘_z}
i) tan 5

=tan-l(:l [ L7
Ji] [\/5) 2
m VI2+4=4
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372 s &yﬁtb_fﬁ? et of cop
o L_‘}‘qk_::*x‘f-r::;ﬁ_‘ﬂ ,“"15
— 7T T . T H'\“—r_&
LT 0)=(4,— =4] coOS— —isin —
6 6 6
s —7 117
Possible like to express: —— + 27 = _é_

[uxj . [wrj
= 4| cos| —— |+ isin| —
6 6

23.  Find the principal argument 0

J3 3

a) z=—-2——5i b) z=-4 ) z=.3
d) z=2i e) z=—2+2\/§i f) z=23 3
=B
N33
Solbution: 2) z:—é—-——-—l 1t1s on 47 quadrant.
_3_\
-1—_-2—'[_11 - |
.. principal, arg(z) = 0 = tan ﬁ =lan :E‘ =—tan TJ
i ot 3
2 )
7T
Coarg(z) = ——
6
b) since z = -4i concide with negative Xaxis
- /4
~. principal, arg(-4i) = 0 = tan’! [VT D)

c) since z = -5 + 0i concide with negative x-axis

. principal, arg(-5) = @ =

d) since z = 2i, concide wit positive y-axis
/4
~.arg(z) = arg(2i) = )
e) since z= -2 + 24/3; lies on 2™ quadrant A

el b S

coarg(-2 + 2.\/§i )=0=rx4+ {tan‘][:—\/—i} - tan“(ﬁ)] ' :f

P e e S




(%0 + '0)uist + (%9 + Igjsoojiry s

'I- IJ —, - A

< = K --I - \
uoy} ‘1oqunu xa[dwos aq (Zgurs; + T9809)2; ZZ 2ty
= -

(*ust 4 1gs0n)1; _ i
Jqunu xajduwod jo jusnonb pue Jonpoay

VARSI e S e

s s M T z 7y °}5=(;:‘$}0

. T T 3 € ¢ ) 1
p— —(?§—T]z=[5u13g~5500}= E-_—‘ZJ(; 1

¢ T (T ) ¢
IH‘E_-/\_-—E:: —l——— c= H_E_-UES.I+—-E—-SOO)£=(-§*‘EJ(Q i-‘-

T )\ 24 vy -
( \ |
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9 \ 3 -t? z ';2
—_— 4 < : e (9 1
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N .
@) o [L‘z " ( £, _?,‘J 6
L=") zy ¢ @ |z #

HHY Tepndueroas ut roquinu xojdwoo Surpuodsaxioo 2 P

4 b
.ng— = 15"'—1—[-: » — (Dl_ugl e/ _(_E_-_:)kugl =f= (1€ — E-}BJE'-
J
eipenb ¢ uo sarf 1g — ¢- = Z 22U L
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Y Unit Eight: Ghe

- édoﬁwkﬂ_}urm
) x_ 2 —
ENE
) sinee?” -3 - 3i lies on 3™ quadrant
Sog=tan”| — |~ =tan (N —ro X 37
g3 3 (_3) an (1) -z 3 ery.z,
L ppdthe corresponding complex number in rectangular form
o 4 -
2 T a5
s b 3,— p A4
) (4,3] ) [ 3) C)(,B)d)(él,n)
3 —7 Sm
— 5,— 122
. (7’2”) C o[1%)
P‘ Soluiort:
H in ~2—- [ S1 g- = --1. I%._ =" ;
a}(}?):4(0083ﬁ+181n3ﬂ'} 4( 2+; 5 = 2+2\/§1
1] _4n 1 3] -3 4B
b) [3,%}=3(cos%€+ism —;):3(————:%;}:7_%:

3 ) .
L 7,—75):7 cos§£+ isin§£)= 7(0-1)=-7i
2 2 2

[](5 R4 T .. 7T \/—2-' ‘fi ,ﬂw;ﬁ_@i
y—— =8 cos —=isin— |=5| ——1 | 9
4 4 2

4

'g)[l,_s_jf_]_:l COSSﬂ' . . Sm _£+il=£+~l——f
| 6 ?+ISIH? =t 22

ber

les Product and quotient of complex num
4=11(cosO, + isin@,)
= 1)(c0s6, + ising,) be complex number, then

e )2, .
._ Z“Z‘II'Tz(ws(B,+9;z)+is.in(¢3l+Bz))
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—

Z I .
i) —L =L (cos(8; - 02) + isin(0, - 65)

e Demoivies theorem
iii) 2" = r"(cos(n0) + isin®) for any integer
iv)z'= r(cosO - isin®). If n = -1

— =—(cos0 - isinH)
E 7
Note: ® Arg(z,-z;) = Argz, + Argz; + 2nk

.Ar{ ] Arg(z,) — Arg(z,) + 2nk
Zy

e Arg(z") = nAgr(z) + 2nk, where k, is integer

25.  Find the indicated operation and express the results ; in rect .
form.

1) Let z; = 4(cos15 + isinl5)
Z3= 3(cos4S + ising5) then find

z e
‘d) Z1°Zy b) =2 c) ..z_l d) ‘
Z] Z,
z R
& Argziz) )  Arg g Arg|—| 8
Zz 22 3 ::: :
Selution: Here

a)  zyZp=(4-3)(cos(15°+45°) + isin(15° + 45%)

= 12(cos60" + isin60") = 12[% + ;2@[] =6+ 631 8

3
B 2= i (cos(45° - 15%) + isin(45" - 157)

z, |
3 343
— (c0s30" — isin30%) = —3—(-—\/—.3— + —l-l] =
4 4 2 2

z 4
1= 3 (cos(15° — 45%) + isin(15° — 45")

Zy

c)



Unit Eight: The set of complex Nuwmnbiey

4 os30° —isin30") = —{ = = 2V3 2

1. _1-(00545" - isind5") = %({%* _1@ ] V2 2

- '—"“""'—"I

 Are(zrz) = Argzy + Argzy = 157+ 45° = 60° + 2k
°) T kis integer

I

f Arg(Z] Arg(z,) — Arg(zy) = 15" - 45° = 30° + 2k
Zy

k is integer

1 0 0
g Argl— | = -1 arg(z;) = -(45") = 45

Z

6 Letz; = V2 (cos 84° + isin84°)
7= V3 (cos 126" + isin126") then find rectangular from of

Z2i-Zo:
Sobution: 212~ N2 - \/3 (cos(84%+126°%) + isin(84%+126%))
= /6 (c0s210°+ isin210°)
_ 6[_*@__15}_;3«/5_\/&
2 2 2

. Letz=1{cos20" + isin20° ) then find rectangular form of

2=xyiand principal argument of each.
a) 70 b) 15 ¢) 2 d) 712
Solution: a)z’ = 1‘0(00520 + isin20%)*
= 1{cos600" + 151!16000)
= 005240° + i5in240%) ——> 600° — 360" = 240"
=¢08120" - isin120%) ——» 240° —360" = -120"

_ 1 3 V3

———— 5 5in 120"= ==
2 2

PR (r—
ey = L L S

1

COS 1200 = "“5
® ?DD
Arg(z") = 30(Argz) = 30 x 20° = 600°
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'un.u‘,&gﬁt G

28.

&eae_tacc
Prmmpal arg,ument 15 600 — TP = 2 0 Nl |

b) (00520 +1sin20%) "* = cos300° isinann0
= 30560 + isin60’ ——> 360" -300" = 60" % ,1 "
I 43, L &
= —4—I :
2 2
. Principal arg(z )=-15 arg(z) +2n
= -15(20 )+ 27 = -300 +360° =
c 2> = 1°(cos20° +1sm20) = 1(cos180"
) A 20 i
.. Principal arg(z) 9 arg(z) = (9)(20% = 15¢° 3
d) 12 = 1(c0s240° — isin240%) = 1(cos120 +1sm120“)

_ -1 43,

—1

2 2
. Arg(z"?) = -12Arg(z) = -12 X 20° = 240 3 |
. Principal arg(z %) =-12 arg(z) + 360° = -24¢" 4.: .arF‘ :
=120 =

= o=
L4

Letz, = 2\[_ 2i andz,= —1+ x/—z then find ;""

o l

a) polar form of (z,-z,) c) Arg(z,z)) i:ﬂ |

Z | 7
b) polar form of [—] d) Arg [——]
Zy Zy

Solution: o| z, |= 1, =/ (243) +(~2)* =/12+4 4<—
[ —2 A 1)

A=A Z““*(';‘f]:‘” [z—ﬁ) (:@)'
"Zz|_\[(‘“1) +(‘\/_) =+1+3 ﬁ:Z(——rz

o since z, = -1 +4/ \[3_ i lies on 2™ quadrant principal

! (3
Arg(z;) =m+ tan™ (_Ji] — 7+ tan” (= ﬁ y=1- - (

R

N e

X

sgenii g llilst =

\-

-

XX
T 2 i

= f=—=—
3 3




' M&gﬁt‘ffﬁeoduﬁmpwﬁ ;

. T
#‘8(003-7—:—4'1-511‘1—2_“) <« polar fO?‘m Of 2 -22

2
_8(0+ i) - 8i «—— rectangular form

7 T (cos(6) - 82) + isin(®; - 62)
Z; I3

_H cos ;E_gﬁ]+isin(hﬁ—_2xn
o) 6 3 6 3

2(005_5_75 —isin S?E) «—— polar form of £y

2,

i . 2[__"/5, + {:ilﬂ = —\/i — i « rectangular form of a
2

zy

- 2 i

o) Arg(ziz) = Arg(zy) + Arg(zz) = = + 3 = 5
d) Afg[—z—) = Arg(z,) - Arg(zy) = _w (_2.7;) — -
éy 6 3 6

3 ;29' Find, polar form, principal argument modulus of 7

) z--——+———z b) z= —i¢)z=
) )

Solution: Ifz 1(cosB + isin@), then z" = 1" (cosn® + isinnB) and
Substitute n = 12

a) Arg(£+_§2_3J : tan{—j—%} = tan"' (1) :%

2,8 me IR PR -
2

AR
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_L‘—‘“““E?et ”£ Cmnp

_“x""'*\'uv ' /
/ A .

T T 12 12 ~

z=cos—+isin—=>z" =1" cogl 19| 7
4 & 4 +zsn{12(

..

= ¢o83m + isin37T «— polar for <

13 “ltg. 4
12 ‘\/— \/_ . l e
z ot Teos3ntisingr .

9, I2 ~ -,]
|212| — |_1|1- = | «—modulus of [__\‘/’2_5‘4--@1} = B
2 —_

!

12 i

SRR e R ¥
2 2 = ’{I

6 " 6
12 _ S 52" e
z 1 COS-6— —isin e = cos10n - isinlﬂ_::):-u'u' ‘

= cosO0 — i8in0° «— polar form i
.". Principal arg(z'?) = 0° &

12 N
(——ﬁ_ﬁ——%ij =1+0i ,‘Kﬁﬂﬁ

2
9 z=+v2-Bi= = (V2 -6i) -
R |

I
1
\

Arg(z) = tan'l( NG
2= J(V2)? + () =2+ 6 =8

DIGITAL LIBRARY FOR ETHIOPIAN STUDENTS Digital Library for Ethloplan students
P —
| it




Unit Eight: The oet of complea: Numben

179
) 4 i - _7'2-: 12 12 T
i fﬁﬁ(msgwsm 3 ] — A —-\/—8_ (008(12-3—]—1'&11(12-%]]

L 512
{gi) (cosdn - isindm) =2"(1 ~ 0) = R

12
=Z =

~.\2 - |
. gh= ﬁ —ngy — 2'® (cos0° — isin0")«— polar form
o Modulus: |zlz| =8
o Principal arg(z‘z) =’

Find Modulus, principal argument and polar form:

30.
- \E’Jrﬁi- (23 +2i
Selution: 3) Z = (\5+«/§z') )= ﬁ+ﬁi1 @ 75
1-ife-20) - i-Bi2-2

" _ \/52+\/§2 :-\/——6—_*—\/’—3
Jer () 7o 208

. J3+3i
Ar [ L |=drg(\3 +J§f)—[(Arg1—J§)+Arg(Z—zf)]

i (1-+3i)(2-2)
=tan™ (%] - (tan‘l[— ;/5) +tan” (:22)]
- tan'[(l)“ - tajl‘ (V3 )~ tan )

r (-n =z 107 _§_7r

- Principal arg(z) = = §—7£
6

B V3 +/3i \/3—)( St . . 571‘}
= COS— +18iD—

6 6

I g

(1-4Bif2-2i) 4



—-?180 ====_‘_'£ mm”@i §
3 43 1.} -3 \3 %;\l%\
se= o nm—mtme——e +—1 | = + <! =
4 2 2 g8 g
I
—2J§+21 =|2\/§+2£!
by  FTI o402 2+ 24"

(WT 4'¢ 16 )
T ) J@( ?} “He

. Arg@)— 16(ATe@) = 16(Arg (23 +2i). Arg(2+

r =m\ -—-16x
_16(Ef2—}— 12 € It is not pnnmpal argumen; o
Principal arg(z) M7 g2
al arg(z) = =——=—7
TReipal R 12 12 3
16
* Z —2—-@ =256 [cos%ﬁ+isin2—ﬂ]<—-—polmf@m
2+2i 3 3
= 256[—?1 + {21] = 128 + 128+/3i «— rectangular form
Solved Problems
31.  The modulus of —1,.— it is equal to .... UEE 2007
i 12-5i
NEERE R
13 13 13 13
Sofution:
1 -5+3i]_|12- Si+5i+3  |15]  _
P 12-5i| | —i(12-50) | |-12i-5]

B e s
. N - ’ » .

|
N
Lo
5
!
|




Unit Eight: The set of complea Numbes

}/T)f £(1+ \/_3_;)6 — 651 is equal to

cod §
SimP“t‘ed 3 C. - D i+1

i A
soio 6

5 A6 i‘.+fsin-’5 =2°(cos 27 +isin2z) =
it]+\6") -2f| cos3 3 In2r)=64

| g(1+«/§i)6 _65i =i(64) - 65i = 64i — 65i =i

| _ Answer: C
| [f the complex number a + bi corresponds to the point (a, b) to

hat point does 2i - mi correspond ~----- 2008.
A 2 B.(2-7,0) C.(0,2-m) D.(2,m)
Sofution: 21 - ai =0+ (2-n)i = (0, 2-w), .. Answer C

y What are the value of real number x and y that satisfies

| a2tV UEE2009

4-2 20

A x=2,y=3 C. x=2,y=16
i B. x:6,y=10 D. X:4’y=6

- atution: 25 = 2 90k 60i= (4 - 20)2 + v
| 12 a0 oxreum@maeTy

=8 + 4yi — 41+ 2y
= 20x + 60i =8 + (4dy —4) + 2y
=4y-4=60=>4y=64=>y=16
= 20x =8 + 2y <> 20x = &+2(16) =40

: 5. Forpe = ZQx =40 x=2 Answer: C2
9. Forz=x+yi, which of the following represent the circle (x —3)
Yyt 1) =4 (UEE 2001)
A lz+3-i=4 C. l|z+3-il=2
B. lz-3+i=4 D. |z-3+i|=2

Selution: |23 —i] =2 = |x +yi— 3 +i|=2

:>|(x—31+(2y+1)i|=2
=(x-3)+(y+ 1) =4
Answer: D




e

37,

38.

Let z be a complex number such that | 3{\
g “4+$
Then the modulus of is equal to: -——c._____ Ukg
|
z B c. 14
3 3 3
Solution:
3z ; : 3|z|
=(2-iN2-i)= — .
\—44—31? ( (2-0) 42 32 (2 z)(zﬂ) 5
In the set of complex number, the Sefutign, set of 7° -8 ‘
UEE 2010 y f
A. {2} =
2 2 =
B. 2 2[cos—~j’E +isin =" R |
3 3 i L
C.  {2,2+8i,2-8i) ) 3

o 1

D. 2,2[005 2—” +isin -2—7[}2(003— +1i sm—- 1%
3 3

Solution: 7° — § = 0:3z-f-0:¢@ m&+h+ﬂﬂg
=z-2=0andz’ +2z+4=0 ‘

— - —2+
ey T2EVA43) 2 2\/—1 i

SZ=2and z= —]+\/—z orz---l—\/—l :
2 4r . W
In polar form, 2,2((,052575 +isin --i]{-) 2(cos—3-*+'5

- Answer D

2
2
Polar form of - equal -----
[l +/3i ]

A cos120° +isin 20 C. kusnn”+;~mﬁ01,{
B.  ¢0s240" + isin240" D, cost20’ 0

|
].



2*(cos0’ +isin0")

2 H ==, 190" 1L iai 0
W{ﬁj 2 (LOSlzo +isinl120")
1 w‘;l”() 1';111120
_L Q 0
0_sin120 'coq(740 isin240° —— -120 +360

Hosi2) ™ = 240°
Answer: B
ach of the following expression OVfI' complex number
Solve ° 342K 245y +4=0 C. X—x —20=0

d. x’+8x=0
onal root test -1’ + 2(-1 +5(-1)+4=0
O:>(x+ D> +x+4)=0

6 2yx+6=0
b a) using rati

Saﬂufw”

Gl FSRE A

x+1=00rx 2+x+4=0
—l+ﬁ/1—4(4) —1+\/ i

s x=-lor X=

2 2
b) x2+2x+6:0:>x2+2x+1+6ﬁ1=0:>(x+l)2+5:0
sx+1)y=S5=>x+1== —5='_*'\/§i
=x=—1*v-5i = x= *1+«/§i orx = —l—\Ei
. 88={—1++/5i, ~1—+/5i} |
) K4—x2;2(]_-0:>x:_1i- 1—4(—20) 1£9 10 Q

=— gFr ——=

2 2 2 2

.-.S.S-{ 1*”“/—Z - */_’}

:>x2=50rx2=_4
=X=I5,orxs4~—4 =42§

SS‘{‘"\/— \/521 21}

X+8X 0:;{(}{ +8) 0

= 5(x~/8i)(x +/8i) = 0

= x=0,x=«/§i=2x/5i or x=—\/§f'=—2\/§i
- 8.8= {0,2\/5:',—2\5:'}
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41.

Uit &'yﬁ.t_: The » g

nf "f?lf)f‘
_ ! "T’Jg.l
— (1-—3!)(5H)
. T e s, . .
The simplified form o 1+ bk <l
2 5,
A 3-11i B 32 C UL
Salutics:
_ ’ vi-15/43 A I 4
=360 O Wyl
\‘1“1. 1+ b 2 ) :
S—14i—8i— 14 '
= :_1
-6 22i
=i _T,____.:’__ — —3 = ] ]f .‘\n“,‘f ‘l
if z :-1 _ i, then what is the value of z°
_ ]
A 1+l B) 8=1 C. ~ D. l,,
i 8 360
Salutian:
1 | I I ] -

== (- i) ) T(w2i-1y @iy

Answer. (
1++/3i
Apolarfonnofzu——f IS

1+

\ 2 .
A, V2 (cos60" +isin60”)  C. (oS08 -t
B.  2(cos30” + isin30°%) D. \ﬁ (Lmi 3 il

]+‘\/—t

1+

e e

1+ \,/I 41 ve

Sebution: | z |=

l+\/3i
Arg(2) = Ar, ( 1+ _J: Arg(L+ 3y~ et o
]

- 60(] . 450 — ISQ

£ o @ o In G - - ¥
polar form of Z ‘\/2 (cos15" v 1ainls’y \aser: ;‘\'




Y Unit Eight: The oet of complea Numpe,

——

=

| ofz= —=—— witha= Y45 ygpg
5 potar 0! (3 +0)’ ¥

ool $0 4 isin1 ") €. alcos255" + jsinpss"
d[L 0 . - 165(]] D 0 Ll ~1})
[cos165 + isin - a[cos275" + isin275"

2

solution: |7 1= 757
1—i

Argz) = arg(m 1 =arg(l-i)-2 arg(\/g A i)

g = tan” (— ﬂ ~2tan”! (_Jl_g)

= 45°-2(30%) = -105° + 360° = 255"
; - Polar form = a(cos105° — isinlOSG) = a(cos255 + isin255")

| _ Answer: C
. Ifz=x+y1, then when the equation z(1+3i) — 4j = 7 is solved

what are the value of X and v, respectively .....UEE 2006.

a

) 31 b 0,4 9 20 d)
3
Sa&d@:z(1+3i)f4i$z:>z+32i~4i=z
:>x+y1+?a(x+yi)l—4i=z:>x+yi+3'1x—3yv4i=x—\"i
3(3X—4)1—3y=0:>.3y=0and3x—4=0 '

4.3
2
- ot

, 4
. :0 e
y=Uand x x Answer: C

Find x + yi form of

WeBif 2- 2431} ) 31

4,

Arg(-\ﬁﬂ =9(Arg(—x/§+i)=9 ”*(_tan_{ l)

N
:} _ 9(ﬂ_£): 45z _15m
6 2

\

.'} ;
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386 MPb Ny
v o 157 .. 15w o T
. (_,_,\/—3‘—{—1) =2 COST+151H 5 J'—-f- .\LO\_- g lni \|
— 2%(-i) = -512i 2"
3
T
b) (2—2 3 S ::[4[008(—3—} —rsm-U
of 5w 572']
=2" cos——isin—
\ 3 3
[ —
=2" cos£+ism£J—>—5—{+zﬁ_f§
. 3 3 3
p
=20 l+z‘—\/§]
2 2
—512+512J_i
o) [1+Bil=VI? +4/3 =41+3=2
Arg(l+\/_z) tan~ (\E)z—g)—
3
: 8
[]+\/§irz 2[cos£+ism£] =2 (cos.—jzﬂsnlg—ﬂr
3 3 3 3 J
2 .
=2 (cosT”Hsm%’f] ~128+1284/3i
46.  Ifi" =i then which of the following is not possible values ofs

ay 75 b) 307 c) 371 d) 397
Selution: A) If n =75, then divide 75 by4 = r=3
P =P =i 75=4(18) +3«—1=3
B)  Ifn=307 =307 =4(76) + 3 « divide 307 by 4,1=1
C) Ifn=371 = 371=4(92) + 3 « divide 371 by 4,1~
D)  Ifn=397=5397=14(99) + | < divide 397 by 4.~
=i ==, 7 =P =, P =i =
But1397 -I:i

. possible values of n = 75, 307, and 371

Answer: 0




| 4

i

4 0 cartesion coordinate, find polar coordinate.
. “fﬁ
For &

.

](hl n b (0, 3) ¢)(0,-2) Q) (— \E,«—l)
Nar

glutiott: a) ¥ = (-DH*+0 * =~/2,and P-1, 1) = -1+ lies
on o™ quadrant. [* 1) . [J’r R¥/3
gl — 1= — — | = —
Argl-! +i)=m+tan 1 4 4
3z |
o (I', 9) = (ﬁ’T]

w
g r=v0?+3 =3, Arg(0+3)= 5

/A

. (0, = 3’_.._

- (0,3) ( 2)
i/ 4

0 r=y07+(-2)" =2, Arg(0-2i)= 5

— T
L (0,-2)=1|2,—=
( )( 2)

0 r=y\3 12 =2,

Arg(_\@‘f)=tan_l(—l—)_x — %——n‘:ﬂ

3
P,y =P-y3,-1) = 7, 0) = (2,12_—”}

Le .
l'fZ_be 4 complex number. which of the following is the
"olution set of 2° — iz = 07 ... UEE

& {i"‘lf(lﬂ)} c. 20+

D. {O,i:%(l + z')}




‘uﬂd Efgf!f.. .‘:Tﬁe sef

Simplify each of the following
] & . _+_ 41' A7
a) .+3+51 b) 2+3l+_:_)’______-_ ¢) 1
2-3i 2-i 3-2i 2+

"'Jeﬁq P

388 - - . ﬂf mm &J 1
- . :1:>(X+y1) =i X =Y T2Xy1 =0+
o, By 20 and 2xyi =1
— x =+yand 2xy = |
S that, 2x:(x) = 1 = 2% = ‘
+ 1 and V=
= X = \[2‘ ‘\/_
—7z=XT y1ﬁ T J_(1+I)
1 .
. = o 141),
. 8.8 {0, 5 ( )}
Supplementary problem .
1. Simplify write the answer in the form a+bi S
— I \/ =27 +4/-
b) =12 ++/— d) A3 2+1/__3
2. Represent each of the following complex numbers ag ordercd
pairs of number
y 23 b (W2+1)+(3- 4 o4 s
3. In each of the following find the product in the form x-+yi
a) (2+31)(3-81) c). (5-21)*(3+)
b) (\/5 + i)+ (\/g-— i) d) 2i(3-51)
4. In each of the following solve for x and y
a) (x+yi)(x-2i)=4+51 c¢) (x+yi)(2+3i)(2-1)=5+3i
b) (x-y1)(8+1)=6-I1 d) (2+31)(x+y1)_7 -31 f
5. Compute 7; +%2,§l + Z_—z,%lz?z and iﬁ Z—z in each of the |
following '
) 2 =2-iZ, =3+i o & =22,=v">
b) Z,=-1-2i,Z, =i d) Z, =«/45,%3=3’\/j
6.




r

\ 39 Unit Eight: The set of comptea: Nuumbion
| L”Z:J:e cach of the following
7.
. : 1+
—2i k4 + 3i b —
2 ‘(4 2i ) ] ) -
; Fxpress each of the following complex numbers in polar form
—1--—\@5 b) 1-4i ¢) -1 d) 1+2i
a)
2 2 1-3i

. 6
o Finda)(1-)°  b) @2+2i) <) [«f N :\f )

jp. Find all roots of the equation

a) x+8=0 b) X+ (1 + i«,/g ) =0

~| . Find \Fl6+16\/§i

' 19, Find real values of x and y for which the following equations arc

i satisfied
S g (ekyd(2-3D=44 by XX
3+i 3-i
- (1+1)x—21+(2-—31)3.f——z=i
3+1 « 3—i

13.  Find the c_tinter and radius B
) ZZ+(+i)Z+(1-i)Z=0
b) ZE—(2+31’)Z—(2—-31')_£2+9=0

14, Ify+—l~=2 cos®, Find y
y
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PP
urther on Trigonometric Function
» The fllnCtiOn y =8CC X, ¥ = csc X and Y =cot x
1
® SeCX = 1
CoS X
i
o CSC X =—
sin x -
1 3
L cotx = 1
tan x
. Table of Trigonometric function of special angle
Sinx Cosx | Tanx | Cscx | Secx | Cotx |

2 |3 3 = 0
£ T [& 71

1 V3| 243 |2
2 3 i
The graph of y = secx, y = cscx and y = cot x i

To Sl::etch the graph, each of the following elements @
very important. These are: :

Domain, Range, period, asymptote.
Detemne for what x, the function is positive or ne
Describe the behavior as x increase from:

BB 2 |25 |

M}& N‘& | =

w| &y

AN
Oy
*lwin ||y |y ™

T 7T 3z 3
0>~ = 5z 70327 7
2 2 M _% 2 ] —")272'
1. The graph of y =cse x
t(x)=cscx =

; SINX20=>x+k
T % X # km



Unit Nine- .‘?Mtﬁe,manff’dgo:mmd,‘kfwmn
_——__"H*——%
\E] Domain = {X: X £k, k is integer}
; : Range = R\{(—l,l)} = (—OO,-]_] U [1: C‘o)

o Period=2mie f(x+2m)= f(x) for al] x.

k7, where k is integer ar(|
| o Theasymptote = < at which sin x = g q o

crosses the x - axis
+ Forwhat x, csc X is positive or negative

Pesex>0= ——>0=sing >
; sin x

- oaex>Owhen-2n<x<-mor0<x<g
L. the graph lies above the x — axis

iesex<0= ——<
sin x
Sesex<0Owhen-t<x <

Or T<x<2r
That is the graph of y = cg¢ X, lies below the x — axis on this-
interval

0=sinx<(

* Describing the behavior as x increase from

T 37t 37
0o — —

TP > — 39
22 22 "

) ) T
1) AsXincrease from0 —» =

A 2

® Sin X increase from0 — 1
= €sC x decease from oo — 1

L)
- 1
G
,
e
w
- ‘\

I S
—-——————

. . T
1) As X increase from — — 7

® sin x decrease from1 -0
® CsC X increase from 1| —

___' s

3
e esex 1) As X increase from 7—> =71
:- OMAIN: ¥tk

' 1)

G ~1Ul1,00) ® sin X decrease from 0 — -1

® csc X Increase from -o0 —> -]
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392 Unit Nire: Funther an ,dgofw”w.% A 14

iv)As X increase from —-i w2

e sin x increase from -1 — 0
e csc X decrease from -1 — -
e Symmetric property
Csc (-x) = -CSC X

= it is an odd function - {}
. The graph is symmetric with respect to the origin, '@}:
2. The graph of y = sec x j '
2k +1 |
We have g(x) =sec X = ,CO8X#0 = x 2 [ . |
COS X 2 § |
2k + D Explanation: - < s
¢ Domain = x#ﬁ——*——ﬂ)—ﬂkez hGGSIXS] é
2 = |cos x| < 1= St
* Range = (-0 - 1] U| 1 o0) Sy —— : | r .‘.
.. Rang: (-o0, -1 L)
e Period =27 g o vity o
(2k+ Dz i

.
ISTeoas
s/ Lt e N

,k € Z and at which cos x =0
e Asymptote = 2

and cos x crosses the x - axis

* For what interval x, secx is positive or negative

)secx >0 =

>0=cosx>0
COS X

“.sec X >0 when x e [:23:- , —;?-J and xe (-2n

e That i_s the graph of g(x) = sec x lies above the x-axis -
(g(x)>1)

1) sec x < 0 =

<0=cosx<0
COS x

sec X <0 when x e (—_3ﬁ,:—}£J and
2 2




decrease from 1 -0

from V>
up from 1—> ©)

cos X
gec X increase

(The graph goes

e SECK de
(The graph g0 down
As X increase from ’i

V)

e COs X increase from 0
o}

o sec x decreas® from
Wwn f\‘(}m



N '
| 7 3.17:)
XE| 7 A
2" 2
-3~ e
o When Xxe T s o and xe _5275
2 2 27 2
t 4
, g(x) = seC % has maximum value -1, at x = -w and x =n
put has no finite minimum value
. Describing the behavior as X increase from (0 0)
5 T o ::r——>3” LY/2 "
i s P T

. 272 272
~ b i) As x increase from 0— x
wak ooyl
‘Ln' b ; '} ® cos x decrease from 1 =0
OV e \1 - e sec x increase from 1—»

) SR (The graph goes up from 1 )
ak NN 7T
ﬁ [T ii) As x increase from 5 >

(. | i

x=l | L s cos x decrease from 0 —>-1

| y = SecK » sec x increase from - = -1

! , 7k (The graph goes up from -0 —> -1)

. ¢ Domam: x#——~ 37

o

iii) As x increase from 7T — ——2—-

e COS X Increasc from -1 =0
e sec x decrease from 0 -1 = -®

(The graph goes down from -1 = %)

;.”—77:—927:

2

iv)  As X increase from

e cos X increase from 0—1
sec x decrease from © — ]
The graph goes down from o> 1)
Since cos(x) = Symmetry
“~‘>g(x)-; = CETS x = sec (<X) = sec X
Hor ol sec x is an even function
8X) = sec x is symmetric w.r.t y-axis
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3. The graph of y = cotx i Lol
COS x O L . B

We have k(x) = cotx = —, ;. 1\ 5‘ - i
...'!I-C '\\,‘ W“T——T._ 4 g
Range = R | ‘ 1 Pop S

Period = n ! I Rg:;am K*nk
&R N

Asymptote, = {X = K. x#e Z}

& x-intercept = 4 x = [2k +1 -‘
- = = - E ¢
2 : M
: =
e for what interval x, cot x > 0 cotx<( o '
i) cot x > 0 when xe( 27, ‘BwilU[‘” #
; 2 & !
3 / L ' :-.I
U [0,-7—?— \J ( 2L -
2 2 . K
That is the graph decrease from so—0
ii) cot x < 0 when -- i
| =3z } |z 3?{ 1
X e T || —— () T U :
2 ) 2’ 7 %
the graph lies below the x-axis 3
The graph lies below the x-axis "'-_ﬂ
o the graph k(x) = cot x is decrcasing in its dom? T :

Illustrative example

1. Find the interval between -21t < x < 2m on which:
a)  g(x)=secx is i) increasing ii) Decreasing |
b) f(x) = csc x is 1) increasing 11) Decrease
¢)  k(x)=cotx isi) increasing ii) decreasing. :
d)  Both cosecant and secant function ar¢ )
) increasing at the same time.
ii)  decrcasing at the same time
e) i)secx > 1 i) secx<-l
f)  Desex> 1 i) cscx -l
Selutien: Here by observing the graph. -
a) 1) g(x) = sec x is increasing on: [-27. )07 ."
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Unit Nine: Funther T tigatiome
/M = L“"d“rﬁ
: ; _— B} ;Z" -
L gand x#F
z 75 2
o(x) = 35C X is decreasmg on: [-n 0] U [r, 2]
gl k]
_ 3
x?“':”’ and X # —, T
2
. . =37 —7x 3.
) f(x) = €sC X 18 Incereasing: | ———,—— [y E. L)_'E
2! 2 2 2° 2

for X # -nand X # .
i) fx) = cs¢ X is decreasing on:

-3 — 7 3
2 || ——, 7T (U —2 _
( T 7 l [ 5 ] [2 ﬁ]except

atx =10,
) k(x) = cot x has no interval on which cot x is increasing.
L88=0 :
ii) k(x) = cot x is decreasing on interval (-2n <x < 27)

exceptatx=-m,Xx=0x=mand x =2n,

i) f(x) = csc x and g(x) = sec x both are increasing at the

. (—-37?: ) (7: \
same time on ,—7T |\ ——.72‘{
2 L 2 J

i) f(x) = esc x and g(x) = sec x beth are decreasing ai the

. , ( = 3
same time on interval ) ,O\ J (—-—— ,EM}

=
I

- -3 ~T T 3 |
)secx>1on | ~27,— |U| —,— |Y| 7 "“7=
2 z 2 Z |

on this interval sec x = 1 is the minimum value and ™o
finite maximum vaiue

.. e I
UJ SEC X __<__ -,1 On - -J,_ 7-[.'_ ]T U __72_:- :)—’—')
2 2 2 2

* on this interval sec x = -1 1s the maximum value at
. Z=-mangy =T
Desex > 1 on (-2, - ) v (0 7)
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e

o on this interval csc x =

-

—_ —

2

|
value
iiyese x <-1 on (

e on this interval ¢sc x = -1 is the -
u

mand x =

- 0)w(n 2m)

— but has Uy
ST ; %
2 10 finjte M :

e 0o
““E‘E“‘-HE(} Ote gy, . )

1S - Fl&( i | o
1 1s the nl]l]imll\&"\r !
“m\’a[ 1

aleum I

b

;
d
J.J
g

= My
X-‘-——l{r—aﬂd X‘-—*igz' au%
e But has no finite minimum valye {
Find the exact value ] /
(2 4
a)  ©sC l) e)  sec [_2.3:_7?_
{3 3 &
(2 - s
b)  sec —E] f) i ( 23z
NE ; |
= ﬂ') (‘571‘ P
¢y s6c|— g)  csc =
. 0 4
(33%)
d) got | ——
4
Solution:
| (27[ 1 1 )
csC | — | — ; =— o s
X 3 sin(27)  sin(%) 2/5 NE)
2
b) 2%} L R
sec | — | & = . = =
3 cos(27) - cos(s) !
' 2
C sec | — | = - = s
6 ) cosz) 43 A3




' (— 57[) 1 1 _ 1 _ \JE
! g) ¢sc =t o _53 —_—_ =
4 sin(== + 27) sin(&?) 1

4 . Jyne. Juunen oen Jugonemetyic Punction

—_—

337 33z pu

il - cos| —— —3 Sl
) | _ cos( 4 ): [ 4 J’Z] _cos(‘i]

' T

ISR NV SIS
olin) cos(Z-87) cos() %
~-23m _
[‘) GSC(T}
1 1 1 2
sin(Z7+87) (f_]__@—\/g
3 2

4
hint about Inverse function Relationships between f ! al}d f
v y= f(x)iff x = f(y), x is in the domain of f“1 }and y is il
domain of £,
' Domainof f~'= Range of f
Range of /™' = Domain of .
f(f (X)) = x, for all x in the domain of f -
-4
I~ (@y) =y, for all y in the domain of f.
"eb) € fthen (b, 2) & £

The 8taph of / “and f are reflection of each other throug

line v — - -
meY‘X(l.e. M(a.b) y=x (ba)

h the

Al e Inverse trigonometric function - one because

X bagip 4 . \ _
ey il 1 trigonometric function are not one §8CS

p ine test 1o
Cated periodically and hence the horizontal lne &




I 1
- 3 : Jltﬂ-d tul(’, J‘u’""tﬁfr ﬂl( F)
)9“3 : __ -’_-‘: ]Unﬂ”wt

y time. Thus, {0 define inverse trigonometric iunhtmn N %\

man . e ,
restrict the domains of trigonometric function to make (. ¢ g e
one One 4
R
[ 57 ‘sin il sin| Z ]
Example: S1D| — | = 1 = — =
4 6 6 6) 2 |
. sine function is not one to one /
A. Inverse sine function 1/
The graph of y = sin x is one to one function on restricted domgip: 5
+ T . ]
Fig l] -_ g x g T e
2 2 2
EA *
i 2 . R . — T
= Thus, y = sin X is invertible on | — &
y =sinx 2 ’ N

Definition: the 1merse sine function (arc sine funcnon) denoted
by sin” or arc sin is defined by y = sin” x ory=

arc sin x iff x = sin y for g
—_— V<——cmd—1<x<1
2
. | -1 -z .
In function notation: Define /™ [— l,l]—) ——{.7 is
51 """" -1 . -l )
: f 7 (x)=sin" x.
. e
e Domain of sin” x is [-1.1]
-1 ]I 1 - ];— _ ;I- ‘_T |.
e Range of sin” X i$ | Pl
/e L~ =
........ Z
y=5in"x < N
= ,T T foas ‘_»rc'_ﬁmg'
. - = 1S v k
. The graph of y =sinx on | = = -5 1.
in" xisal (:it;..lusiiw. on |4
i 1C8 Sy = § als
implies graph of y = sin~ X 18¢ 1

: _ . -]
Note a) e sin” (-x) = -s1n X.

Osmgzlﬁﬁnwnzg
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Unit Nine: Foonthey ap )
la\‘l o) 02 Mgenometuic functioy
NE -
g [ p b B
\ in === sin"" 3‘—@ "0
; v 3 2 3
(1
51n£_——::>31n ‘(H s %
[ 2 6

— [llustrative example ey
mle find the exact value —

i B
b

p.

] ) sin'l [_@_] d) Ay (“\/5 )
1 b s 2
<)

: —aJ2
Ul oy s (-—"—q 9 s (1)

~
iy N
K| ©) sin’ [-———) f) sin'l_(O)

;A::‘

isﬁffgl' 9 Sin‘_i -—\/_37‘ = _sin’’ 3/—5— e
2 2 3

0

. D in’'
X sin” (0) =0
lnverse cosine function

sin” (1) = sin™(1) = —z
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) lc
. The graph of 'y = cos X 1s one to one (dccreasum) {%
restricted domain: 0 < x < 7. Sl Metiop o '
o Thus y = cos x 1s invertible on o < x < , and 1
- Ry
Defimtmn The inverse cosine function (arc COsing den
cos™ or arc cos is defined by Y = cos'x or y = NOteq by {
=cosy for-1 =x< 1 and o<y< 1 ¢ cog iff

Function notation: f '

L] —— [0, ] is 7

Note. 1) cos‘l(—x) =1 - cos'l(x)

4)

Example: cos’! [:1] =/ —Ccos (}—)
27) 2
o [ 1 ] 2

. COS —= | = _gr
2 3

If possible find t(he exact value of y

T2
=T ——=_
3 37

\
a) y =cos™ \% d) y = cos™ \%)
| f\[g\
b) y=cos’ \_ E] e)  y=cos’ \7)
1 (- 3}
c) y=cos™ (ﬁ) f) y = cos T

g .
Selution: Here, the value of y in the range 0 < v <mofces &

X) =1 -cos” (x)

. Cos™
|
a) v =cos’ 9

i
<:>COSy:5:>y='3'

P
(X) CDS X i

n\a: * Domain of cog™! x i
N * Rangeof (x) is [0, ‘
L ]l‘lhe g;l'aph of y=cosxis decreasmg on [

) thus the graph of v =
_— ey ug'r p Y =005 X is algg decy

\\\.
Xxlﬁ

I]J‘

5~
O,

easmi

Fa
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d) y= csc” (-ﬂ = y=sin" (3) not defined:

F) The inverse secant function

'} The inverse secant function is denoted by sec” (arc sec) is defined y=
¢y, if and only if x = (flz]y where 0 <y <m, y#m, x| > 1

- Note: i) sec” x = cos” for x| > 1

X
Lety=sec'x = sec y=x

3_‘_‘_—"_‘___ - s —_— 1_1 _-__
gy C08y === y=00sT |
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ll hf
- sec'x =08’ L?J and
1N |
NEN |
o sec’ (-X) =1 -COS I) =T -sec x , ;
8) Filldl_ﬁ_le exact value of y: m |
| 2 v
a) y = sec (\[2— ) d) y=sec :E-‘}
b) y= sec'l(~ \/25 €) y= sec’l(-l)
]’
| — _ 2
¢) y = S€C \/37 §) Y =Sec 9 }
Scluticn
1 A_F - _
2) y=sec'(+2 )= y=cos’ (\/E) B sec“(«ﬁ):i;-

) | | -1 —:—1— _ -1 _l__\_- i '
b) y=sec (\/5):> y=CO0S \/‘2’ =TT -COS ﬁj—ﬂ,z:_ ‘
' R

c) y=sec | /3 y " i

| -2 -3 9
d) y=sec’ 7; —y=cos | o |Tw-cos| 2

T S
- ’_T[.. e
6 6 y
e) y=sec-1(-1) = y=cos-1(-1)= 1 -cos-L(N=a-7
—su:.( )—()

f) y = sec {_2_) =Y~ C-O-':s_l(z) &« — ot defitied




\

o

o Aoy = v o= i (i e — T
sin(sm X) =X =sm (sinx), if —— Lx< 7T

i) ; 2 5
c-OS(COS_lX) =X=¢0s (cosx),if 0< x <

it

iii)

. IR PR, 4
tan(tan 1x):xﬂ tan” (tanx), if —— « X < T

2

_—

2 == ~1 — I

Nofe: rx +cos’x=1=>sinx = /1 - cos? |
b 2

cosx =1—8in"X = cosx = +4/]1 — sin? x ||

) ~Evl-sinx
Find the exact value: |

ke N

y
b) cos[sin - \%D h)  sin (2 tan™! (w/g ))

I
) o

[ 3 1)
¢) sin| 2cos (—-)} k) sin 2COS_1[ -
. \4 2
7

f)l  sin ZSin“[ﬂD
\ \ 5

Selution: Use sin @ = i\/l —cos” @, cosh = i\/rjismif)

3) Sin[Sin B £ = Sin( z} - :/__3_
2 3 2
b . 12 | &
) COS(sm ’[——D, Let sin ' [E) =60 = sint = l—

oo}

4
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= met"k:

I 1 2 s oo sin 1 12 fi

cosf = 0 13 S LIED‘* cosg_ s

| z V3 : 7

c) Sir{cos '[— eyl Sil’l(?‘[ HE] - Slni{ e
2 1] — |

o wfsn|-Zl-e{m) 2 W

2 4 2 & ﬂlﬂ

: a3 (3

) sm(z cOS {ED Let cos 1(2] = 0= 0o 1 ]

e K

— E |
sinf =+/1—-cos’ 8 = 1_(§) _ _\/i . ¥

4) 4
= sin(20) = 2sinBcosd = 2 3/_7 (E =_§_1/j_
4 N4) 16
(4

cos@ =+1-sin* @ = |1 - ( 16 ) 25-1678%

25 25

(o (4 £)(3)8

= sm[Zsm [SD—Sln(ZQ) 2sinfcosf = 2(5)(5
(3 (3

o) sin| tan 1 , Let tan 0 =0 = tanf =3
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Unit Nine: Fusthey an G Ugenametyic function

) (s ( ? 2

(2
/tanﬂl [3)) . Let t‘dn'l (—3—-) =6 = tanf = %—
j)SGCL 2
: 2
otenuse: m =\/B. sin @ = ——\/1;5,(:039 :i_

A/13
Af 2] = sec(f) = ! =9,
_ sec] 1an 3 cos 3

—~1
I
0 siﬂ(zcos ( 2 ))

hyP

i K 1'-—‘7,:—005‘1 1 g E_27
TR - 2 3

3
| 1 : 27 . 4r . J3
; He—|l=sm| 2:-— |=sin— = —gjn = — _ V>
Qsm(%os ( ZD 1 ( 3} 3 sin 2 5

2) sin : (sm -§£] e) | tan™ (tan i—]
6 3

b) cos"(cos %n—) f) sin”™ (Sin ——)

¢)  sin”'| sin —SE) ) sin'| cos2Z
4 6




11.

Af o052 | =cos” . |
b) COS cOS 3 - ST Aoy
N g
S _ - "‘\/- Y
¢) sin” | S~ St R L.
: 4 | ) !:{

-1 .
gin | SIN-——
p sin”(sin
in~'| cos 57 | _ sin”! :£ =—sin™ Ii 7
sm - | - =
g 6 2 2 3
Simplify each of the expression interms of x.
a) sin(arc cos(3x)) d) Cos(sm vl
b) cos(arc sm(Zx)) €) sin(tan %)
c) sin(2cos 'x) f) cos(2tan” x)
Sofution: use SINX = | —cos’x, cOsSX= +y/1—sin"
a) sin(cos’ '(3x)) - Let cos’ '(3x) = 6 = cosb=3x
= sin@=+/1-cos" 6 1—(3,1) —/1=9x if -%& o
. sin(cos™ (3x)) =sin&=v1-9x° - if ~<r%2
b) cos(sin’ (ZX)) Let sin ( x) =0 = si V0= 2 o=
| —4x’

e el = e el 2P . { ]
= Cost = coslsin (2x}) = vi—4x-
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,_.______

g ) et cOS 'x =0 = cosb =x, sme-ﬂ

= sin(20) = 25inBcosd = 2x 1~x

Let sin ly = 0 = s1inb =x, cosh = \l—x

_ cos(Sm )= cosO = ﬂl—x

ran %) - Let tan x=0 = tanB=x

i ) sin(ta = P )

r“’ix +1=>r=vX sinf= =~ =

<0 g(si0 %)

o Fooaxt 4]
{ — sin (tan’'x) = sin® =
xZ+1
(tan”(2) i 2
. sin(tan = =

Example Ja+1l 45
E ; ) cos.(Ztan'lx) .Let tan'x = 0 = tan@ = x

| X 5 1 1
= sinf = ,C080 = —=—F——
| x> +1 rooAxt+1
| 1 20 2 . 2 1 =X

. = OS = - - = = =
— cos(2tan x)=C T el

2tan” (3)) = -3y -8 _-4
Example: cos(2tan a1 10 5

!

2. Express x interms of y and determine the range of values x and .
]
1

) y=j12-sin"‘(x—3) Q) y= 2+ 3cos (3x — 1)
: b) y=2+3arcsin(5x—1)
Sebution: Here

2 y= %Sin'1 (x=3)e2y= sin” (x — 3)

| T cop<” gnd -1<x-351

| 2 2

| ' & & 1< v<4
| 3=sin2y, ) y=< 4
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13

1 f y—2) . 2
= e if 0<x<=— =
¥ +58m( 3 ) 4 5 and 2 3“}}52-;33

Unit Nine: 5 Iwctﬁe,m 7. !
o “{! ”fmf

Vs
L oX= 3+Sll'12y,'—4‘<}’< 1 and 3.

b) y;Z‘:Sin](Sx—l)

S 2{%
— and —1<
2 - 3 2 2%

nsin[yngzir—l if 0<x<?
5

—I<)

1

5

__2=00§W5x—0 y‘osJ”“z

c)y

S and -lSSx-_]{I

-2 .
= C()'S('y3 ]'——"SI—I if 05 y-2<37 and 0<35y¢1

—_

—2
:>5x=1+cos(y3 J i 2Sy <2437 and 0<y<>

N

x=—51—+lcos(y3 2] if 2<y<2+437 and Osxg%
5

Slmphfy each of the following

a) sin’ x + cos”'x d) cos(cos'l{-x) + 608 'x)

b) cos™ (-x) + cos” (x) e) cos(sin”'x + sin™'(-x))

c) sin(sin™'x + cos™ 'x)

Salution:

;-1 1 - :

a) sin" x +cos” x, let sin”" x = o0 = sina = x
-1

letcos 'x =3 = cosf =x

- - - - ‘q.
since it is right angle.". & + = Y

3
i
3

oane ] | T
.-8In X+ COS .Y:’:)_-

L

& > . Ao =
b) CO8™(-X) =10 - COS X => 1 - cos™'x 4 co8 X F
' -1 .
7. 08 (<x) + cos'x = 1




Unit Nine: Funther an, 5;
on g "‘Qw:a’ﬂet'x&‘?ﬁtitcﬁuu

=] 3
28t {5

L ;7’_ =cos  (—x)
=250 | 5

-

3 .
X cos[sinF' (_5_)]’ Let sin™ (%) ~6

_?1:>0059=m= 113_:?‘_

-1
= X, Recall.cos™ :
)___ﬁ' COS » Recall.cog (x) + COSI(-_\-‘, -

S 25 5
4 - '—'—-—_-_é_l_.

Graph of some trigonometric function
y= smx and y = 2sinx. Then state:

Let :

2) Period

b) ;;-'mterce_pt

o the amplitude

d) range 3

¢) the maximum and minimum value and the value of x at

which the maximum and minimum occur for y = 2sinx
f)  sketch the graph on the same axes.

Selution:
a}  The period: 2n pr e 2sin
b)  x-Intercept: X = 7wk, k is an integer | y = sinx

¢) Amplitude for, y=sinx is [1|=1
Amplitude for y = 2sinx is 2|=2 | v ’
d)  Range for y=sinx is [-1, 1] )
Range for y = 2 sinx is [-2, 2]
¢)  The maximum is 2 which occurs

ta |

- |
at x = 5+ 27k | k is integer

N 3
Minimum ig -2, which occurs at x = —é— +am

%@dic function by a constant affects: the amplitude.
200; Amplitude [o e
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Unit Nine: Funther on gﬂiganwnm functive

[ %) = sin - =]
| in(sin X + €08 X 2

s
¢

-1 -
X = COSTL = —1
oS ( x) “+ COS
L oism x +sin"(x)) = cos(sin™'x +
R » mioemct value of the expression
!
n

Y i (Beo(2)
Lo s Brer(3)

2
2) Lﬁtsm‘(i] a::>sma-_—-::,cosa_ 1_(2] :\/7
5
Let COS_1(13) ﬁ:bcosﬁ_,h_

5
| 13
| ’“**‘z
| =sin (1 3 ey
| 3 (5
i = cos(sin“1 (Z +cos™ (-l—g) =cos(a + f3)

= cos{o+) = cosq cosP - sinq, sinf3

V15 312 57 -36

-_._.__...-__u_._.-'-

)

cos[sin“[S)nkcos ( D ST - 2T 36
4 13 52

b) Exercise left for you
Solve each of the fol(ogvilg

a) sim.‘lar;:cc:s'l 11

PO
S X) = ¢cog() = 1

.P.
fa—
(']
=N
a—.
L2

——
o
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VW ori N TR .
Unit Nine: Further an .7,;, |
——— pAsd ] f;l t
't ]

€) SHII(}}. % Y
5 3 i
Salutiart: )
, i . | cae! )
d) Sil]_lx = CcOS 13 < X = 8In 0s ‘. 3]
5 —
Let cos ‘(—4] = cosf =
13 13

in~} — :E —1 =g _ji—-
by sin (x—1) 2'——>x 1 51n2—1:>x21+1.~.-_2

c) COS_I(X—%)Z'E:}JC

K
3
d) tan”'x = sin™’ g

3
= Let sin’ g =@
e

. tan@ =

cos@




———

| 4 Unit Nine: Funther on Grigonometyic functivg

sk
-

J

31 ne iy
ﬁsiﬂ‘](?)gcos )

L aA = T
g - 4(2): 7 —COS ! x, Recall.cos 1(x) + C(J-S'I(_—x) =
; - sii

-4

_ x=~, therefore x="—

5
Graph of some trigonometric function
Lety= sinx and y = 2sinx. Then state:
a) Period
b) x-intel‘cept
c) the amplitude
dy range o
e)  the maximum and minimum value and the value of x at
which the maximum and minimum occur for ¥ = 2sinx
fy  sketch the graph on the same axes.
Solution:
a) The period: 2 3y y = 2sinx

b)  x-intercept: x = 7k, k is an integer y = sinx
¢)  Amplitude for, y=sinx is [1|=1 A .

Amplitude for y=2sinx is 2|=2 . % "
d) Range for y = sinx 1s [-1, 1] § _ t\\:/"?

Range for y = 2 sinx is [-2, 2]
¢)  The maximum is 2 which occurs

|
4. 16.

T
at x = 5+ 27k , k is integer

. _ _ 37
Minimum is -2, which occurs at x = — + 27k

N"L}“ﬁﬂﬁplying periodic function by a constant affects: the amplitude

Definition: Amplitude |a|
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1S

ang mfﬁlm 0 /

M —m E
lal= . T
2 J

L_17. Let y = -2cosX, then state
a) Amplitude
b) the range
¢) period
d) how the graph differ from the graph of y = o0

18.

. y-2b)Range is [-2, 2] r
\ % ¢) period is 21 4
@< X d) It is the reflection of th
N © graph of y=

Salution: a) Amplitude is |-2] =2

-

about the x-axis.

y =-2¢cosx
Graph of y = asin(kx) and Y = acos kx "
Amplitude = [a]

i

2 ;"’ l
Period = — E
%]
Effect of k to stretch or compress the cycle of the eraph ‘ﬁ" ¥
factor of —  Jiss
Sl

1) if k > 1, the resulting graph is compressed (contract)'-i' i
horizontally (not vertically) e |
.ii) If 0 <k <1, thee resulting graph is stretched horizor
F3nd, t_hc'e amplitude, period, x-intercept, the value of
glve minimum or maximum value sketch the graph
a) f(x) = 3sin(2x) d) f(x) = 3cos2x

b)  f(x) = 4cos(nx) €) fx)=4 cos[:g—x :

c) () = COS(—I—)C)
4
Selution:
a) f(x) = 3sin(2x) 3
e Amplitude = 13| =3,




Unit Nine: Funthen gn ,;
Tnig )
_‘;[W' stic f“'"—fwn

i 31 B 2
o period, =57 =7

, xeintercept (the graph crosses the x-axi:

\| 35in2% = 0 => 2x =k, k is integer = x = 7~ I
| -'\: b

- the graph cross the x-axis at

| (-—7:,0),[—2 ] (0,0, ( } 7.0)

aximum value is 3 which occurs:
— 3sin2x = =>sin2x = |

@11
T T
— 2x2“+27d{:>x:_'+71k,k6z
2 4
| - - 71.
| © maximum attain, at x =— + 7k

3z
o sin2x=-l=2x= —2-+ 27k , k is integer

37
By = x=—+7k

. The function attains its minimum value at
liEy = g—ﬂ; + nk
4
iz o One cycle of each graph is completed on the intery
i 0<2x<2n=>0<x<m
. b fix)=4cosnx

i . 27[ -

. e Amplitude =4, e Period= — =17
; T

B o The graph crosses the x-axis: cosnx =0

t T3 5w

4 = D= =TTy e
NN 2’277 2
d N2 2

3
2 = X=

132
2°2°2
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‘Ib‘ﬂ.f. _‘-I-IIE'.‘ C‘;‘H'lfﬁt": ) "‘t

| D0

No— /

IJ | '-JJ

(
" x-intercept [;.0 M
\

e 3COSTX =3 => CcosTX = |
cosmx =1 =>nax =10 ’l'fk::*x:gk
k is integer "
-, the function attain maximum at x = ok
® 3COSTIX = -3 => COSTIX = -] -
=M= T2tk =x=1+2k k¢,
.. the function attain minimum value gt ¢
e  One cycle is completed on the Interyal:
0<mx<2n=>0<x<2

c) f(x)= cos[—i: x]

* Amplitude = |1{=1,  Periog, p_ 27

P =

N/ !

ZM&' 8x 4
® The graph crosses the x-axis: cos[l ;l =)
4 )

- x~intercept (-6, 0), (-2m, 0), (2, 0), (6m, 0)
1
s cos[zx]=1:>-i:x=0+2mk:>x=82df

. the function attain maximum value at x = 87k, kis'
integer "

1
® cos[ZxJ=—1:‘>%x=;r+2fdc::>x=47r+8ﬂk

~.the function attain minimum value atx =
(1+2k)Mm, k is integer
. One cycle of each graph is completed on the interval

1
051x327r:>0_<_x$87r




~

Unit Nine: F Tni
wethiex on Jigenamegy;. fuenctiyy

‘«\_ )9 ! se left for you -
\ /‘f::‘;:—?' and period fo the fol]owmg graph,
o) find the = . {2x cOS 2x
b /(x) = 6sin 5 5
| (x) = 4sin[i)cos£i\
b) f (h 3 3 J
| ] .
ol ;: Use sinAcosBz-—[sm (A + B)+sin (A-B)]
\{1( - Zx - ZX ZX . 2}(. Vg | |
| (2% ] oos (6) =2 2% x|
2) 65111[ ” ]C [ 5 ] { L 5 5 j-&—sm[ : ) :
2 2 .
L (X)) = 6sin i)cos(l] 3sin| — 4x +0
- S 5 5

4x
P\IEI Then comparing y = 331“( s ]to Y= A sin (wx)

£
=

Amplitude = [A| =

.
Ay ) 2n 21‘[ _10m Sn
”J Period: P = - ﬂ 2 >

d 5

b) Exercise left for you. (Ans. 2, 3m)

- 19. Find an equation for a sine function with the given information.
1 a)  Amplitude a=2, period, P = 3n

| 2z
b)  Amplitude a = 2, period, P =

_ ¢)  Amplitude a =4, period, P =2
i Selution: We have, y = asin(kx)

O =2, period, P = 2?” =37 =3k =27
2
’ =>k=— o =22 sin(-%{)
4 3 3

o b) lal =2, Period, P = gkﬁ = -2572 = k=3,

.y = +2sin(3x)




420

Wﬂﬂmymmen?

20.

Graph of f(x) = a sin(kx + b) + ¢ and f(x) = a cos(kx + b) + ¢

=

‘\‘“\M\E:i:::i{’fic fi

: 27
c) \a]=2,P3r1od,P:—;{—:2:¢,k:;Z
Sy = 2281inmx
Find a function of the form f(x) = acoskx satisfyi,
properties 2 the

> sivg
a) Amplitude, a = E ;and f(4) =0 :

b) Amplitude, a =3, and f(2) =3

c) Amplitude, a = 2, and the graph pass through ( z 0}

4
d) 'Peak at [-{;—,3]

Salution: f(X) = a cos kx
a)  laj= % , {(4) = 0 = cos(4k) =0

ak=" 3 T g 37
27 2

2
SEx)==% g COS(—E— x) or f(x)= + %COS(ES{{ x)

b) la|=3 =a==3and f(2) = acos(2k) =3
= 3cos(2k) =3 = cos(2k) = 1
=2k=0,2m,4n ... > k=0,

. f(x) = 3cos(mx)

c) f[%):cos(%k):():fji:%:kzz

S (X)) = 22 cos(2x)

d) Peakatx=£-_—> f(“j"r—):COS —ﬂ;k):3:>a=3
5 5 5

= cos(%k]zl:-—{sr—k:br:k:lo

-~ M%) = 3cos(10x)

o
Rt S R S o
Sialls s e M e T gl M e o
s il ngte o it adit it R : el
i v T s 00 2 i Lo ‘
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'um't_JV' '3 ]
ine: mk‘mJuﬁnﬂmﬁsﬁiﬁﬁmdmn

Amplitude = [a| -
; 2
period, P= —,k >0
, k
Range = [c- |a|: ¢ + laf]
0 Phase angle = -b
" 2
. Phase shift = “]:-*(——H the horizonta) shif of th.
ph from y=a sinkx and y = acoskx along x - axis.
One cycle of each graph is completed o the
P intewakngx—i-b£2n~_—:>0*b$kx_<_2‘:’[-—b b
5 :_l?_ <x< :—{)- + gﬁ
k k k
jj X= :kﬂ <—— left end point of graph
o -b 2
ll) x= ——k-— + ‘—“1;— {'—"—'—-nght end pOiI'l'[ of graph
; Vertical shift C — unit up in the positive y-directio::
if ¢ > 0 and C unit down if C <0 in negative y — dircction:
Find the amplitude, period, phase shift, phase angle, interval 1 -

one cycle, the range.
9 9= -ssinlx-2) 99 cos(x-2)

b fix)= %Siﬂ(Zx +i§—} D f(x) = 3Sin(—12—.\' ~ 3\) -2

7

=
o) flx)= 3cos[3x +§§E) g) fx) = 2cos(%x+% 1,4 4

0 fix)= 4sin[§x +%} h) f(x) = -3sin(mx + 1) — 1
Sobution:
3 flx)= — -;-Sin(4x w5}

udents nvouTube DigitallO,1] Ethiopia



-——-—*-4 < e ——— Unit Nine: Funthor on Trigoncmepi funey; |
e by 'i‘
¢) 2, Period, P = —l;f:2:>k=7[
y = £2sinmx

2¢. Find a function of the form f(x) = acoskx satisfving tp iy |
- . . s § ’er
properties | i |
a
|

a= 'j—,andf(‘@)’—“o
df(2)=3

a) A mplitude,

b) Amplitude, 2 = 3,an

i
c) Amplitude, @ = 2, and the graph pass through [Z’O]

d) 'Peak at [*755,3]

Safution: f(x) =2 €05 kx |

:—g—,f(4)r—0:>cos(4k)=-'0 ‘
3
- §£:>k:£ork=—£ Jl -

=4k=o07 8 8

2 3n
L fx) == —i—cos(—;zx) or f(x)= =% gcost?x)
by [=3=2a= +3 and f(2) = acos(2k) =3
— 3cos(Zk) =3 = cos(2k) = 1

= 2k=0,2m, 4% ... = k=0,m
- f(x) = 3cos(nx)

©) f(-ﬂ:cos(%ka()z—?—:g—z k=2
- f(x) = +2 cos(2x)

d) Peakatx:£:> f[z)zcos —{E—k =3=a=3
5 5 5

T
= cos(;k)=1:>%k=27r:>k=10

a) ol

g e S e

M%) = 3cos(10
(|' b g ) = a ¢} X)
raph of f(x) = a sin(kx + b) + ¢ and f(x) = a cos(kx + b) + ¢
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b)

f(x) = Esin(z,\: + E) , Amplitude, a = :_2’_ 3
2 4 “'5:,

Unit Nine: Funthery oy Tigey
Wiy

1 ] H"‘C:f
Amplitude, |a] = l , Period, p = 2fli ) 2 R
R
Phase shift, 4x —2=0=>x= Z=_ .
1 5 l—Iorzzomal. shig
Onecycle, 0 <4x -2 <2 = ;(xgi + T
2

R -1 11
anec
17272

2
2r 2z
Period, P= —=— =g
2
T
Phase shift, 2X+—'_0:’2X“*'—:>x -

4 3

7T
Phase angle —

One cycle, covers, 0 < 2x + z <2n

The graph has maximum at: 2x+ Y
4 2
:>x=£—£=£
4 8 §

The graph has minimum, sin[Zx + E] =]
4




Unit Nine: Funther cnt Trigonemety; _

7 RY/1 _571'
::}2“,_,{.__—:*-*‘:}.1:-—‘—
4 2 8

3z _
B t(x) = 3COS[3X -+ TZ‘] , Amplltude, iﬂ.l = 13| — o

2r 27

¢ Period,Pi"E’:’P:_:;'
. —b_ -3n 4 Ir -7
. phaseshlft,—k——(3)(4)——4 or x+—4—:0:>x:_:1_

3

—_—

Phase angle 4

7T
One cycle, COVers, 0<3x+ T <27

-7 -7 27

= —<XS—+——
4 4 3
4 12

The graph has maximum when cos [3.\: 4 3%) =1

:>3x+§£:27r:>3x=5£:>x:z
4 4 12
— 7T
and at x = ——
4

o Iz
The graph has minimum when, cos| 3x + ri =-—1

T

kY4 T
=S+ —=a=3Ix=—=X=
4 4 12

~dand e are exercise left for you

f) fx)= 3Sin(—;-x + 3) —2 . Amplitude, a=3



Unit Nine: . ;7

424 : i"f_{"ﬁgﬂ o ik
- | w2 " ¥
® Pe“Od’P:T:T:>P=4rr 3
2
. Phaseshift e
k |
2

e Phase angle =-3
I
le, leted, 0 < —
e One cycle, compiete 2x+3 <2n

= 6<x<-6+4r

The graph has maximum when sjp [l x +3} ' T-_’_ .
A |
| T I

::>——x+3=——:>—x:£—3_—_>x._ B |
2 2 2 2 —T~63

e TR

@
-]
=
o
Us
S
o
=
=
)
¢ 5]
2,
=
-
=
<
=
o
=
V)
[y
=
P G

3 b
g) fx)= 2003(—2-x +%)+ 4, Amplitude, a = [2]=2 "4

e Period p=E 2 _ 4
k303
2
—r
® PhHSCShift,_b: 4 _-—m2 -7
I 4 3 6
2

® Phase angle x




r Unit Niree: F
e Wdﬂumdﬂgmwmc!u( fum_ Fid
% V//; cycle of each graph is completeq nterva)

<3x+££2n::>-——£g_x3:£ 1#
—2 4 6 6 1
Range [-2+4, 2+4] = [2, 6] )

o The graph has maximum when cos( 3_ Al
2 4}1'
3 V3 3 ar
Zx+—=0and —x+"-=9
= 2 Xt =0
- T

:::,x::-——é—- aﬂd X =

" exercise left for you

g h)

" Find 2 function of the form f(x) = a sin(kx + b) + ¢ satisfy . -
N given propertles

2) Amplitude, a =2, period, P = &, and phase shift r ,
3

(
R Amplitude, a = 3, period, P = 6, and phase shift % .

b 27 o
| Solutien: 2) fa|=2=a=%2, Period, P = . —=r=k="
¢! Phasoshift, 2= = =T p=T
; as =T = ==

i k32 3 ~

2
L fx)=%2 sm[2x —~ —3—)

b) exercise left for you

Trigonometric equation
Particular and General solution
. Summary of features of trigonometric equati_ﬂﬂ
- Equation General solution of equation
)¢ osix=0,= x = nk, k is integer,

. T .
Y osinx = 1,:>x=—2—+27dc, k is integer,
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23.

(j" .

3 _
sinx = -1,=x = - + 27k, k is integer,

s s
cosx =0, = X = 5 + 27k, k is integer,

cosx = |,=x = 271k, k is integer,
cosx = -1, =X =1+ 2nk = x = (1 + 2k) |

tanx = 0,=x = 71k, k is integer,

r _ _ t
tanx = |,=> x = 7 + 7k, since the period of tangent i i
3 .
tanx=—l,:>xzzrr+7zk, k is integer e
i
Solving trigonometric Equation {
There are two type of solution: These are o
Particular Seolution is the Solution in itg period. E 1
General Solution is particular Solution plus integer mups 1 g &
period of given trig. due to periodic nature of tﬁgoﬂometﬁi“f ; ﬂ
function. g B
Find '
i) Particular Solution
ii) General Solution for each of the following trigonos
equation.
: 1 . — 3
a) S X =— f) sm(4x) = JE ¢
2 7 N
_ h
b) sSinx =— g) siny=—2>= &
2 2
. 1 _ -2
c) sin(3x) = — h) sin6x = —-£ g 2
2 2 \
. 1 .
d) sin(3x) = 5 i) COS X = el E A

K tanx=43




X

§of

i)

M.}Viue:.?uatﬂmmg . R
ugﬂﬂﬂntdﬁuc ﬁ" ti

.
.

. —_d __ T T Sz
particular Solution, {x - X 6 and x=g — -(;} = {_6_’?}

. e funtion
5b/”f¢#fwwil
. g) SINX = 2

-

n0<x < 2M
, LT BY/4 |

~]

——

2

particular Solution lies in 3" and 4" quadrant

ginXx =

T ﬂ+572'} {m Im}
==t A, At — = —,——
2 85215 6 16 6

7 11
General Solution = {-g— + 27k, ——gi + ka}

1 T 5
Sin(,3x):—2—:>3x=-é—and 3x=%
T S
s i a2
=5y 18an‘ T
Period,1’5'=—%—:'TE
3
- . r Sr)
Particular Solution =< x:x=— """}
18718 |
- 27k
General Solution = x:x:£+2ﬂk’ 5ﬂ+ }
18 3 18 3
- S
Slﬂ(3x):—i:>_3x_£ and —3x=—
6 6
~T —5n
= X=— and x=——
18 18
- 27 —-5n 2«
=X¥=— +—and x=——+—
18 18 3



Uit Nine; Funthey g, G A

4B == .
— _l._l,g and X = ZE B I
BT 18 ¥/
i) Particular Solution in ':0 "2—*73:] are {r x< Mz ny &
3 H\E:? 1 ﬁ
i) General Solution = {Ja X :1—]2+ 2 e, 17 T 27: 1 J
ii 18 3 18 T+ \_\} ¢
. T _—l T oz | T
e) 5111(296—5)—232?‘ 2 ¢ and 2x~..£2{:;5£ d#‘
A T 27 . |
jzx:*:}x:—andxz—; 1
Ppig, Pre et
eriod, 5 i
i) Particular Solution interval [O 72'] are { SE
3] - A
. : Sz |
ii) General Solution = { 3 + 7k, —-6—- + ﬂk}

— o L

3 3'

- T 2T 1
:>x==—-—and X =—— Period= — ==

12 6 4 2

o 7 -7 T -1 §
- 1) Particular Solution interval [O,—z—] are {-—£+E —Eh;

27 6
_ )7z
1273
i) Geﬁcral Solution = {E + £k iyi + %k}

-2

3 2 1
2

-3 4 3 Zm 3 ra

f) sm(4x)———2———::>—4x——3—— and —4x =g -

.

g) sin x =

«————Exercise left for you g




Y
//’ﬁ‘r/%x—-zand —bx=g-T_37

311161" 2 . 4 4
a1l - |
J e mid X="g5 g
i. ;}l"’ 24
': 2
1 peid= g

jution on interval | 0 r are . " T - L /5
i)Partlcular 80 3 TR e

{1 5
, 24 24

. 57? ik T ;zk |
ii) General solution 8.5 = 24 3 24 :

B om o aom lr
l) coSX = 2 =X 6 an 6 6
lar soluti x Al
on = : -—,——
}JPEI‘UCU.EISOH 6 6

ii) General solution = {6 + 27k, ?ﬂ‘ 27:?(}

) 005(3x)5;§*:>3x:7r—£ and 3x:;’r+£
2 3 3

Period= —
3

) _ . 2 21 An
1) Particular solution on interval {0, —3~—\ are S P Ny

1979

1) General solution S.S= < o + 2 ﬂ +L}
9 3 9 3
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-=— , Period, P = \
k) tan.tzﬁ:?v‘ 3 =7
. | T :
) particular solution = -g 7
i i 3 i-" y
ii) General solution = {—5 ¥+ ﬂfc} - |
4 Find the general solution set for each of the . 3
o tri gonometrlc equation. fﬂu.....: {j
2) 2sin’x +3 cosx—3=0 : b |
b) 2cosx +sin2x =0 %
c) sec’(2x)—-2=0 -
Safution: Here
a)  2sin’x +3cosx—3=0
= 2(1 = coszx) +3cosx -3 =0
=2 — 2c08’X + 3cosx —3 = ()
= -2¢08°x + 3cosx — 1 =0
= 2cos’x—3cosx+1=0
Letcosx=u '
=2 -2u+1=0
3i,/9~4(2) 3+1
= U= ; =
4 4
3+1 3-1 2 1
> u=——=land u="—-—==-_
4 4 4 2
1
But u = cosx = cosx = 1 and cosx = =2—
Equation Solution

cosx=1 = x=2nk

= x=Z12 2 Lo
3 3

COsSX =

1
2
. s_s:{3+27zk : — + 27k, 27&}

b) 2cosx + sin2x = ¢
= 2cosx + 2sinx cosx = ()




Unit Nine: Junther on Tvigonemetric function

¥ sinx) = U
2% _oor ginx + 1=
_ 260% Safution

0= cosx =0 or sinx = -1

uatl
2 x:£+2ﬂk
2 = )
cos*
3

_ g+ 27k
=X 2
ULk

3
T “ g+ 27k
55 { + 27k, 2_;: }

227 0= (sec(2x) - N2 Ysee@x) + N2 ) =0
9% _seo(2¥) = «.E or sec(2x) = -\/—

.-le or cos(2x) = —_

- 0052% = N J2

! gquation 1 Solution for;x - Salution ft;:'x
; _ 2x=—+2k = x=—+7k
"_'005(27‘]’ 2 R 8
: 7 T
== —+27k > x=?—|—7dc
r 3
' os(2%) = -_“«/15 = Ix= ——-—f +2nk = x ———3;- + 7k

== 57+27dc =5 x—%wrk

z
['.-.S.S={7’r B—sz— ﬂkfﬁ_mk _IF ™
| 8 8 38 8

- 15,

I

8 4
Solve each of the following trigonometric equation
: , . (7 \ 1
2 sin2x = 2sinx ¢) cos| —x—2 |=—
\ 3 .2
Cosx +sin2x=0 d) sec] —x+— |=2 and tanx<0

\3 3

—

}
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432 _ uﬁ..{:‘iﬁ "}‘E?S:h!mﬁ"-t' .
== . B -.,;_E:’E‘{rk L:p,l i
o) tan| = [—2sinx=0
2
_ . sin2x P
Sobution: @) SIN2X = 25INX = — =2= Mgy v
sin x e
Siny  7%2
— 2cosx = 2 => cOSx = | 1
o x=2nk y
b)  2cosx +sin2x =0 = 2cosx = -sin2x L
sin2x 2sin xcos x |
= — _2 = ' =2 j
COSXx ‘ COoSXx
i 1= 3 ]
= SInx=— A= . X=— 4 ’
2 2 27k
Vs 1 T P i
¢) oos| —x—2|=-=> —x-2="o T 7 .
3 2 3 3 377 ‘3“ +2 L
6 . 2r
= x=1+—, since period, P= "= _ ¢ 7
T T
3

1 #zy
.. 9 ‘scc(g:c+§J=2 and tan x < 0. Period = %E:ﬁﬁ

Ppositive, 5o lies on 4" quadrant

[ 6 -
.. General Solution = {1 +—+ 6k} » K is integer
' - T

3

1 /4 |
= cos{——x “fF oo E » SInce tan X < 0 and cosine valueis :

3

; =>—X =
3 .3 3 3 3
" General Solution= {47 +6 1 k}

X ) . cox))
tan(—]—251nx=0:> tan(£]—2 sin(i%—l{’ﬂ:()~
2 2 2 2/




N It ' X |
. / sil](d} 2 2Sin(£) CDSLji _ 0
. - 2 2))

x L X X
-3 o) sof3) o=l
kCC)S

p , 'j{ :0:—_;.-{_—_40,73‘....,x=2'n:+4_1tk,and CcoS hd =4
] oo 2 2

27 =g§£+4ﬂk§7c+4ﬂk

L3
2

Solving triangles
I. Solving right triangle

%, For the rigﬁt'dﬂgled triangle given below. If BC =18cm and
m(£4)=30" then how long is

l AC ) 4B
18
' 30°
li — A
Selution: To find AC": tan30° = BC 8
AC' AC
= AC = LB i —-18\/—6‘!11
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e TR
- fnd 4B sin300 = s 1B g,
d S e . :
To fin 1B iB 3,
1 I8 — :
2 AB \
27. A support cable for 25 meter tower is to mal 60", o
ground. How long must the cable be. angle Wity ] )
{1 ] :‘
Selution:
x 2 - 25 )
Sln60°:-———;>x:‘_ﬁ%5‘\“50 .._';’
of \ X Sin 600 = H‘:‘?H; .

Angle of Elevation and Angle of Deprogg; i
Angle of Elevation: Looking up from a point.

OBt The angle formed between the horizongy) | &
line of sight when we looking up is callog Meang 1
elevation. angle o 1(

e 2 :
Horizontal Line ] ? i
Angle of depression: Looking down from appoint. 19
s Horizontaltine  The angle formed between the horizong| line ang i
P line of sight when we looking down is called aa[:;gk 1
of depression. qu

Object Using angle of elevation

28.  From a point 40meter from the base of kosso zaf tree. the angle
of elevation to the top of tree is 60°. Find the height of the t?‘s;'e.
- h
Sefution: tan6(0° = — —
40m

|

=> 1= (40m)tan 60" = (40)y3 =401 |

Height of building When building top is lookin g from the point A, the
angle of elevation is 0.

OQ0) T From a point B, which is closer o
[D]DE building, the angle of clevation ;_
DB% increase to f3 and the di:s‘tancc bleiwefn 1
EEE N AtoBis d, then the height of the

0 8 |

d SiEm i 7




T

3 el ng is 500 meter and the air plane is to the eggt

Y: Unit Nine: 5WM3‘«EQMN bric f

_  building h given by T
¥ . d

cotd —cot 8’

e h is height e d is distance between
- ir plane from t i
of elevation to BIL SE. P WO point A and B
fhe aﬂglfm 4 are 45° and 60 respectively. The distance b.etwee?ln

of A to B in

) a;;d . vestical plane. Find the altitude of the plane
e

e S
M,Ef__ﬁ,e=45°,ﬁzeo°

Solutiot* h= cot@—cot

500
= h= 0 ki 0 50"‘—-—0m :-_.___500\/‘_3
cot45® —cot 60 1 .

- V3-1
V3

' Theangle of elevation from point A to the top of mountain is 30°.
" fom point B, 800m far there away, the angle of elevation is 45°.
Find the height of the mountain.

Solutions b= d__ 0 =30% B =45°
cot@—cot 8- ’

800m _ 800m _ 800m

5= = =
cot30° —cot45®  3-1 3-1

=400(~/3 + Dm

. Aman 1.8m tall observes the angle of elevation of a tree to be

3. ¥ he is standing 16m from the tree, find the height of the
tree., ‘ :

Selution: o tan30)° = Iyg:} y =16tan30’ =—1—6—

V3

ik _ (16
. height of tree, h=y +d=| —=+1.8 |m
| y 3
Ay d=18isheight of man
b 13
T
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e . I 1 " ='r:,h{"’ ; ]
17 Find the height of tower if the survegf or Measureg ¢, QAJL ..
o clevation of its top changes from 30 to 60" 4 the r:.-dmg}“ o

. ward its base, and that the jpein.. ey g
advances 60m to 1 : nhmlmﬁn :
above ground level.

alution:
S 60m _ 60m
o, Om W T
= h=70130° — cot 60° J3 - 1
NE

60\3m _ 4 53
2

_ H = h+ ¥y —_:—.,(30\/5 +1 .S)m «— Helght of tower
4]1. Find the height of a building if the angle of elevation ¢,

the building changes from 30” 1o 60° as the observe
distance.of 100 meter toward the building.

thL‘ m? uf

| Scalution: - {

: B S 100m 100 o i
. . :>h: : e . __m@ ::1 qT'

q = cot30° — cot 60° ?T - “i‘?

: n{28| ' | 3 d

Bl 60°N 30~ - /i =503m 4

s s

42. From the top of a tower T, the angle of depression to point .
- 30" and the angle of depression to point A is 45°. Point A andB|
are 200 meter a part.

Ly

0 By alternate interior angle |

% : =/B= 300, and /A 43 -
? '} 200 |

; ' (it

: >R h = 200

' A 200m =5 -

i’ | cot30" - ¢c1 43

. 43.  The angle of depression of the top of the flag pole froii .::"I {
; a building that is 100 meters away from the flag pole is & i

ﬁ flag pole is 20 meters tall, then what is the height of the buildmg

..... (UEE)

RSN uvouT“be Digital[O,1] Ethiopia




r | wﬂiwfudﬁmmgﬁgmmm-'
g O(liifjf )merer C. 20(5“[5 —Vmeter |

2 3 | |

A 0(1+5ﬁ)m€t@r D. IOO\ngeter

3
i _ 4 _, 4=100(tan30")
100 | I
1 100+/3
= (100 e

= &= )(«E} 3

= h= ——+20m =20
. 3 | -
. ; 3 --». : ’"W'-fAIlSwer: A
_‘ he top of hill 600m above the sea level the angle of
L 4, zlffff:sioﬂs of two boats in line with the observer were found to
epr ;

b 30° and 60° then the distance between the two boats was. ..

w0 B.400m  C.30043m D.2003m
. - D 2003m
o e 1= cot@—cot S

h=600m, 6=30°, p=60°, d =2
B d

| cot30° — cot 60°
= d=600m (cot30° - cot60°)

_ 200 A
ﬁL)%OO(?, 1)_ 1200 120043 _ 002

V3, 3) A3 33

= 600m =

Law of sines

a b e

sind sinB sinC
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ihe sides of a triangle are Proport; ~.
of the measurc of the opposite angle, ey g
The law of sine v»fe apply when the following WO ey '“1-'-.-1 e
. SSA < two side and an angle opposite ong Ofih;wsaﬁsﬁj 1/

(I. AAS or ASA « IWO Egle and any sides G, |
[n AABC, m(e) = 75°, BC =3.lunitand AR - . :

cos 15° = 0.96 then what is the value of sin A? UEI-E
A, 062 B. 048 C. 0.31 D.
Solutiosn: :

A -
4.8 3.1 - -
: s=———=>sind= Eﬂiﬂ -
4.8 . sin75 sinA4 43 Gl
— 5in75% = cos15%«¢
. _— omplementary Ielatiog¥ :ﬁhﬂ#
3.1 3 w!‘

din15" 0.96
—sind= ('Sm )(3- 1) = [Té—j(:”- 1)=0.62

The [ength of

Nofte:

45.

4.8

46, Tn AABG, If AB = AC=3 units and m(£A) = 120° then i

long i EE ?
. A
A. 3unit = C. 3\/_?; units

B. 3\/2_um'ts D. Sﬁunits

Salution:
BCO- ,3 0:>BC= sin120
sinl2 sin 30 sin
— BC = 3. N3 é.‘_@ 33 Answer

47, In AABC, m(ZA) = 75°, m(£B) = 60°, and AB =22 uni®
the length of AC j
11

A. 11«/5 units C. —2— 3 units
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%‘ ﬁl ' %5 D. 1 1\/5 units
zr\ | JE umni

g . Salution: To find (£LC)
= 180” = (75° + 60" — m(C))

w1 A = m(C) = 180"~ (75° + 60°) = 459
Thus,
I 27 s
sin60”  sm45 112
n | | V2 )
\ JH-I] : AC =116 units Answer: B

5 t'hﬁ top of building, the angle of depression to the base of

| 1 ?e?ﬂ on the ground 60°. If the.angle of deJ)ression from a window

¢ meter below the top of building is 45°. Find the height of the
puilding. |

6+ 6+
Sofution: tan 60° = =3= xy:>\/§x=6+y
4

tan45° =2 = y = xtan45° = y = x
y X -

3x=6+
Solving together, \/— Y
y=x

ﬁﬁx;ﬁi—xbﬁx—x:(}:; y= \/56 1: 6(€+1) :3(Vr§+l)
= Height, of the building,is h=6+y= 6+ 3(\/§ +1)= 04343

The law of cosines

ea’=b*+c?—2bccos A
b -b2=az+c,2—2&ccosB
Y oc2=a2+b2—2abcos(‘
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The law of cosines can be gpply to solve triangle for whic, the

are givern
1. SSS ¢«— length of three side

1. &,AS «—— two side and the included angle
15¢ the law of cosines to solve AABC if
a) 7=5,b=4 1';1(4(«)*30
b) a—z c=13 m(£LB)= 60"
c) =6, c = 8, m(LA) = 120°
SW a) (: — 2%+ b°—2ab(cosc)
_ ¢t =52+ 4%~ 2(5)(4) cos30’

| 3 -
=3 = 25+16"10[—\£—_ﬂ) = 41__5@ x-..j::j
by b=a’+ci- 2ac(‘coé_B) ke

- fe-se)s, oA

c) a=#2+82 2(8)(6)( ) \/_

49. In the town where Chaltu and Beletech live, the
5km away from Chaltu’s home and 9km away from B
home as shown in the figure. What i1s the dlstance,

Chaltu’s home and Beletech home? .
: , ) B(Library)
A 6l C. 106+ 45+3km

B. /15 Vkm D. 106 — 45+ 3km

48.

B
L

Solution: A :
b= a +¢” —2ac cos B (chaltu) (bef

=97 + 5" —2(5)(9) cos (120 =81 +25+45= 151

. b=4/151 ANSWEE

50. ABCD is parallelogram with ‘AB = 7cm and ‘4.[)-..:36 B
m(ZDAB) = 60° what is the length of the diagonal AC -

A. 13cm B. v113¢m C. [5cm D (7(’!!1
Sebuticn: m (LAY = 60" = m(£LD) = 120"

7




.

, ‘ADEE,d=4,¢

- YUnit Nine: Funther on Tnigonometric function

_, AC’ = (ADY’ + (DCY’ < 2(AD)YDC) cos D
_ g2 +_.72_.“_2(8)(7) 003(1200) -

_, AC =64+49+59 =169

C - AC= \/@ =13 Answer: A
has side of length 6cm and the angle at one vertex is
shombus th of the diagonal. :

A B
d the leng ‘
g0" Find DF = 6 + 6 2(6)(6)(cos 60°) =72 -36 =36

Solutislt:
;:?D:‘\/é—az-ﬁ
=3, cosF = E.Findf
6

ol . f =¢* + d* — 2ed cosF

5
Lp=P+4 2004 (E) =3
mAPQﬁ, p=5,q= 10, cosR =0, Find r

" ofution: = p° + @ — 2pq cos R => 1° = 57+ 107 — 2(5)(10)(0)

o =125 = =125 =5+/5

_ Find the cosine of each angle in the given triangle.

A. InAABC,a=2, b=3,c=4
B. InADEF, a=12, b=5, c¢=13"

b+ —a> 3 +47-20 21

Solution: a) cos 4 = : - =—
1 2bc 23)(4) 24
teospod tC bt 22 +4° -3 11
2ac . 2(2)(4) 16
o@D = 2244 -3 -1
2ab 22)3) 12 4

. AABC is an obtuse angle triangle
9) Exercise left for you.
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Navigation ~3 '!j )
[n certain navigation, surveying problems, the direction, beariy, | :
g‘ R J
i
5\: N2SE - l |
1€ angular direet; |
4 oo £ _dllgtlmn Used tq i
ocate one object in relation ¢ 1
another object is calleq beafi: "
E 7 Bearing is expresseq imernﬁ. {
the acute angle formeqg by a n; of 4
south line and the ling of direc;th‘
on. 4§ .
S75°% 1 r
s !
55, Find the bearing from P to each of'the points A, B, C and |
il Scelution: -
A x
8 ) ]
A. N&O'E :
£ 40°W B
i _"’,...r-"'”—' E B- N 00 ‘; .
W = _ C. SISOW j
D. S25'E C
25
¢ D |
3
|
S i

|
s6. A car traveling from a parking lot Po travels 20kms in the ;-
direction N 75°W to parking 10t P;. Another car starting from Py 4
travels 30kms in a direction S 75°W to another lot P,. which o3

the following is the distance between AN
P, and P,. o

A 10y13-6+/3km X
B.  10410km /(p
- 75°
l

C. 107km y
D.  1019%m P,
Selution: ‘

The angle (£P,PyP;) = 180° — (75° + 75" = 30"
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.Frmncosiﬂ' ) —— 0
pP)E:(PePi) +(EIP2) -2 0 1)( 0 2_)L0330
14
V3
_90? +30° ~2(20)(3 0)[3_

}’Tf—); _J1300- 600«/5 =1 0\/ 13—~ 6«/5 - Answer: A

Two motor boats A and B leave a port P at the same time, A

" pavels at constant speed of 20km/hr in the direction N20°W and

B travels speed of 15km/hr in the direction S 80°E.
How far a part are the two boats afier 2 hours .....UEE

A 10431km

B. 5\37km A ﬁ”

¢ 513k \0

. 10437km .
Selution: In AAPB, angle, P 20\\
m(ZAPB)=20° +90° +10° =120° B
= AP= (20 Eh”ri)(zhr) = 40km

:ﬁ:(ls%)(zhr) = 30km
: r

:"(35)2 = (331_’)2 + ("PTB)2 —2(AP)(BP)cos P
=(40)" + (30Y - 2(40)(30)(cos(120%)

= 4B = 11600 + 900 — (2400)( )

-1
2
=V2500+1200 =+/3700 =10+/37

A Ziza |
0cat ) . »n . _ £ 20
Meters N3503d her two class mates, kiros at a distance 0

Positig W and Guta at 30 meters S 25° W away from her
1 How far a part are kiros and Guta?

Answer: D
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Goy .

A. 40m B. 10+/19m C. 1047,

Sabution: In AAKG, the angle formed ;

m(LAKG) = 180° - (350 24 |
Au 2 /2 — _ =g L f

K Kiros = KG =AG + AK — 2([4(}')(2}‘{: .'
C\ y 2 )0031;__'|" i
N i =30%+20% - 2(30)(20)(:1J 1’

A ziza B |
251 == 2 -
7 = KG =+/900+ 4005 60 1’
- s KG =~/1900 =104/19. g !
£
Simple Harmonic Motiop Anﬁ“-t 5=

The periodic nature of the trigonometric functiop, is useful for deges ‘

the motion of a point on an object that vibrates, oscillates o Moveg
wave motion. e
Examples of periodic quanties are i
* Pendulum, spring, periodic fluctuation in th
specias. Many of these quantities described
function, and is called simple harmonic mo
A point that moves on a coordinate line is sajd
motion if its distance from the origin at time t |

€ population of;
by sine or COsings
tion. ‘
to be in simple ha
§ given by either. &

d(t) = a sinwt or d(t) = acot wt 4
* amplitude, || i
2
* period, T = ——
w
. 1w
*frequency f=—=_"
T 2x
59.  Given the cquation for simple harmonic motion '_
3m
d= 6cos —
4 4
Find
8)  the maximum displacement
b)  the frequency

¢)  the value of when t = 4
d)  the least Positive value of t for which d =0




}‘\; . -
Sﬂf"t iU displacement, |a| =

T

Unit Nine: Funther on T dgonometric function

i) 3
_w_4 3
f‘requency; .f - 271. 272- 8

37 _ _
{1(4) — 6 coS (-—-‘4-— (4)] -~ 6005 37[ = 6(—'1) = ——6
To find the least positive value of t for which d = 0, solve

. 37 :
the equation d = 6 cos Tt =0 to obtain

éﬁf:ir‘,}‘ji,‘s'zzﬁ { :2_,2319
4 2 22 373

§o the least positive value of tis f=—

. The monthly sales (in thousands of unit) of a seasonal product in
(ECX) is modeled by

. (3m
S(t)="56+ 951“[_;); 0<t<12, tistime in month

Determine:
a) the iitial sale
b)  the largest and smallest sale
¢)  the first time in which the sale reaches 51,500 Birr
d)  the sale after one year
Solution:
2)  The initial sale when t = 0, S(0) = 56
=> The initial sale, is 56,000 birr

5 i
b)  The sale is largest if sm[is—] =] and

It is smatlest if Sin[?’—;{i) =]

= maximum sale = (56 + 9(1))1000 = 65,000 Burr
= minimum sale = (56 + 9(-1))1000 = 47,000 Birr
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- e |
= ! -7' [“lgﬁ} j
c) S(t) x 1000 =31,500 = 56 ~ 9sin| = e \4
| S S J JIS Wi
. (3.721‘)_51.5—56 45
s =" = == e
= S 9 9 5
EH'?E:}!:?}T_ > _§5 17
- 6 6 37 18 1g Months ]
. (3712 -
d) s(12) =56 +9sin ( ; )j =356 %(}Sin(:iﬁh\
5 |
. —47z . ¥
:56+931n( ] =56 - 9(0.387% 8) = 50,700 i
i

After one year the sale reaches 50,709 birr.
I. Sum and Difference formulas '-
sin(A + B) = sinA cosB + cosA sin B. J

L
e sin(A —B) =sinA cosB - cosA sin B.
e cos(A + B) = cosA cosB —sinA sin B. !
e cos(A —B)=cosA cosB + sinA sin B. ]
tan 4 +tan B
e tan (A+B)=
1 —tan Atan B
tan 4 — tan B
e tan(A-B)=

1+ tan Atan B
II. Double angle formula
e Sin2ZA=sin(At+A)= ZQIHA COsA
® c0s2A = cos (A + A) =cos’A — sin“A

2tan A

e tan2A=tan(A+A)=
1 - tan A

II1. Half angle formula

B sinz(é)—l_COSA___}Sin _‘1)4_1_ l:iqii ;
2 2 2) "V 2

A ] + ‘4 \\ | II +
2 cosz(hj _[+cosd | cos(;' j - I\‘J.___

2
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e

e et
807 1+cos 4 2 I+cosd 14 ¢pg g

jthe exact value
Find e T [
gt d) sin 1 g) Cos— i) SeC— 7
jslfl - 12
V75

s e)tan (15%) h) tan -
| 197

0 tan 195" =
¢)cos 165 f) tan 1 1) cot =

Selutios: . |
g sn75’=sin(45’ +30") = sin45° cos 30° + cos 45" sin30’

=\5_\/§+\5'l_\/g+v“§

2 2 2 2 4
b) sin15° = 5111(450 — 300) = sin45 cos 30° — cos 45" sin30"

:\/5.«/_ V2 1 _J6-42

2 2 3 2 4
) cos165” =cos(180°~150° y=cos! 80° cos15° + sin 180" sin 15"
=_cosl5’
= —cosl5’= -cos(45° — 307
=~ (cos 45 cos 30 + sin 45° sin 30")

(E8.E1). («/EA\

2222 4

0 N (? - \!-
= 08165 = cos(180° — 15%) = —cosl5’= ~———*4——
¥in 105 = sin (60° + 45%) = sin 60" cos 45" + cos60’ sin

9. ¥6++2
4

Note: CQS]OS‘O i ‘\/5 = ‘\/g




N

ﬁg Unit Nine: Funtfyp.
o '_:"ff;:c-,“.,.”‘{‘:‘. L# [‘
e) tan150° = tan (1 80" - 30“): tan 8o’
e e “ldn 3
e
9] tan 195 = tan (1500 4= 45”) nigo” anip
_Jg 2
_ tan 150° + tan45° 3 +1
|—tan150° -tan45° 5 =23
l+--\-’§
) CO (/T} COS[JZ % “ /
g) cos| — = — = | = GO§—= L .
. S ;
12 B2 Gy |
2" 2 2 2 4
177 Tz -7
) m(f = tan| 2Z 2 | = tanf T o (7 1)
12] (12 12 )75

Solved problem

63.

Simplify each of the following expressions

a) sin(x+m d)csc (x +—;—r-
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Unit Nine: Funther on Tuigenemetric function

T
o) cos[x + E} h) cos(x +km), keZ

] i) sin (x + k)
2

g fuliot )= sin Cosﬂ-rcosxsmﬂ:——smx
.y F10) =
sin(x T
o 7 | =sinx cosf—+cosx sm3= 0 + cosx = cosx
| Xt 2
b) sm[ 2
_ A
AN Y COS X _cosx
o) 8 ‘_-——T_ o:)sﬁ—sinxsinE —sinx ‘
&l 1 = = SEeCX
g ose| ¥ T 7\ cosx
sin| x +—
&
( ﬂ'\— il inx s;inE = (-sinx = -sinx
C) cos| x +— |= COSX COS -8l ,
2/
[ r) 1 1
f) sec| x—— [= = =CSCX

2 ( ﬁ) sin X
cos x—a

T T ) . T ;
g) cos X_E = CO0S X COS 5 + sinx smE = §in X.

h) cos (x + kr) = cos x cosmk — sinx sinmk = (- 1)k cosx, k 1s integer

1) sin(x + km) = sinx cosmk + cosx sinmk = (— 1) SinX.
Simplify

g 0848°sin12° +sin 48° cos12°

c0s 72" cos12° + sin 72° sin 12°
) 20189 —tan144°

g [+189° tan144°
Seluy: cos 130 cos 50° — sin 130° sin 50"




- P =
Unit Nine: Funther on G ity
e I Lot y:

450

; 0 %y sin60°
= sin(48 +127) =3 =tan 60" _ /3
a) cos(72—12)  cos60 V3

Oy 0 = |
can (189° - 144°%) = tan 45
b)) cos((l3()° +50% = cos 180° = -1

C Sum — to — product formuls

) y X — y\

e sinx +siny = 2 sin CcOS
2 Py
. xX+y).[X—y \',
e sinx — siny =2 cos ( 5 Jsm( ; J
e cosx +cosy=2cos (

° cosx~cosY=‘2Sin( Z}Jsm{l?;y

2s8in

sin2x+sin4x (

cos2x —cos4dx . [ X
—2sin

=
+
=
N
o
Q
2]
TN
™~
l
k,(.:

=

64. Simplify: a)

2sin3xcosx —COSX COSx
—2sin3xsin(—x) sin(-x) sinx
b) cos 195°+ cos 105° = 2cos
195% +105° 195% — 105"
=207 I 5" 2¢0s150" cos45°

2

- 2(_[%}(_[_2_] - :_‘/E

2 2 2

64)  Find the exact value

) il (3) sin(cos*‘(—%n

u

A |




Unit Nine: Funther on Trigencmetnic function

% g
|79 )= ()=

a)
-1 | -1
1(,,2):1:-366 (2) = m - CO8 (E]_—_E__:__
b) 3 3
L e
0 Sm(cos [‘“ 3
- A1 ; T Zﬁ_ﬁ
[;zr»cos [E = sin 71'“; ~—sm—§~_7
| ; 5r ol
d) s’ SmT = st

el

if 5ind - c0sO = Y2 then what is the value of sin 26 . . . UEE

50

5 5
A §— - B. -?,— C. —  D. —
Sae B 4 3 4
Solution:
= (sin@ — cosf)’ == sin®0 - 2sind cosd + cos’ = Y

— | —2sin® cos® = ¥a => 2sinB cosb = %

= 2sinf cosO = sin20 = %
~ Answer: A

) cos(sin™ (x)) is equal to ...UEE

A Wx?+1 C. :

1—x?
B 1=y D
J;c—z+1

Sobution. v o - "
dlution: T et gin~! x = 0 = sind = x, cosO =m
= Cos(sin ™ X) = cos = ,’1 2 , Answer: B




Unit Nine: Fretfien oft T

67)

63)

69)

70)

0.6 and sin 53" =0.8, then cos 16" is Moy
K.Sm 307 02 B 090 C. 048 D. (o ULJ:
Sa&uﬁwu. cosl6’ =cos(53-37) = Los(ﬁB)co&;(?,?) + $in
=> cos16® = sin37 sin 53 + sin 53 sin 37

= 2(sin37 sin 53) = 2(0.6)(0.8) = 0.9¢

5 T :
If cosd = _——ﬁ); — <O <m, then sin20 jg equal

13 2

EHEECE
{2
120 I 0 c 169

169 240 240 T
Salution:

if cosO - e =5 sinf) = \/I-:C—OS__ _1%6_5__
. 9

=5 5in20 — sin(0+0) = 2sinO cosO = 2[ ][ :_1_?'..9, .
13 A 13 169 . a*

- r An
Given ABC AB =30 unit, AC = 22 units and BC =18y

then cos Bis equal to ;

37 5
A. ==t —4- C. -:i D. -1—1-
54 37 5 15 3
Sobution: Let, BC=a= 18, AC=b= 22, and AB= c=28
= cosh - @+ =b® 1824307 -227 32449004848

2ac 2(18)30) 1080

In AABC, m(<A) = 30°, m(<B) = 45° and BC = 12 units
Then how long is AC...

A, 12+/3 unit B.446 C. 6+/2 unit D. 12\/_ 'l

Solution:

' = > ‘_—::>-—-_._____.______H 7
smAd sinB sin 30° 3in45° ; 12‘/'—
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Tuigonometnic fu i
i : Funther an Triger
Unit Nine: F

1] what is the value of tan0 . . . UEE 2002.
| \@ D. 1
B. +/3 C. -5-—
| ) _l_
sytian: = €08 [E] = cosf = 5
1
\I-008" @ = I—Z
43
R “%_ =3, Answer: B
2

-3 ~]
G D. =
4 8
Selutiay \:sml[—:—J 3811‘]1(“% =C0§ X = ‘\/1“Si1'l2 X
9 7
6 4
“°03(X+X)-coszx-sin2x 1 i*i-‘l
1610 " T¢ )
Answer (
15 equa]
52 C-%ﬁ D.?
11 3 - y
fan ( fJ)*Sec (»-ir_. .
log 3 o Auwver |
Olthe Gu tion;zwﬂszx s 4
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PRE——
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R

T

4 5 4 Unit Nine: F Ib'djfc.i @11 T
A. ~+kﬁ} C. L -
{2 12 ‘Lfmjl B
T T 1
B. {*—+k7r,—a+kzr} D. f ko T E
4 2 14 5*2:(77; :
Saolutiosn: 2c0s°X — sin2x =0<>  2cos’x - Yisin — g .
—> 2cosx(cosx ~ sinX) = 0 => 2cosX = 0 or cog x ~ Sln; 0
7T
= X = £-+275k,x =—=+k
2 4
: i [ then tan (20) i 1
75) ) = arc s — 1 an (20) 1s
i) 1o e sin 5 . equal to ___ UEE 2003
A— B. 1 c.v3 b V3
V3 >
el 1 , 1
Sclutien: sin” | — |=0 = sinb = —
2 2
cosB = /1 —sin? 1_l :_1;:
z(l):/_?__
' 2si 2
) i sin26 _ sjmé?cc.)szﬁ _\2)2 =£.2_
cos26 cos d—sin" @ 3 1 )
4 4
76) What 1s the amphtude and period respectlvely of the grap s

X+
f(x)=2-3 .
(x) sm( p )

i3 T
A 2’_— B. '3: 8 C. 3 S D.:
4 9 3
27 27:

Selution: Amplitude, a = |- 3| = 3, period, p = - =7
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Unit Nine: Fuitbern an ffugummf ”

: p 1 of the following 1s the Solution set of
whic

p 1) I 9% = cOS2X Onl [0,7]. ..
h 3:,11’1~

1
17l g zz,if.} c. {fz,*} p. {72
A.{g’lz} {6 3 12712} ' 6’37r

sin2x 1
cos2x J3

LN L2 Zz}
2y -g 6 % 12° 12 Answer: C

high pole 18 fixed vertically on the ground at a point

Galution: 4/ :Sﬂ sin2x =cos2x=rtan2x =

ar A | H]L'LL,
8

50y 3 m far from the foot of building. If the angle of elevation
iom the top of the pole to the top of building is 30°. What is the

herght of the building.. . UEE 2003.
A 50m B. 5Im C. ISOm D. 15Im

Solution: tan 30° = . R 50\/' — 50
504/3 B

—sh=d+y=50m+Im=5Im
Answer: B

79) Lot f(x)=—3sin (—;— x] _which of the following is true...UEE2002

A.  The amplitude is -3 C. f is decreasing on [-27,0]
B. Therangeis [-1, 1] D. fisincreasing on [m, 37]
Sofution; Amplitude, a = |-3| = 3, Range = [-3.3]

. fis increasing on Y2 x = [ﬁg,%{} = [73:3”]

Answer: D

r ; ) : ot
G ) In the interval [0,27t], what is the Solution sect of the equation
Cosx + sinx cosx = 1 ...UEE : 5
Solution: cos’x + sinx cosx = 1 = sinxcosx = 1 —cos X = sill X

= $inX cosx = sin’x = sin"x — §inX cosx:():?SinX(SlﬁX—CDSX) =0
- : T S —
= Sinx=0,sinx =cosx =>x = {0 T } Answer: A

4° 4
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Unit Nine: ﬂuxtﬁc on
456 Sk “’w."”’" Hetxic ,ﬂ'ua
-4
g1)  Given that tan8 = _3— , 0 1s in quadrant [ and tang -~ 3
in quadrant IV then find 12 ™
A,  sin(@+f)  B.  cos(6+f3) C. quadygy, of ¢
Sﬂf&tﬁﬂm 4 !{LL\_}]
— 3 -
tand = — => sin@ = —and cosf = —tanf="3
: > : 12~
-3 12
=——and cos p =
sin ff 3 [ = 1 3 |
— sin(0+f) = sinB cosP + cosB sinf = 412 L3 ~—5 63
3 1-3 & b ;
= cos.(B+B)=cos@cosﬁ-sinesinﬁ=(:_][ J 4\( -16 =
5 137 L w) 13 63
e sin(8+B) >0 and cos (0+f) <0 =(6+B) licson It Quadran; |
(3 =4 ]
82) Exact value of cos [Sm 1(5] + COS I[—g—ﬂ ;

A, -1 B. | C. Va D. —4%
Sclution:
Let sin (%]=9:>sin9 5 cosf =+/1-sin’ \/_?9_;‘_

5
4 . = 16 3 3
L°‘°°S"(T]=ﬂ=’°°"ﬂ3?3‘“ﬁ=\/‘i°"3'ﬂ:r .t 1

25

=¥ coq(sm

+co'§ ( D =¢os (0+B) = cosOcosp — sindsinf

= (—) (_J = (_j i —_ 16 __9 ] Answer: A |
5 5 55 25

—4 |
83) IfcosO= Tfor, T<f< Eéz then find

o Sin(gj B. cos i C. tan 2] D. cos20 E Siﬂ‘?‘g;
2 2 2 i




=
- e

L= S S
.

-
tx’.fa

rw
i)

Mt

1Y |=0andcos| — | <0
:.’75”1(2] 2

(0
) tan [\ 2 (6)
COS| —
2

2
d)  cos20 =c0s°0-sin® = (:_4]2 _(:_31) 3 16-9 7

—_— e, —

5) \25 25 25
¢)  8in20 =sin(0+6) = 25inBcosd =2 (- s )(_ 4) = 24
5 A 25 25

Let sin(Qx - %) =d then solve for

) d=0 b) d=1c¢) d=1%

Solution: sin(Zx—%] =0= 2x—-§—= 0,7...period=rn
= 2x =£,§——...,x =~—+7zk,2r—+ﬂk
4 4 4
8 4



T 7T S5

z)_1 E B IR
d) sin[Zx—Z)-aa:"ZX i 66

S
1
:>zx:£+ + 27k, —gr+4+2mfc

6 4

107 157 |37
i . Ttk = —+ 7k, =
S TRT {24 16“*}

Supplementary exercise =
L et - : 1 ;_:R————-\
. Find all Solutions of the equation in the interval, (0,27 :

T ; w
b Z - os(x—-f):]
) cos(x+4) C 4

c) tan(x + ) + 2sin(x + ) = 0
2.  Find the amplitude, phase shift, period for the following

1 | 4 . 2x 7T .'\
3 ; =_2 mi|x—— C = 4sin s #
a) y a8 ( 2) ) y (3 6)

V4 S

b) y=cos| 2x—— 1| d) = —
( 4) 4 |

Find phase shift and period for the function
a)  y=2tan (2){: e b) y = -3esc =
4 3 -';'_i'

4, Graph one full period of each function. ;-

a) y= sm(x - —} d) y=-sin{mx+1)8&

cos(3x - 2m)

s

2

AL K
®) I COS[E + “'3‘) €) y = 4cos(nX - 2)"‘



Unit Nine: Further on Tnigonometric function

:’,

\|
'J?rt\'? 1) 7
o an| X~

=1 4
¢) y

the € equation © of
R0 e cosine

3 1) gy
j shift T .
| ; e tangent function with period, 27, phase shift — —
i .on with peri 4 phose ehifk °%
i g the secant function with period 4n and phase shi —4—
[ﬁ:\l Find the €x3 t_“f’%a g [%
X ; o5 T e) cos(2sin”| 5 |)
4
b) tan”'(-1) f) sin(2sin” 2))
| - 27
& o) sec ' (2) g)  sin'[cos 3 /]
lluvm;g} cos(sec'2) h) sin” (‘/z sin'x)
Fmd an algebraxc expression for each of the followmg
sfa) csc(cos gx)) c) sm(cos X —sin’ 3x)

b)  sin(2cos %)
3 Find the exact value of the given expression.

¢)sin ( sin” ( 2) +cos™ [lD b) tan [cos“l (-1_] —sin™ (_
i 3 2 ) 4

25

7 ”«E]

3 d) cos'x + sin™ \7

] ! Solve the equation f(f?, z jlgebraically.

(4 T
c) sin"'x + cos™ kg - _6_

[mm';) cos’! (x~ ) =

il

3

function with amplitude 3 period 37, and phase

)



460 Unit Nine: fftf;:tﬁw,_ on G, :
_1:___}‘-"'“-—:—__-—‘_&"0 L
=

10. Solve fory interms of x

a)  Sx=tan3y by  x- L o

{ .
11. solve the‘eguation
sin

a) y= secz

1 E
13 ) |/ y=cos [sin : (‘ij
3 +CDS—I[H

3
b) 2sin-1(x — = 3 €) y = cos (Sin' (E}]
5
) sin”’ o8~ 4_7
3 5 Loy — = —
¢) sin X -
12

19 Given that tan A = — and A is in quadr
5 quadrant [J and thyt

C
cos B = :4— , and B is in quadrant I.

Find the following
a) cos (A —B) C) sin(A-B)
b) tan (A + B) D) quadrant of A-R
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